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Quantum principal bundles

Definition

Let H be a Hopf algebra with bijective antipode and let A be a
right H-comodule algebra with coaction o: A — A® H. Let
B=A%" .= {bec A|ob) =bx1}. Ais a principal
H-comodule algebra if:

(a) the coaction g is free, that is the canonical map
can: ARgA— AR H, a®a/|—>ag(a/),

is bijective (the Hopf-Galois condition);
(b) there exists a strong connection in A, that is

B A— A, b® a— ba,

splits as a left B-module and right H-comodule map (the
equivariant projectivity).
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Strong connections

A right H-comodule algebra A with coaction p: A — A® His
principal if and only if it admits a strong connection, that is if
there exists amap w : H — A ® A, such that

w(1) =11,
pow=noe,
(w®id) o A = (id® 0) o w,
(S®@w)oA=(c®id)o (0®id) ow.

Here 11 : A® A — A denotes the multiplication map, n: C — A
is the unit map, A : H — H® H is the comultiplication,
¢:H— Ccounitand S: H — H the (bijective) antipode of the
Hopf algebra H,and o : A® H — H® Ais the flip.
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Trivial bundles

Cleft extension: an H-comodule algebra admitting a right
H-colinear map j : H — A such that j(1) = 1, and for which
there exists the convolution inverse j=' : H — A,

J(hay)i~" (he)) =i (hay)i(he)) = e(h)1,
is principal. A strong connection can be defined as

w=({"®j)oA.
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Trivial bundles

Cleft extension: an H-comodule algebra admitting a right
H-colinear map j : H — A such that j(1) = 1, and for which
there exists the convolution inverse j=' : H — A,

J(hay)i~" (he)) =i (hay)i(he)) = e(h)1,
is principal. A strong connection can be defined as

w=({"®j)oA.

Equivalently: principal H-comodule algebras isomorphic to
A%t @ H as left A%°H-modules and right H-comodules.
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Trivial bundles

Cleft extension: an H-comodule algebra admitting a right
H-colinear map j : H — A such that j(1) = 1, and for which
there exists the convolution inverse j=' : H — A,

J(hay)i~" (he)) =i (hay)i(he)) = e(h)1,
is principal. A strong connection can be defined as

w=({"®j)oA.

Equivalently: principal H-comodule algebras isomorphic to
A%t @ H as left A%°H-modules and right H-comodules.

A right H-colinear algebra map j : H — A is convolution
invertible with j=' = jo S, so A is a cleft principal comodule
algebra termed a trivial principal comodule algebra.
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Prolongations

Definition

Let A be an H-comodule algebra. Denote by B = AcoH g )
subalgebra of H-coaction invariant elements. Let 7 : H — H be
a Hopf algebra map and consider the cotensor product

A=AOpH = (> dehcAxH|
i
Y dogedneh=> den(hyi)eh s}
i i

View A as a right H-comodule subalgebra of the tensor algebra
A ® H with the coaction id ® Ay. Ais called a prolongation of A.
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Prolongations

Definition

Let A be an H-comodule algebra. Denote by B = AcoH g )
subalgebra of H-coaction invariant elements. Let 7 : H — H be
a Hopf algebra map and consider the cotensor product

A=AOpH = (> dehcAxH|
i
Y dogedneh=> den(hyi)eh s}
i i

View A as a right H-comodule subalgebra of the tensor algebra
A ® H with the coaction id ® Ay. Ais called a prolongation of A.

Question: When is A a principal H-comodule algebra?
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Prolongations

[H-J Schneider "90] B

If Ais a principal H-comodule algebra, then ALz H is a

principal H-comodule algebra, with a strong connection
w:H— (/Z\D,:,H) &K (/Z\DFIH),

w=(®id®id)o(S® (@om)®id)o (id® Ay) o Ay.
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Prolongations

[H-J Schneider "90] B

If Ais a principal H-comodule algebra, then ALz H is a

principal H-comodule algebra, with a strong connection
w:H— (/Z\D,:,H) &K (/Z\DFIH),

w=(®id®id)o(S® (@om)®id)o (id® Ay) o Ay.

Question: When is A cleft?
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Cleft prolongations

The prolongation Z\Q gH is a cleft extension of B if and only if
there exists a right H-colinear, unital, convolution invertible map
f:H— A.
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The hierarchy of spheres

Let g be a real number, 0 < g < 1. The coordinate algebra
O(S5"*1) of the odd-dimensional quantum sphere is the unital
complex x-algebra with generators zy, z1, . . ., Z, subject to the
following relations:

zizj = qzjz; fori<j, z,-zj* = quz,- fori # |,

n n
Z,'Z;k = Z;(Zi + (q_2 - 1) Z Zmz;w Z zmz;;‘l =1
m=i+1 m=0
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The hierarchy of spheres

Let g be a real number, 0 < g < 1. The coordinate algebra
O(S5"*1) of the odd-dimensional quantum sphere is the unital
complex x-algebra with generators zy, z1, . . ., Z, subject to the
following relations:

zizj = qzjz; fori<j, z,-zj* = quz,- fori # |,

n n
Z,'Z;k = Z;(Zi + (q_2 - 1) Z Zmz;w Z zmz;;”l =1
m=i+1 m=0

The coordinate algebra (’)(Sg”) of the even-dimensional
quantum sphere is the unital complex x-algebra with generators
2y, 21, ..., 2Zn and above relations supplemented with z;; = z,.
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The hierarchy of spheres

@ Quantum spheres are right comodule algebras over the
Hopf algebra O(Z,) generated by a self-adjoint grouplike
element u satisfying u? = 1. The coaction is

Zi— Zi® U.

Brzezinski Quantum projective spaces



The hierarchy of spheres

@ Quantum spheres are right comodule algebras over the
Hopf algebra O(Z,) generated by a self-adjoint grouplike
element u satisfying u? = 1. The coaction is

Zi— ZiQ U.

@ The quantum real projective space (’)(RIP?) is defined as
the O(Z2)-coinvariant subalgebra of O(S7').
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The hierarchy of spheres

@ Quantum spheres are right comodule algebras over the
Hopf algebra O(Z,) generated by a self-adjoint grouplike
element u satisfying u? = 1. The coaction is

Zi— Zi® U.

@ The quantum real projective space (’)(RIP?) is defined as
the O(Z2)-coinvariant subalgebra of O(S7').

@ O(S82M), O(82™1) admit a strong connection
a a

n
wu)=> z oz
i=0
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The hierarchy of spheres

@ Quantum spheres are right comodule algebras over the
Hopf algebra O(Z,) generated by a self-adjoint grouplike
element u satisfying u? = 1. The coaction is

Zi— ZiQ U.

@ The quantum real projective space (’)(RIP?) is defined as
the O(Z2)-coinvariant subalgebra of O(S7').

e O(S2"), O(S5™") admit a strong connection
n
wu)=> z oz
i=0

@ O(Sy) is a principal O(Zz)-comodule algebra over the
quantum real projective space O(RPg')
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The hierarchy of spheres

Quantum spheres form a hierarchy of right O(Z,)-comodule
x-algebras

- 0(S%) - 0(8h - 0(S3) - 0(82) - 0(S}),

where each of the fy, is a surjective x-algebra and right
O(Zo)-colinear map defined on generators as follows. In the

odd case
. ) on 1 zi ifi#n
fon 1 : O(Sqn) N O(Sqn ), Zj — { 0’ ifi=n
In the even case
fon: O(S3™) — O(S5"),  zj+— z.
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Quantum unitary groups

° (’)(S},) = O(U(1)) is a commutative Hopf algebra
generated by a unitary grouplike element v, and there is a
Hopf algebra map

T O(U(1)) — O(Z>), V— u.
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Quantum unitary groups

° (’)(S},) = O(U(1)) is a commutative Hopf algebra
generated by a unitary grouplike element v, and there is a
Hopf algebra map

T O(U(1)) — O(Z>), V— u.

° (’)(Sg) is the coordinate algebra of the quantum group
SUy(2). The composites f1 o f, : O(SUqy(2)) — O(U(1))
and

m =m0k ot O(SUy(2)) — O(Zz),

are Hopf algebra maps.
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Prolongations to SU,(2)-bundles

Since the algebra maps f, are also right O(Z,)-colinear, the
prolongation along = gives rise to the following hierarchy of
quantum principal SUq(2)-bundles over RPg":

O(SF ) Doz, O(SUg(2)) — "2 O(SF)To(2,) O(SUq(2))
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Prolongations to SU,(2)-bundles

Since the algebra maps f, are also right O(Z,)-colinear, the
prolongation along = gives rise to the following hierarchy of
quantum principal SUq(2)-bundles over RPg":

O(SF ) Doz, O(SUg(2)) — "2 O(SF)To(2,) O(SUq(2))

® £ : O(SUq(2)) — O(S3) is a right O(Zz)-colinear algebra
map, hence O(S3)0o(z,)O(SUq(2)) is cleft (trivial).
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Prolongations to SU,(2)-bundles

Since the algebra maps f, are also right O(Z,)-colinear, the
prolongation along = gives rise to the following hierarchy of
quantum principal SUq(2)-bundles over RPg":

O(SF ) Doz, O(SUg(2)) — "2 O(SF)To(2,) O(SUq(2))

® £ : O(SUq(2)) — O(S3) is a right O(Zz)-colinear algebra
map, hence O(S3)0o(z,)O(SUq(2)) is cleft (trivial).

® O(83)0o(z,)O0(8Uqy(2)) is trivial via the identity map
O(SUq(2)) — O(SY).
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Prolongations to SU,(2)-bundles

Since the algebra maps f, are also right O(Z,)-colinear, the
prolongation along = gives rise to the following hierarchy of
quantum principal SUq(2)-bundles over RPg":

O(SF ) Doz, O(SUg(2)) — "2 O(SF)To(2,) O(SUq(2))

® £ : O(SUq(2)) — O(S3) is a right O(Zz)-colinear algebra
map, hence O(S3)0o(z,)O(SUq(2)) is cleft (trivial).

® O(83)0o(z,)O0(8Uqy(2)) is trivial via the identity map
O(SUq(2)) — O(S).

@ for m > 3 probably non-trivial (classically, by the

Borsuk-Ulam theorem: there are no continuous odd (i.e.
Zo-equivariant) functions S™' — 87).
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Prolongations to U(1)-bundles

Use the Hopf algebra map m : O(U(1)) — O(Z>) to construct
prolongations of the O(Sg") to principal O(U(1))-comodule
algebras. Then there is a sequence of surjective algebra maps
between principal O(U(1))-comodule algebras

O(SI Yoz, O(U(1)) — 4 O(SP) Doz, O(U(1)) .
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Prolongations to U(1)-bundles

Use the Hopf algebra map m : O(U(1)) — O(Z>) to construct
prolongations of the O(Sg") to principal O(U(1))-comodule
algebras. Then there is a sequence of surjective algebra maps
between principal O(U(1))-comodule algebras

O(SI Yoz, O(U(1)) — 4 O(SP) Doz, O(U(1)) .

For all natural numbers m > 1, the principal O(U(1))-comodule
algebras O(Sg")Oo(z,)O(U(1)) are non-trivial.
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The structure of O(S;") Doz, O(U(1))

o (’)(Sf;’“r1 )0oz,)O(U(1)) is an algebra isomorphic to

OS5 @ O(U(1)).
Q O(S5")Uo(z,)O(U(1)) is isomorphic to a polynomial
x-algebra A?" generated by (o, (1, . ..,(n and a central

unitary & subject to the following relations

<IC] quCI fori < j: Ciqk = qC/?kCi for i 76]7

GG = GG+ Z CmGms Z<m<m—1

m=i+1

Cn = Cnf
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Quantum weighted projective spaces [TB & SAF]

@ For any n+ 1 pairwise coprime numbers l, ..., I, O(U(1))
coacts on O(S5™), as

. I -
Oy, 1 Zi = Zi Q VY, i=0,1,...,n.

.....
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Quantum weighted projective spaces [TB & SAF]

@ For any n+ 1 pairwise coprime numbers l, ..., I, O(U(1))
coacts on O(S5™), as

. I -
Oy, 1 Zi = Zi Q VY, i=0,1,...,n.

@ The quantum weighted projective space is the subalgebra
of O(S3™") containing all elements invariant under the
coaction gy, . 1., i.€.

O(WPqG(h, h, - In)) = {x € O(S5™) | ap...1a(X) = x21}.

In the case Iy = /1 = --- = 1 one obtains the algebra of
functions on the quantum complex projective space CPg
defined in [YaS Soibel’man & LL Vaksman ’90].
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Quantum teardrops

The quantum teardrop O(WPq(k, I)) is the x-algebra generated
by a and b subject to the following relations

11
a"=a, ab=q%ba, bb*=qg™a [[(1-¢"a)

m=0

ak H 72m

m=1
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Representations

Up to a unitary equivalence, the following is the list of all
bounded irreducible x-representations of O(WPq(k, I)).

(i) One dimensional representation

mp a0, b+— 0.
(ii) Infinite dimensional (faithful) representations
s : O(WPg(k,l)) — End(Vs), s =1,2,...,1. Vs ~ [*(N)
has orthonormal basis eg, p € N, ws(b) e0 =0 and

ms(a)ep = ¢ Pep,

ms(b)es = /p+S)H( q2(p+s- r)) e e ;.
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A “no-go theorem”

The algebra O(Sg) is a principal O(U(1))-comodule algebra
over O(WPq(k, 1)) by the coaction o ifand only ifk = | =1
(the quantum Hopf fibration).
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Quantum lens spaces

@ [JH Hong & W Szymanski '03] The quantum lens space
O(Lq(1;1,1)) is a x-algebra generated by ¢ and d:

cd=q'dc, cd*=q'dc, dd*=dd,
—1 !

cct = H( q2mdd* ctc H —Zmdd*

m=0 m=1
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Quantum lens spaces

@ [JH Hong & W Szymanski '03] The quantum lens space
O(Lq(1;1,1)) is a x-algebra generated by ¢ and d:

cd=q'dc, cd*=q'dc, dd*=dd,
/-1 I
CC* _ H( q2mdd* C H —Zmdd*
m=0 m=1

@ O(Ly(1;1,1)) is a right comodule algebra over O(U(1)),

0/:C—CQRV, d—d®Vv".
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Quantum lens spaces

@ [JH Hong & W Szymanski '03] The quantum lens space
O(Lq(1;1,1)) is a x-algebra generated by ¢ and d:

cd=q'dc, cd*=q'dc, dd*=dd,
/-1 I
CC* _ H( q2mdd* C H —Zmdd*
m=0 m=1

@ O(Ly(1;1,1)) is a right comodule algebra over O(U(1)),

0/:C—CQRV, d—deVv'.
@ O(Lqy(l; 1, 1))e0UM) ~ O(WPq(1,1)), (a= cd, b= dd*).
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The principality

The coordinate algebra of the quantum lens space O(Lq(/;1,1))
is a (non-cleft) principal O(U(1))-comodule algebra over
O(WP4(1,1)).
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The principality

The coordinate algebra of the quantum lens space O(Lq(/;1,1))
is a (non-cleft) principal O(U(1))-comodule algebra over
O(WP4(1,1)).

A strong connection is defined recursively: w(1) =1 ® 1, and
then, for all n > 0,

/
w(v”) C Z —m m+1)< I)qdmd*m1w(vn_1)d*,
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@ The Zy-action on quantum spheres produces
noncommutative principal bundles over quantum real
projective spaces.
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@ The Zy-action on quantum spheres produces
noncommutative principal bundles over quantum real
projective spaces.

@ These bundles can be prolonged to non-trivial U(1)
bundles and trivial/non-trivial SU,(2)-bundles.
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@ The U(1)-action on quantum spheres produces weighted
projective spaces.
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@ The U(1)-action on quantum spheres produces weighted
projective spaces.
@ Inthe S3-case:

e the action is free iff the weights are equal (the quantum
Hopf fibration);

Brzezinski Quantum projective spaces



@ The U(1)-action on quantum spheres produces weighted
projective spaces.
@ Inthe S3-case:

e the action is free iff the weights are equal (the quantum
Hopf fibration);

e WPq(1,/) is a base of the noncommutative principal
U(1)-bundle with the quantum lens space Lq(/; 1,/) as the
total space.
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