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Introduction

Space-time is nonlocal on very short distances.
S. Doplicher, K. Fredenhagen and J. Roberts, PLB 331, 39
In general case:

[x̂µ, x̂ν ] = ω̂µν .

Noncommutativity in Quantum Mechanics
1 Noncommutativity with mixed spatial and spin degrees of

freedom [
x̂ i , x̂ j] = iθ2εijk ŝk .

2 Position-dependent noncommutativity in quantum mechanics

[x̂µ, x̂ν ] = θωµν(x̂),

e.g.,

[x̂ , ŷ ] =
iθ

1 + θα (x̂2 + ŷ2)
.
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Particle spin dynamics and its noncommutative deformation

F. Berezin, M. Marinov, Ann.Phys.104, 336
Phase superspace:

(
x i , pi , ξ

i) , i = 1, 2, 3, ξiξj + ξjξi = 0. The
Poisson bracket:

{f (ξ) , g (ξ)} = −i
(
f
←−
∂k

)(−→
∂kg

)
.

For the canonical variables:{
ξk , ξl

}
= −iδkl ,

{
xk , pl

}
= δkl .

The rotation group in the Grassmann subspace:

S i = − i
2
εijkξjξk ,

{
S i , ξj

}
= εijkξk ,

{
S i , S j} = εijkSk .

The orbital angular momentum:

Li = εiklxkpl ,
{
Li , x j} = εijkxk ,

{
Li , Lj} = εijkLk .

The complete angular momentum:

J = L + S,
{
J i , J j} = εijkJk .
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Particle spin dynamics and its noncommutative deformation

The classical Hamiltonian action of the model reads

S0 =

∫
dt
[
pẋ− i

2
ξξ̇ − H (x , p, ξ)

]
,

where H (x , p, ξ) = p2/2 + V0 (x) + (LS) V1 (x) + SB (x) .
The simplest way to obtain nonvanishing PB is Bopp shift:

x i → x i
NC = x i − 1

2
θijpj ,

{
x i
NC , x

j
NC

}
= θij ,

but it breaks symmetries of the system.
To preserve rotational symmetry, consider a following deformation

x i → x̃ i = x i + θS i ,

New coordinates x̃ i are even elements of the Grassmann algebra,
transform like a vector {

J i , x̃ j} = εijk x̃k .{
J i ,H (x , p, ξ)

}
= 0 ⇒

{
J i ,H (x̃ , p, ξ)

}
= 0

Vladislav Kupriyanov Alternative models of noncommutativity



Particle spin dynamics and its noncommutative deformation

The classical Hamiltonian action of the model reads

S0 =

∫
dt
[
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Quantization

Nonvanishing Poisson Barckets are{
x̃ i , x̃ j} = θ2εijkSk ,

{
x̃ i , pj

}
= δij ,{

x̃ i , ξj
}

= θεijkξk ,
{
ξk , ξl

}
= −iδkl .

In course of quantization these PB determine[
x̂ i , x̂ j] = iθ2εijk ŝk ,

[
x̂ i , p̂j

]
= iδij ,[

x̂ i , ξ̂j
]

= iθεijk ξ̂k ,
[
ξ̂i , ξ̂j

]
+

= δij .

Commutation relations involving ŝ i = − i
2ε

ijk ξ̂j ξ̂k are[
x̂ i , x̂ j] = iθ2εijk ŝk ,

[
x̂ i , p̂j

]
= iδij ,[

x̂ i , ŝ j] = iθεijk ŝk ,
[
ŝ i , ŝ j] = iεijk ŝk .

H. Falomir, et al, PLB 680, 384.
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x̂ i , ŝ j] = iθεijk ŝk ,
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Quantization

Renormalizing ξ̂i = σ̂i/
√
2, one gets the Clifford algebra,[
σ̂i , σ̂j]

+
= 2δij ,

realized by Pauli matrices σi .
Representation: ξ̂i = σi/

√
2, ŝ i = −i/2εijk ξ̂j ξ̂k = σi/2,

x̂ i = x i I + θσi/2, p̂i = −i∂i I,

Modified Pauli equation:

i∂tϕ = Ĥ
(
x̂ , p̂, ξ̂

)
ϕ.

Nonlocality:
∆x i∆x j ≥ θ2εijk

∣∣∣〈Ψ| ŝk |Ψ〉
∣∣∣ .

Let |Ψ〉 be eigenstate for ŝz , ŝz |Ψ〉 = sz |Ψ〉 , sz = −s, ..., s.

∆x∆y ≥ θ2

2
.
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Relativistic generalization

Hamiltonian form of the Berezin-Marinov action is

S =

∫ τf

τi

[
pµẋµ − i

2
ξµξ̇

µ +
i
2
ξ5ξ̇5 − i

2
χT1 − λT2

]
dτ,

T1 = ξµ (pµ + eAµ) + mξ5, T2 = (pµ + eAµ)2 −m2 + ieFµνξ
µξν ,

Poisson brackets between the canonical variables are

{xµ, pν} = gµν , {ξµ, ξν} = −igµν ,
{
ξ5, ξ5

}
= i ,

where gµν =diag(1,−1,−1,−1). Two first-class constraints are

T1 = 0, T2 = 0.

Generators of the Lorentz group are: Jµν = Lµν + Sµν ,

Lµν = xµpν − xνpµ, Sµν = −iξµξν .{
Lµν , xλ

}
= gµλxν − gνλxµ,

{
Sµν , ξλ

}
= gµλξν − gνλξµ.
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Relativistic generalization

Noncommutative deformation is:

xµ → x̃µ = xµ + θW µ,

W µ =
1
2
εµνρσpνJρσ =

1
2
εµνρσpνSρσ.

New coordinates x̃µ are even elements of the Grassmann algebra,
transform like a vector{

Jµν , x̃λ
}

= gµλx̃ν − gνλx̃µ,

and have nonvanishing Poisson brackets

{x̃µ, x̃ν} = −θεµνρσSρσ −
θ2

2
εµνρσWρpσ,

{x̃µ, pν} = gµν , {ξµ, ξν} = −igµν ,
{
ξ5, ξ5

}
= i ,

{x̃µ, ξν} = −θεµνρσpρξσ.
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Relativistic generalization

Observe that T1 = ξµ (pµ + eAµ) + mξ5 is an odd element of the
Grassmann algebra, therefore

{T1,T1} = −iT2 = −i
[
(pµ + eAµ)2 −m2 + ieFµνξ

µξν
]
.

T2 is even, so that {T2,T2} = 0, and

{T2,T1} = i {{T1,T1} ,T1} ≡ 0.

We postulate the form of the first constraint as

T̃1 = ξµ (pµ + eAµ (x̃)) + mξ5 = 0.

We determine the second constrained as T̃2 = i
{

T̃1, T̃1

}
= 0,

T̃2 = (pµ + eAµ)2 −m2 + ieF̃µνξ
µξν + 2ie {ξµ,Aν} (pµ + eAµ) ξν .

Obviously,{
T̃2, T̃2

}
= 0,

{
T̃2, T̃1

}
= i
{{

T̃1, T̃1

}
, T̃1

}
≡ 0.
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Quantization

PB fix the commutation (anticommutation) relations

[x̂µ, x̂ν ] = −iθεµνρσŜρσ +
iθ2

2
εµνρσŴρp̂σ,

[x̂µ, p̂ν ] = igµν ,
[
ξ̂µ, ξ̂ν

]
+

= gµν ,
[
ξ̂5, ξ̂5

]
+

= −1,[
x̂µ, ξ̂ν

]
= −iθεµνρσ ξ̂ρp̂σ.

The operators ξ̂µ, ξ̂5 are generators of the Clifford algebra C5,

ξ̂µ = iγ5γµ/
√
2, ξ̂5 = iγ5/

√
2,

Ŝαβ = − i
2

(
ξ̂αξ̂β − ξ̂β ξ̂α

)
= − i

4
(γαγβ − γβγα) =

i
2
σαβ.

The representation for the operators of coordinates and momenta

x̂µ = xµI +
θ

4
εµναβσαβ∂ν = xµI− iθ

2
γ5σµν∂ν ,

p̂µ = −i∂µI,
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Quantization

First-class constraints become conditions on the physical states

T̂1ψ = 0, T̂2ψ = 0.

The first equation reads[
iγµ

(
∂µ + ieAµ

(
xµI− iθ

2
γ5σµν∂ν

))
−m

]
ψ(x) = 0,

where some ordering should be specified. The second eq. is a
consequence of the first one, since

T̂2 =
(
T̂1

)2
.

The action of operator f
(
xµI− iθ

2 γ
5σµν∂ν

)
on spinor ψ(x) can be

represented as:

f
(

xµI− iθ
2
γ5σµν∂ν

)
ψ(x) = f ?̃ψ = f (x) exp

{
− iθ

2
←−
∂µγ

5σµν
−→
∂ν

}
ψ(x)

= f ψ − iθ
2
∂µf γ5σµν∂νψ −

θ2

8
∂µ1∂µ2 f γ

5σµ1ν1γ5σµ2ν2∂ν1∂ν2ψ + ...
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Noncommutative Dirac equation

The above equation can be represented in the form

[iγµ (∂µ + ieAµ (x))−m] ?̃ψ = 0.

This equation is covariant under the Lorentz transformation

xµ → x ′µ = Λµ
νxν , ψ → ψ′

(
x ′
)

= S (Λ)ψ (x) ,

Aµ → A′µ
(
x ′
)

= Λµ
νAν (x) .

Introduce modified multiplication between two spinors

ϕ̄?̃ψ = ϕ̄ exp
{
− iθ

2
←−
∂µγ

5σµν
−→
∂ν

}
ψ,

with properties

(ϕ̄?̃ψ)∗ = ψ̄?̃ϕ,

∫
d4xϕ̄?̃ψ =

∫
d4xϕ̄ψ.
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Conclusions and questions

Action functional for noncommutative Dirac field is:

S =

∫
d4x

[
i
2
ψ̄?̃γµ∂µψ +

i
2
∂µψ̄γ

µ?̃ψ −mψ̄?̃ψ + eψ̄?̃γµAµ?̃ψ

]
.

Variation of this action over ψ̄ gives

[iγµ (∂µ + ieAµ (x))−m] ?̃ψ = 0.

M. Gomes, V.G.K, A.J. da Silva, PRD 81, 085024
Questions:
• Unitarity
• Gauge invariance
• Conservation of current
etc.
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Position-dependent noncommutativety in QM

Suppose that noncommutativity
[
x̂ i , x̂ j] = ωij(x̂) is given, e.g.,

[x̂ , ŷ ] =
iθ

1 + θα (x̂2 + ŷ2)

• The aim is to construct consistent quantum mechanics on such
noncommutative space.
The problem is to complete the algebra:

[
x̂ i , p̂j

]
=?, [p̂i , p̂j ] =?[

p̂k ,
[
x̂ i , x̂ j]]+

[
x̂ j ,
[
p̂k , x̂ i]]+

[
x̂ i ,
[
x̂ j , p̂k

]]
≡ 0 ,

If
[
x̂ i , p̂j

]
= iδij , hence [

p̂k , ω
ij (x̂)

]
≡ 0 .

Now if ωij (x̂) = f ij
l x̂ l , we have f ij

k ≡ 0 .
• So,

[
x̂ i , p̂j

]
= iδij (x̂), [p̂i , p̂j ] = $ij(x̂).

To answer the question consider the quantization of the model:

L = pi ẋ i − H (p, x) +
θ

2
(pi + Bi (x , α)) εij

(
ṗj + Ḃj (x , α)

)
.
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iθ

1 + θα (x̂2 + ŷ2)
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iθ

1 + θα (x̂2 + ŷ2)
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ṗj + Ḃj (x , α)

)
.

Vladislav Kupriyanov Alternative models of noncommutativity



Position-dependent noncommutativety in QM

The Dirac brackets for canonical variables are:{
x i , x j}

D = θd(x)εij , {pi , pj}D = θ (∂2B2∂1B1 − ∂1B2∂2B1) dεij ,{
x i , pj

}
D = d

(
δij − θεik∂kBj

)
, d =

1
[1 + θ (∂1B2 − ∂2B1)]

.

From the equation

εij

[1 + θ (∂1B2 − ∂2B1)]
= ωij(x),

one can determine Bi and complete the algebra.
Let Bi = εij∂jφ, and

ωij = εij/{1 + θf
[
α
(
x2 + y2)]}, f (0) = const.

In this case

B1 = y
F
(
α
(
x2 + y2))− F (0)

2α (x2 + y2)
, B2 = −x

F
(
α
(
x2 + y2))− F (0)

2α (x2 + y2)
,

F ′ = f .
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Local noncommutativety

[x̂ , ŷ ] =
iθ

1 + θα (x̂2 + ŷ2)
, [p̂x , p̂y ] =

3θα2

16
(
x̂2 + ŷ2)2 d ,

[x̂ , p̂x ] =

[
1 +

αθ

4
(
x̂2 + 3ŷ2)] d , [x̂ , p̂y ] = −αθ

2
x̂ ŷd ,

[ŷ , p̂y ] =

[
1 +

αθ

4
(
3x̂2 + ŷ2)] d , [ŷ , p̂x ] = −αθ

2
x̂ ŷd .

Another possibility, B1 = B2,

[x̂ , ŷ ] =
iθ

1 + θα (x̂2 + ŷ2)
, [p̂x , p̂y ] = 0,

[x̂ , p̂x ] =
[
1 + αθŷ2] d , [x̂ , p̂y ] = αθx̂2d ,

[ŷ , p̂y ] =
[
1 + αθx̂2] d , [ŷ , p̂x ] = αθŷ2d .

M. Gomes, V.G.K, PRD 79, 125011
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x̂2 + ŷ2)2 d ,

[x̂ , p̂x ] =

[
1 +

αθ

4
(
x̂2 + 3ŷ2)] d , [x̂ , p̂y ] = −αθ

2
x̂ ŷd ,

[ŷ , p̂y ] =

[
1 +

αθ

4
(
3x̂2 + ŷ2)] d , [ŷ , p̂x ] = −αθ

2
x̂ ŷd .

Another possibility, B1 = B2,

[x̂ , ŷ ] =
iθ

1 + θα (x̂2 + ŷ2)
, [p̂x , p̂y ] = 0,

[x̂ , p̂x ] =
[
1 + αθŷ2] d , [x̂ , p̂y ] = αθx̂2d ,

[ŷ , p̂y ] =
[
1 + αθx̂2] d , [ŷ , p̂x ] = αθŷ2d .

M. Gomes, V.G.K, PRD 79, 125011
Vladislav Kupriyanov Alternative models of noncommutativity



Perspectives

• Scattering of plane waves on local noncommutativity

Ĥ =
1
2
p̂2

• Relativistic generalization d = 2:

L = pµẋµ + λ[p2 −m2] +
θ

2
(pµ + Bµ (x , α)) εµν

(
ṗν + Ḃν (x , α)

)
.

After quantization one gets

[x̂µ, x̂ν ] = θεµνd(x̂), [x̂µ, p̂ν ] = iδµν (x̂), [p̂µ, p̂ν ] = εµν$(x̂),

[p̂2 −m2]Φ = 0.

• Relativistic wave equations on curved noncommutative space.

x̂µ = xµ + O(θ), p̂µ = −i∂µ + O(θ),

[p̂2 −m2]Φ = [�̂−m2]Φ = 0,

�̂ = � + o(θ).
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L = pµẋµ + λ[p2 −m2] +
θ

2
(pµ + Bµ (x , α)) εµν

(
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