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Introduction

Nonlinear realization of a symmetry in the simple case of the
nonlinear σ model. Relation with NPRG.

Comparison with the case of QCD (Yang-Mills theory with
gauge fixing)

Description of the linear realization.

Some consequences and further developments.
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Nonlinear σ model

Consider the action for the N-component field ~π in d = 2:

S [~π] =

∫

d2x
1

2

(

(∂i~π)2 +
(~π.∂i~π)2

1 − ~π2

)

On top of the O(N) symmetry group, there are N symmetries
realized non-linearly:

πi → πi + δπi = πi + ǫi

√

1 − ~π2

Symmetry group: O(N + 1).

In relation with NPRG: any quadratic regulator break the
nonlinear symmetries!
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Linear realization

Model equivalent in the low energy limit: add an extra
massive field σ:

S [~π, σ] =

∫

d2x

{

1

2
(∂i~π)2 +

1

2
(∂iσ)2 + λ(σ2 + ~π2 − 1)2

}

The σ mode is massive. At low energy the σ is frozen.
Replace σ by

√
1 − ~π2 and we get the previous action!

Nonlinear symmetries are now realized linearly:

{

δ~π = ~ǫ σ

δσ = −~ǫ · ~π

We can write a symmetric quartic regulating term.

Linear realization enables to understand the spectrum of the
theory in d = 2 (restoration of the symmetry).
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Yang-Mills theory

Model with a nonabelian gauge symmetry.

LYM =
1

4

(

F a
µν

)2
=

1

4
(∂µAa

ν − ∂νA
a
µ + gf abcAb

µAc
ν)

2

In most calculations in Yang-Mills theory: Faddeev-Popov
gauge fixing.
Introduce new fields: 2 fermionic Faddeev-Popov ghost fields
c and c̄ and 1 bosonic Nakanishi-Laudrup field h.
Adding the linear gauge fixing lagrangian:

Llinear
GF = ∂µc̄a(Dµc)a +

ξ0

2
haha + iha∂µAa

µ. (1)

or the Curci-Ferrari gauge fixing

LCF
GF =

1

2
∂µc̄a(Dµc)a +

1

2
(Dµc̄)a∂µca +

ξ0

2
haha

+ iha∂µAa
µ − ξ0

g2
0

8
(f abc c̄bcc)2.

(2)

lead to the same gauge invariant predictions as Yang-Mills.
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Symmetries

The previous action has nontrivial nonlinear supersymmetries,
BRST and anti BRST, which is the quantum equivalent of the
gauge invariance.

sAa
µ = (Dµc)a, s̄Aa

µ = (Dµc̄)a

sca = −g0

2
f abccbcc , s̄ca = −iha − g0

2
f abc c̄bcc

sc̄a = iha − g0

2
f abc c̄bcc , s̄ c̄a = −g0

2
f abc c̄b c̄c

s iha =
g0

2
f abc

(

ihbcc +
g0

4
f cde c̄bcdce

)

,

s̄ iha =
g0

2
f abc

(

ihbc̄c − g0

4
f cdecb c̄d c̄e

)

.

symplectic group SP(2) with 3 generators:

tc̄ = c tc = th = tAµ = 0

t̄c = c̄ t̄ c̄ = t̄h = t̄Aµ = 0

Nc = c Nc̄ = −c̄ Nh = NAµ = 0
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Comparison NLσ/YM

Both have a nonlinearly realized symmetry,

No symmetric quadratic cutoff,

Both present asymptotic freedom

Both present a scale, generically small compared with the UV
cut-off, where the relevant excitations change.

However, no known linear realization of BRST!

With such a realization, we hope to:

implement the NPRG is a standard manner
understand better the IR physics of QCD.
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Linear realization of BRST I:
the space

Idea: add massive fields (equivalent of the σ field).

Theory in a superspace à la Parisi & Sourlas: (xµ, θ, θ̄):

θ2 = θ̄2 = θ̄θ + θθ̄ = 0

The space is flat in the euclidean directions and curved in the
fermionic ones:

ds2 = dx2
µ + d θ̄dθ(1 + M2θ̄θ)

At large distances compared with M−1, grassmann directions
are wrapped around.

At small distances, the superspace is effectively flat →
dimensional reduction (Parisi Sourlas, etc) the theory behaves
like a bosonic d = 2 theory in the UV.

Matthieu Tissier, Nicolás Wschebor linear realization



Linear realization of BRST II:
isometries of the superspace

Isometries of the superspace associated with symmetries of
the gauge-fixed action!

Poincaré group
“rotations” in the grassmann subspace (symplectic group
SP(2))
“translations” in the grassmann directions (BRST and
anti-BRST symmetries )
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Linear realization of BRST III:
field content and action

Introduce a vector field
A = {Aµ(xν , θ, θ̄),Aθ(x

ν , θ, θ̄),Aθ̄(x
ν , θ, θ̄)}

The Taylor expansion of vector field is finite:

Aα
µ(x , θ, θ̄) = Aα

µ(x) + θ̄Bα
µ (x) − θB̄α

µ (x) + θ̄θEα
µ (x),

Aα
θ (x , θ, θ̄) = −c̄α(x) + θd̄α(x) − θ̄bα(x) − θ̄θF̄α(x),

Aα
θ̄
(x , θ, θ̄) = cα(x) + θ̄dα(x) + θb̄α(x) + θ̄θFα(x).

We choose the action

SYM =

∫

x

−1

4
(−1)aFAB gBCFCD gDA+

(

m2

2
gAB +

ν

2
RAB

)

AAAB
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Decoupling of the massive modes

In the large M limit, some modes decouple. The action has
terms of the form:

∫

ddx M2(B̄α
µ − Dµc̄α)(Bα

µ − Dµcα)

The Bµ and B̄µ fields are replaced by their classical solutions.

Eventually get an action for Aµ, c , c̄ and h = b + b̄. Up to
renormalization factors, these are the fields appearing in the
Faddeev-Popov procedure.

We finally obtain the gauge-fixed action with an extra mass
term (Curci-Ferari model)

L = LYM + LCF
GF + m2

(

1

2
(Aα

µ)2 + ξc̄αcα

)
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Further developments

Add a symmetric regulating term, quadratic in the superfields
and derive flow equations for a simple truncation.

Understand better the influence of the mass term in the low
energy limit.

Study other linear realizations (other actions for the
superfields). Does this give other gauge fixings in the IR?

Renormalizability of the theory?

Unitarity?

Possible application to quantum gravity.
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