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HIGHER SPINS IN D=2+

* D=2+ = no irreps of arbitrary helicity for the little
group of massless particles = no spin in the usual sense

> Still... look at Fronsdal equation: No dependence on D! i
P
e A
Fpgeps = DPuy s — a(ma " Ppuo.ops) T a(u1au290u3mus)>\ =

* We can consider Fronsdal equations in D=2+

* No local d.of for s > 1 (i.e. no wave solutions)

* Nothing new with respect to gravity: no graviton in D=2+1 but the
Einstein-Hilbert action is non-trivial

* Non-linear theory? Asymptotic symmetries for A<0?
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» Higher-spin gauge theories in D=2+

® Chern-Simons formulation of the non-linear dynamics

® The Lie algebras hs[A]

s Asymptotic symmetries
® Drinfeld-Sokolov reduction in highest-weight gauge

s The W-algebras Ww[A]

» Higher-spin geometry!?

s Metric-like fields & invariant tensors of hs[A]
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CHERN-SIMONS ACTIONS

& HIGHER SPINS IN D=2+




CHERN-SIMONS GRAVITY IN D=2+

* N<0 = “gauge algebra” so(2,2) =sl(2,R) @ sl(2,R)

~ ~

o Algebl’aj [Jaa Jb] = 6achC [Jaa Jb] G Eabcjc
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* Gauge potentials: A= ds A=A,,"J,dz"

* Dreibein and spin connection:
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* Einstein-Hilbert action Achticarro and Townsend (1986); Witten (1988)
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HS INTERACTIONS IN D=2+1?

* Frame-like formulation of the dynamics Vasiliev (1980)

* HS “vielbeins” and “spin connections”

(67 IR (0 = b,al...as_l ST
Cu — Wy 7

© Everything is traceless, then in D=2+1...
1

= ~y 0 T i
s = e i = > € be Wy

“ Vielbeins and spin connections have the same structure!

b,c
)

* Consider the |-forms Blencowe (1989)

1
A(S) i (wﬂal...asl _|_ 7 €Ma1ma81> dﬂj'u

o 1
A(s) 5 (wual...asl i 7 eual---asl> dx,u



HS INTERACTIONS IN D=2+1?

* Frame-like formulation of the dynamics Vasiliev (1980)

* HS“vielbeins” and “spin connections”
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© Everything is traceless, then in D=2+1...
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* Vielbeins and spin connections have the same structure!

b,c
)

* Consider the |-forms (Lie-algebra valued) Blencowe (1989)
A o it (00l 050 Ohg—1] 1 ajl...as—1 d M T
(S) == (,()'UJ —|— 76/1 X al...as—1 GXG ,
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i e e Chern-Simons!?
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CHERN-SIMONS ACTION!

* No local d.of.as in the linearised theory

* Correct linearised dynamics < [Jo, Tv,..5, ] = € ay Thy...0)c



THE LIE ALGEBRAS hs[A]

* No local d.o.f.as in the linearised theory

> Correct linearised dynamics < [Jo, Dbyt ] = €ty Ths...t0)c

* Tuap~ iy Jiay - .- Jo,) satisfies this property!

* Choose a sl(2) irrep:

\\\‘—

8 One_Parameter famll)' of Bergshoeff, Blencowe and Stelle; Pope, Romans
Y g G and Shen; Vasiliev; Fradkin and Linetsky;
non'lsomOrPhK: Lle aIgEbraS Bordemann, Hoppe and Schaller (1989)



% —-PRODUCT & KILLING METRIC

e 2, R
* Abstract characterisation of hs[A]: i%sz( ;ﬂl); — hs[\] & C
B
» Y —product on the quotient = Killing form Vasiliev (1989)

I e W

=0 for >0

* For A e N the Killing form degenerates!



% —-PRODUCT & KILLING METRIC

* Abstract characterisation of hs[A]:

U(s1(2,R))

(C2
» Y —product on the quotient = Killing form

Ll IV Yo Wt & Wv{i‘wg

=0 for >0

* For A e N the Killing form degenerates!
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o A\=N - hs[A]@hSI?\] = SI(N,R)®SI(N’R)

e \=1/2 > hs[)\]eahs[}\] = Fradkin-Vasiliev algebra

S = il e ; - 3 GG

— pl)

= hs|A| & C

Vasiliev (1989)

A.C., Fredenhagen, Pfenninger

! andTheisen (2010)
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ASYMPTOTIC SYMMETRIES

& DRINFELD-SOKOLOV
REDUCTION




ASYMPTOTICALLY ADS SOLUTIONS

* What are the correct boundary conditions i.e. how to
select asymptotically AdS solutions?

* First fix the gauge: A, = bp)D,b(p) with b(p) = e’

P

compatible

| RS Ay i
Then impose boundary conditions: (T 5 A9> e U withBTZ

* The space of solutions of the e.o.m. is parameterised by

— — B ————

dzt + b~ '9,bdp
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ASYMPTOTICALLY ADS SOLUTIONS

* What are the correct boundary conditions i.e. how to
select asymptotically AdS solutions!?

* First fix the gauge: A, = b7 (p) 0,b(p) with b(p) = e

P

compatible

* Then impose boundary conditions: <T I Ae) ey 0 with BTZ

* The space of solutions of the e.o.m. is parameterised by

= =

A= b7 (p) a(a") b(p)da* + b'9,bdp

(27) b Y (p)dz™ + bd,b 'dp

\
e = e RSN ——

* No longer an arbitrary time dependence: the gauge is completely fix

+ Still, there are formal residual gauge symmetries = “global” symmetries

Regge and Teitelboim (1974) 10



ASYMPTOTICALLY ADS SOLUTIONS

* |Is that enough? NO, extra conditions are needed

“ A_ = (0 = algebra of boundary charges =~ Kac-Moody
“ Pure gravity: extra boundary conditions = conformal symmetry

* Extra conditions fixed by comparison with Brown-Henneaux

* And here?

For a review

see Banados,
9901 148

Brown and
Henneaux

(1986)
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ASYMPTOTICALLY ADS SOLUTIONS

* |Is that enough? NO, extra conditions are needed

For a review
see Banados,

“ A_ = (0 = algebra of boundary charges =~ Kac-Moody

9901 148
* Pure gravity: extra boundary conditions = conformal symmetry
* Extra conditions fixed by comparison with Brown-Henneaux (E:%%aild
> And here? Asymptotically AdS & A — Axgs K O(1)
* The extra condition put a constraint on a(x")
a(0) = J. +a_(0) wit 4 Drinfeld-Sokolov constraint

h L_a_ =0 in highest-weight gauge

© DS constraint = Dirac-bracket algebra = VW-algebra



ASYMPTOTIC SYMMETRIES

* Look for “gauge transf.” that preserve the HWV gauge

o 5)\61(9) —— )\,((9) + [a(@), )\(9)] so that

* Equation for the gauge parameter:

&
A= 4

&

Ty, ((5)\CL) =[]

(L_Dg+L_L )YAB) =0 with Dy:= 8 + [a_(6), -]

The second operator acts diagonally L_L, = — A + Lo(Lg—1)

Act with R on the equation: \(6)

RL_L+:1—P_|_

1

Ltelinls - 19

)\+(9) with )\_|_ m— P_|_)\

12



THE W-ALGEBRAS W [A]

* Symmetries generated by the lowest-weight part of A

4 A.C., Fredenhagen and Pfenninger (201 1)

5>\a = P_ Z DQRL DQ)\—I— ((9) se.e ;Iso de Boer and Goeree (1993)
’-——-—-— |

13



THE W-ALGEBRAS W [A]

* Symmetries generated by the lowest-weight part of A

¢ A.C., Fredenhagen and Pfenninger (201 I)

5)\0, = P_ Z DQRL DG)\—I— ((9) se.e ;Iso de Boer and Goeree (1993)
—-——-—— |

© Apply the previous construction to hs[A]

<-»

+ Different A = non-isomorphic W-algebras Gaberdiel and Hartmann (2011)

* AN=N — classical W algebras

13



THE W-ALGEBRAS W.[A]

© Symmetries generated by the lowest-weight part of A

€ A.C., Fredenhagen and Pfenninger (201 1)
5)\0, = P E

DQRL DG}L" ((9) see also de Boer and Goeree (1993)
”—-—-——— |

© Apply the previous construction to hs[A]

= 2 m
- a_(0) = % S W(0) W
W, = e agio =
B e A b PIRR———

—I_ Z Z Y S‘CZJCM R . er(pl)o--

* Different A = non-isomorphic W-algebras Gaberdiel and Hartmann (2011)

A = N — classical W algebras

1+3—r

=l s — e R 1 R
1+7+L-+r even
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THE W-ALGEBRAS W.[A]

© Symmetries generated by the lowest-weight part of A

€ A.C., Fredenhagen and Pfenninger (201 1)
5)\0, = P E
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© Apply the previous construction to hs[A]

—I_ Z Z Y S‘CZJCM R . er(pl)o--

* Different A = non-isomorphic W-algebras Gaberdiel and Hartmann (2011)

A = N — classical W algebras

o i c(2i+1) 5.
- 0] |
27 (21)! P
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METRIC-LIKE FORMULATION?




LORENTZ-LIKE SYMMETRIES

* g D g Chern-Simons = Cartan-Weyl approach to gravity

* How to extract information on the metric-like theory?

* How to express Frondal’s fields in terms of vielbeins!?
< 2 b
* How to generalise g, = Nab €, €y ?

* Look at gauge transformations

0A = dA + [A, A], be = d€ + |
| » e e :
0A = dA + [A, )]

|5



LORENTZ-LIKE SYMMETRIES

¢ g D g Chern-Simons = Cartan-Weyl approach to gravity

* How to extract information on the metric-like theory?

* How to express Frondal’s fields in terms of vielbeins!?
< 5 b
* How to generalise g, = Nap €, €2

* Look at gauge transformations

5A:dA+[A7)‘]7 56:d£—|—[W,€]‘|‘[7A]7

4 ke bz =
0A = dA + [A, X]

Lorentz-like symmetries!

|5
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METRIC-LIKE FIELDS

The Lorentz algebra is extended to g O sl(2,R) ~ so(1, 2)

Metric-like fields must be invariant under generalised
Lorentz transformations

* This fixes the non-linear structure of fields in the SL(3)*SL(3) theory

-

§ =t =g e e

4
(D= e 6 e 3 Gite, o

|6



METRIC-LIKE FIELDS

* The Lorentz algebra is extended to g 2 sl(2,R) ~ so(1, 2)

© Metric-like fields must be invariant under generalised
Lorentz transformations

* This fixes the non-linear structure of fields in the SL(3)*SL(3) theory

§ =t =g e e ~ tr(e-e) e =eTy
4 .
g3k ab % c ab S0 A.C., Fredenhagen, Pfenninger
Lo - Co e ooas 2] 0 €qc€h € ~tr (6 < 6> and Theisen (2010)
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METRIC-LIKE FIELDS

* The Lorentz algebra is extended to g O sl(2,R) ~ so(1, 2)

* Metric-like fields must be invariant under generalised
Lorentz transformations

* This fixes the non-linear structure of fields in the SL(3)*xSL(3) theory
e = Doeen ~ tr (e - e) e =eTy

ab 4

A.C., Fredenhagen, Pfenni
R elic e 3 0 Cac coe L cael) el el AT

and Theisen (2010)

* Lorentz-like invariance guaranteed by the trace

Ohe =i iea s SRR e e A )
* For rank >3 multiple invariants in SL(N)*SL(N) theories!

|6



INVARIANT TENSORS OF hs[A]

* How to identify metric-like fields!? A.C., Fredenhagen and
Pfenninger (201 1)

* First look for possible candidates...

* Invariant tensors of hs[A] can be built with the help of the *—product

k 6

B = —tI’(T(Al...TAS)) == ()\2—1)8' T(Al* *TAS)

Th=0

fr (ef) it il

* Conditions that (ps must satisfy

* Double tracelessness

ai =

* Correct linearised dynamics i.e. ©u;...u, ~ €(u ST R

|7



INVARIANT TENSORS OF hs[A]

* How to identify metric-like fields!? A.C., Fredenhagen and
Pfenninger (201 1)

* First look for possible candidates...

* Invariant tensors of hs[A] can be built with the help of the *—product

k 6

B = —tI’(T(Al...TAS)) == ()\2—1)8' T(Al* *TAS)
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fr (ef) it il

* Conditions that (ps must satisfy

* Double tracelessness

ai =

—> ¢ Correct linearised dynamics i.e. ©u,.. .. ~ €(u SE i T o

|7



FIRST EXAMPLES & PROBLEMS...

“ Match the standard linearised expression for s

* No background for s > 2

: o ai 3 As—1
® SO,U/]_---,U/S &= 6(,Ul e 6/1,3_1 h,us)afl---afs—l

. O iC 1 :
* First positive results... ¢s ~ tre’ — < (3X°=7) (tre?),

D
w5 ~ tre’ — 5(3)\2—13) Uie i e

18



FIRST EXAMPLES & PROBLEMS...

* Match the standard linearised expression for s

“ No background for s > 2

1 g

P ol a Glcxi,
5 SO,le---,UJs &= 6(,Ul e 6,“/3—1 h,us)afl---afs—l

. O iC 1 :
* First positive results... ¢s ~ tre* — 10 (3X* = 7) (tr62) )

D
e 5(3)\2—13) e T e e

* ...and first problems
3 2
o g ~ tre® + a(MN)treftre® + B(N) (tre2) + v(\) (tre3)
* Imposing the matching at linearised level

a(d) = —-(X=7); B\ = % Ghe = T2 125 =

18



CONCLUSIONS & OUTLOOK

* Higher spins in D=2+1: a relatively simple setup to
address questions that are still unaccessible for D=4

* Asymptotic symmetries < non-linear W-algebras

* Metric-like formulation < proper Lorentz-like invariants

* First applications

; Gaberdiel, Gopak
* HS extensions of the AdS3/CFT, correspondence ko i:a,'; h ot

* Study of BTZ-like solutions with HS hairs O SR

collaborators
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CONCLUSIONS & OUTLOOK

* Higher spins in D=2+1: a relatively simple setup to
address questions that are still unaccessible for D=4

* Asymptotic symmetries < non-linear W-algebras

* Metric-like formulation < proper Lorentz-like invariants

* First applications

: . Gaberdiel, Gopakumar
* HS extensions of the AdS3/CFT, correspondence .. any others..

* Study of BTZ-like solutions with HS hairs ETRELE 102 02

collaborators

© Asymptotic symmetries i Presence of matter eouplings? ¢

> HS geometry? Aka complete the recovering of Fronsda| i

TeEEmsee———
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