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‘ Nonequilibrium Stationary Dynamics
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Turbulence

~ Kinetic energy cascade

large scales (source)
- — small scales
— dissipation (sink)
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‘ Richardson Cascade

large scales (source)
— small scales
— dissipation (sink)

“Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity.”

(Richardson, 1920)
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‘ Richardson Cascade

- Kinetic energy cascade

large scales (source)
— small scales
— dissipation (sink)

“Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity.”

(Richardson, 1920)

Kolmogorov (1941): scale-invariant, incompressible fluid
E(k) ~ P %3 pl/3 k'3 (Stationary distribution)
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‘ Kolmogorov's theory of turbulence
(1941)

Take isotropic system:
Cascade = Radial momentum transport

/ s
Ot £(k) = =Vk-p(K)

radial flux
pump

Energy density E
kK A Energy flux p
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‘ Kolmogorov's theory of turbulence
(1941)

Scale invariant (self-similar) stationary transport:

Dimensional analysis:

E(k) ~ P2/3 p1/3 k—5/3

log E(k)
L ™

log k
Radial energy density E [kg s72]
3D: Radial energy flux P [kg m~"s73]
Density p [ke m—>]
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Quantum Turbulence




‘ Turbulence iﬂ ad Bose Einstein Condensate

[Abu-Shaeer et al.

[E.A.L. Henn et al. PRL (09)] «Etid
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‘ He Experiment

Europhys. Lett., 43 (1), pp. 29-34 (1998)
Local investigation of superfluid turbulence

J. MAURER and P. TABELING flows of helium IV driven by two counter-rotating disks

| | | | 1T | | | | 11 |
107 | E
- (a) ]
10 _ -5/3 E
- (b) ]
~ 3L _
= 1078
ﬁ - —
— 102 B (C) .
6= 3 E
E - .
10! [ |
109 | AT
§_ " II

10-1¢L \

| | | | 1 1 | | | | | 1 1 |

[
o

100 1000
frequency (Hz)

ERG 2010 - Corfu - 15. September 2010 Thomas Gasenzer



Theory: Simulations...

...of the Gross-Pitaevskii Eq. in the classical regime:

. 02
18{;1&()(, t) — | ﬁ =+ QW(Xa t) |2 w(xa t)
x
initial M
classical
probability
distribution M
Px) t,
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Kolmogorov scaling of Qu. Turbulence

(Simulations of Gross-Pitaevskii Equation)

: : * Loo E\- 1k M. Kobayashi & M. Tsubota,
8 ! g Exin'(k) J. Phys. Soc. Jpn (2005).
—Log 052/3k-5/3 M. Tsubota, arXiv:1004.5458 [cond-mat].
T . (C~0.55)
6 F I i Extensive work on Qu. Turbulence:
|
[ Svistunov, Berloff, Kozik, ... 1995-
5t ! . Nore, Abid, Brachet, 1995-
: : Vinen 50's-; & Donnelly, 2002, 07.
4l 1 1nertial | | L'vov, Nazarenko, Budenko, 2007.
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What can be expected analytically?




‘ Local radial flux only

Balance equation for radial flux

Ot n(k) = — 0k Q(k)

radial flux

rad. occupation no. n
rad. particle flux Q@
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‘ Local radial flux only

With kinetic (Boltzmann) eq.

i >

pump

Boltzmann
scattering integral

den(k) = — Ok Q(k)
~ K J(K)

]
=0
radial flux

rad. occupation no. n
rad. particle flux Q
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‘ Dynamical field theory

Dynamic (Schwinger-Dyson/Kadanoff-Baym) eq.:

Goy(ry) = Goo(zy0) — X2, y; 0,G)

from 2Pl effective action (® - derivable approx.)

an(p) = XL(p)Fu(p)— 2L (P)ppa(p)

Zab(p) = 3 b P = (po’ p)
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‘ Scaling solutions

Want to look for scaling solutions fulfilling stationarity condition J(p) = 0

Scaling ansatz:

s pas(po, P)

3_2+n_ﬁFab(p0a P)

pab(s°Po, SP)
Fab(szp()v SP)

Implies scaling of the single-particle momentum distribution:

n(sp) = s*~ > "n(p)
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‘ Turbulent scaling in 2+1 D 0o~ "

T T | T ] T
non-equilibrium initial conditions —— expected form —— thermal distribution: pA(-2) ——

100000

10000 -

thermal
equilibrium

1

1000 -

nonequilibrium

1
1

momentum p

C. Scheppach, J. Berges, TG PRA 81 (10) 033611
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‘ Strong turbulence

p=(p, P):

J(p) := 5 (0) Foa(p) — 25, (0)pra(p) = 0

zab(x?y) - a b

2P to NLO in 1/N: Vertex: ): >.< > < >O <

[Dynamics: J. Berges, (02); G. Aarts et al., (02); Kad.Baym: “GW-Approximation”, Hedin (65)]
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Strong Turbulence 1n 2D

1e+07 -
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n~rk”

non-equilibrium inifial conditions

nonequilibrium

1
1

expected form
AT,
pA-3)

thermal distribution: pA(-2) ——

thermal
equilibrium

1

J. Berges, A. Rothkopf, J. Schmidt, PRL 101 (08) 041603
C. Scheppach, J. Berges, TG PRA 81 (10) 033611
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Simulations

Let's do simulations of the GPE in the classical regime:

. oz
18{;1&()(, t) — | ﬁ =+ QW(Xa t) |2 w(xa t)
x
initial M
classical
probability
distribution \/\f
Px) t,
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B. Nowak, D. Sexty, TG (unpublished)

Simulations 1n 2+1 D (semi-classical)

Lattice site y

Lattice site y

0 100 200 0 100 200

Lattice site x Lattice site x
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Simulations 1n 2+1 D (semi-classical)
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Simulations 1n 2+1 D (semi-classical)
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Simulations 1n 2+1 D (semi-classical)
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‘ Nonrel. vs. rel. Simulation

Occupation number n(k)

106

10*

102

L 1nl. occ.

Mot

“ultracold” Bose gas

0.03

0.1 0.3
Radial momentum k/+/J

B. Nowak, D. Sexty, TG (unpublished)

n[t,p]

N

=400

' e t=1000%;
relat1v1st1c Bosg gas ™ a500:\

0.1 1 10
P

J. Berges, A. Rothkopf, and J. Schmidt,
PRL 101 (08) 041603
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‘ Recall

Scaling stationary solutions:

Origin of

Kolmogorov 5/3 law?

log E(K)

log k
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Simulations 1n 2+1 D (semi-classical)
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Simulations in 3+1 D semi-classical)
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Simulations in 3+1 D (semi-classical)
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‘ Turbulence as a tixed point

| \) non-thermal fixed point

Nge(P)
thermal equilibrium

[Fig.: Berges 08]
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Spectral functions
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Supplementary slides




Energies

Energies G = 256%, N = 10%, U/J =3 % 107", t;0,J = 2%
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Kolmogorov's theory of turbulence
(1941)

Cascade = Transport in momentum space:

log E(K)

-

log L-1 log k
Radial energy density E=k [kgs?

3D:
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Kolmogorov's theory of turbulence
(1941)

Stationary E-distribution in cascade?

log E(k)
L. ™

log L log k log '

Radial energy density E=Ke [kgs?
3D:
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‘ Kolmogorov's theory of turbulence
(1941)

Assume self-similarity:

E(k) ~ k¢
log E(k)
log k
Radial energy density E=Ke [kgs?
3D: Radial energy flux P=K:|p| [kg m' s3]
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‘ Kolmogorov's theory of turbulence
(1941)

Assume self-similarity:

Dimensional analysis:
E(k) ~ P%3...
log k
Radial energy density E [kg s72]
3D: Radial energy flux P [kg m~"s73]
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‘ Compare: [hermal Equilibrium

Constant energy € ~ E/k* (In 3D):

(k) ~wn

log £(k)

(Rayleigh-Jeans: n~ T/w)

log k

Radial energy density E [kg s72]
3D:
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‘ Compare: [hermal Equilibrium

Constant energy € ~ E/k* (In 3D):

E(k) ~ w n k?
~ T k?

log E(K)

(Rayleigh-Jeans: n~ T/w)

log k

Radial energy density E [kg s72]
3D:
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‘ Summary

Scaling stationary solutions:

log E(K)

log k
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‘ Summary

Scaling stationary solutions:

Origin of

Kolmogorov 5/3 law?

log E(K)

log k
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Kinetic equation

Flow in momentum space from kinetic (Boltzmann) equation:

(%?’Lk — J(k, t)

Scattering integral:
Jt) =g [ dhdgd’ [Tipar 50k +p — q 1)

X O(wk + wp — wq — wr)
X [(nk +1)(np + Dngne — nknp(ng +1)(ne + 1))

Zakharov: o derive scaling, familiarize the...

reader with a little miracle of the theory of wave turbulence theory, the so-called
Zakharov transformations. They factorize the collision integral. As a result one
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Simulations 1n 2+1 D (semi-classical)

2D Radial Momentum Occupation

Remember:
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B. Nowak, D. Sexty, TG (unpublished)
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Simulations 1n 2+1 D (semi-classical)

Evolution of mom. distr. of a 2D Bose gas following an interaction quench
2D Radial Momentum Occupation

1000 ¢
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Radial Momentum

B. Nowak, D. Sexty, TG (unpublished)
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Strong Turbulence:
Beyond Kinetic Theory




Strong Turbulence 1n 2D

n~rk”
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J. Berges et al., PRL 101 (08) 041603
. Scheppach, J. Berges, TG PRA 81 (10) 033611
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Simulations in 2+1 D (semi-classical)

Fit of n(k) to ak™"
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B. Nowak, D. Sexty, TG (unpublished)
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Simulations in 3+1 D (semi-classical)

3D Momentum Occupation, G’ = 64%, N = 10", U/.J = 0.0007
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B. Nowak, D. Sexty, TG (unpublished)
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Simulations in 3+1 D (semi-classical)

3D Momentum Occupation, G’ = 64*, N = 10", U/.J = 0.0007
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Simulations in 3+1 D (semi-classical)

3D Momentum Occupation, G = 64°, N = 10", U/.J = 0.0007
]- : 106 T | T T T |
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B. Nowak, D. Sexty, TG (unpublished)
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‘ 3D Simulation

3D Momentum Occupation, G = 64*, N = 107, U/.J = 0.0007
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Simulations 1n 2+1 D (semi-classical)
2d Turbulence G = 256, N = 10°, U/J =3 107>, tJ =27
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Simulations 1n 2+1 D (semi-classical)

2d Turbulence G = 2562, N =10%, U/J =3 %107°, tJ = 2!
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Simulations 1n 2+1 D (semi-classical)
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1-106
100000
10000
1000
100

10

1

0.1

Occupation Number, Energy/J

0.01

2d Turbulence G = 2562, N =108, U/J =3%107°, tJ = 2"

0.1 1
Radial momentum

B. Nowak, D. Sexty, TG (unpublished)

ERG 2010 - Corfu - 15. September 2010 Thomas Gasenzer




Simulations 1n 2+1 D (semi-classical)

2d Turbulence G = 2562, N = 10%, U/J =3 107>, tJ = 2%
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Scahﬁg eXp Oﬂeﬁts C. Scheppach, J. Berges, T. Gasenzer PRA 81 (10) 033611

(in 4 dimensions )

UV:K:d K:d_2/3

Constant P(k) = P Constant Q(p)

R =d+4 k =d +2

n~k”*
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TU.l’bU.lCﬂCG iﬂ ad Bose Einstein Condensate

[E.A.L. Henn et al. PRL (09)] SRS
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‘ Turbulence iﬂ ad Bose Einstein Condensate

[Abu-Shaeer et al. (01)]

[E.A.L. Henn et al. PRL (09)] «Etid
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‘ Turbulence iﬂ ad Bose Einstein Condensate

[N. Berloff & B. Svistunov, PRA (02)] [E.A.L. Henn et al. PRL (09)]
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Wave turbulence

i 0 _ 10
£ /9,

V) Turbulent thermalisation after universe inflation

False
Vacuum

~
Quantum~
Tunneling|

[Micha & Tkachev, PRL 90 (03) 121301, PRD 70 (04) 043538]
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Wave turbulence

V(o)

Ode+Ne>=0

False
Vacuum

. -
Quantum’
Tunneling|

[Micha & Tkachev, PRL 90 (03) 121301, PRD 70 (04) 043538]
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‘ Local radial flux only

Boltzmann
With kinetic (Boltzmann) eq. scattering integral

den(k) = — dk Q(k)
~ K J(K)

radial flux

rad. occupation no. n
rad. particle flux Q@
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‘ Local radial flux only

Boltzmann
With kinetic (Boltzmann) eq. scattering integral

Ot n(k) = — 0k Q(k)

/ P ~ K J(K)

Scattering integral:
J(k,t) = g° / d% d% A% |Tipqe|*6(k +p —q — 1)

X O(wk + wp — wq — Wr)
X [(nx + 1) (np + Dngne — ninp(ng +1)(ne + 1)]

rad. particle flux Q
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‘ Dynamical field theory

Kinetic (Quantum-Boltzmann) eq.: Oy = J(kj t)
Scattering integral:
J(k,t) = g* / A% d% d% |Txpar|*0(k +p — q — 1)

X 0wk + wp — wq — wr)
X [(nk + 1) (np + Dngne — ninp(ng + 1)(ne + 1)]

Here: Dynamic (Schwinger-Dyson/Kadanoff-Baym) eq.:

Gl (vy) = Goly(vy;0) — (2,0, G)

or...
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' Dynamical field theory

Kinetic (Quantum-Boltzmann) eq.: Ny = J(kj t)

Scattering integral.:
J(k,t) = g* / A% d% d% |Txpar|*0(k +p — q — 1)
X Cs(w’k ‘|‘wp — Wq — wr)

X [(nk + 1) (np + Dngne — ninp(ng + 1)(ne + 1)]

Dynamic eq. from 2Pl effective action

an(p) = XL(p)Fu(p)— 2L (P)ppa(p)

Tap(Xy) = - P =(py D)

a
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‘ To derive scaling Familiarize the...

reader with a little miracle of the theory of wave turbulence theory, the so-called
Zakharov transformations. They factorize the collision integral. As a result one

T(w) = ] T ) — 5, i
LT

X n(w2)n(wz + w3 — wn(w)n(ws)
X [ W) + 17 (wr + w2 —w) — M we) — n 7 (ws))

wy = ww) wwy
wytw) —w’ “3 wy +wy — w

V.E. Zakharoyv, V.S. L'vov, G. Falkovich, Kolmogorov Spectra of Turbulence | (Springer, Berlin, 1992)
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To dertve scaling Familiarize the...

reader with a little miracle of the theory of wave turbulence theory, the so-called

Zakharov transformations. They factorize the collision integral. As a result one
w3

\

Iw) = /dmde(w,wﬁws - W,w2,ws)
n

X n(w2)n(wz + w3 — wnw)n(ws)
x [n7 W)+ 07wy + w2 — w) — 7 wp) — n 7 (wy)]

//%

I(w)=_/l=fdw3 f dwU(w, w2 + w3 — w,w2,ws)
0

N J,
\§ X -w’+(w2+u.13-—w)‘-—wf—-w§)]
N ] _
LANNE X [wlws + w3 — whogun] ™ *
\ G ROROIE
NNNNSSSSS, J 2m+3d
) @ o, y=3:c—3-—-[ - —4]

V.E. Zakharoyv, V.S. L'vov, G. Falkovich, Kolmogorov Spectra of Turbulence | (Springer, Berlin, 1992)
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‘ (Weak) wave turbulence

Flow in momentum space from kinetic (Boltzmann) equation:

&tnk — J(k, t)

Scattering integral.:
Jt) =g [ dhdgd’ [Tipar 50k +p — q 1)

X 0(wk + wp — wq — wr)
X [ +1)(np + Dngne — nknp(ng +1)(nr +1)]

0,P(k) ~ J(k) = Stationarity if J(k) =0

k
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‘ (Weak) wave turbulence

Flow in momentum space from kinetic (Boltzmann) equation:

&tnk = J(k, t)

Scattering integral.:
Jt) =g [ dhdgd’ [Tipar 50k +p — q 1)

X 0(wk + wp — wq — wr)
X [ +1)(np + Dngne — nknp(ng +1)(nr +1)]

d,P(k) ~ J(k) ~ n = n, ~ P1”
= E(k) ~ (Pp2)1/3 wk k—7/3
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‘ (Weak) wave turbulence

Scaling solutions

Constant energy flux P:
E(k) —~ (Pp2)1/3 wk k—7/3
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‘ (Weak) wave turbulence

Scaling solutions

Constant energy flux P:
E(k) ~ (Pp2)1/3 wk k—7/3

Constant particle flux @ (P— P, = w,Q):

E(k) —~ (Qp2)1/3 w 4/3 k—7/3
k
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-

‘ Scaling solutions

Implies scaling of the single-particle momentum distribution (7) = 0):

Pab(5°p0, sP) = 5> par(po, P)
Fop(s°po, sp) = 8_2+n_ﬁ’Fab(P0, P)
(n(@) =L [ 2(Fy(p) +iFia(p) — iFor(p) + Faa(p)) )

n(sp) = s* 7" "n(p)
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‘ Stationarity Condition

in the full dynamical theory

p=(p, P):

J(p) := 5 (0) Foa(p) — 25, (0)pra(p) = 0

Eab (x’y) = b T a b

a

(Bosons with 3- and 4-interactions, 2P| diagrams to O(g?)
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‘ Ultraviolet scaling exponent
(large p in 4 dim®)

[C. Scheppach, J. Berges, & TG, to be submitted]

K =d

Corresponds to constant P(p)

n(sp) = s "n(p)

Kk =d+4(z-2+3)/3

ERG 2010 - Corfu - 15. September 2010 Thomas Gasenzer N4




‘ Ultraviolet scaling exponent
(large p in 4 dim®)

[C. Scheppach, J. Berges, & TG, to be submitted]

Kk =d—2/3

Corresponds to constant Q(p)

n(sp) = s "n(p)

k =d+z—42—-n)/3
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‘ Ultraviolet scaling exponent
(large p in 4 dim®)

[C. Scheppach, J. Berges, & TG, to be submitted]

Not present in general dynamical case!

n(sp) = s "n(p)

k =d+z—42—-n)/3
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‘ To derive scaling Familiarize the...

reader with a little miracle of the theory of wave turbulence theory, the so-called
Zakharov transformations. They factorize the collision integral. As a result one

ERG 2010 - Corfu - 15. September 2010 Thomas Gasenzer X



‘ Scattering integral

reader with a little miracle of the theory of wave turbulence theory, the so-called
Zakharov transformations. They factorize the collision integral. As a result one

J(py) = fd?’pd‘lkd d*r

ko>0,90>0,rg=>0

ab ab ed ed

— B B B

{5p+;c _ '-"‘}‘*p+k PpFrFoFy 'Pnﬁ(ﬁ’nﬁ+ ko —dp — o)
ab ba ed ed

+ d;ﬂ Ic—l—q—l—r)‘p k PpEeF oy 'pﬂ_ﬁ(pﬁ - kﬂﬁ —l_qg —I_Tg
) P ab ba ed cd _B

-+ (}p—k—g—?“;\e v PoEFkFqF 'y -y (p
ab ab ecd de _3

+2(}p-|—k‘ !;'-l-’r“}"p—l—k ppFﬁchFr +ﬁ[l (
(

) g abbacdde
420 k_qir AT PoFRF Fy 15"
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Strong turbulence




Infrared scaling modification ,,; — -«

non-equilibrium initial condiions —— |

thermal distribution: pA(-2) ——

nonequilibrium

1
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‘ Stationarity Condition
in the full dynamical theory

p=(p, P):

P F B

pba —
2 (Xy) = @— 0

2Pl to NLO in 1/N: Vertex: x —> x = >< + >O<
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‘ IR scaling exponent
(small p in 4 dim®)

[Berges et al., PRL 101 (2008) 041603,
C. Scheppach, J. Berges, & TG, to be submitted]

Kk =d+4

Corresponds to constant P(p)

n(sp) =

kK =d+ 2z
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‘ IR scaling exponent
(small p in 4 dim®)

[Berges et al., PRL 101 (2008) 041603,
C. Scheppach, J. Berges, & TG, to be submitted]

K =d+2

Corresponds to constant Q(p)

n(sp) = s "n(p)

K =d+z

ERG 2010 - Corfu - 15. September 2010 Thomas Gasenzer




‘ IR scaling exponent
(small p in 4 dim®)

[Berges et al., PRL 101 (2008) 041603,
C. Scheppach, J. Berges, & TG, to be submitted]

ds to const

Should not be present in general
dynamical case either!

n(sp) = s "n(p)

K =d+z
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Summary

1e+08

[Berges et al., PRL 101 (2008) 041603]

non-equilibrium ilnllial cor thermal distribution: pA(-2) ——
100000 E‘- ]
= ]
nonequilibrium “ equilibrium
" 1 0. 1 1 10 ‘1
P
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B. Nowak, D. Sexty, TG (unpublished)

Simulations 1n 2+1 D (semi-classical)

Time 0 Time 2° Time 2°
0 0
4
20 5 20
2
40 1 40
0
. -
5 60 o 60
2 A
80 4 8o
100 100
120 120
0 20 40 60 80 100 120

site x
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B. Nowak, D. Sexty, TG (unpublished)

Simulations 1n 2+1 D (semi-classical)

Time 0 Time 2° Time 2°

0
20 20
40 40
60 5 60
80 : 80

100 100

120 120

0 20 40 60 8 100 120

20

site y

BN 2O =MWk

0 20 40 60 80 100 120

40

60

80

100

0 20 40 60 80 100 120
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B. Nowak, D. Sexty, TG (unpublished)

Simulations 1n 2+1 D (semi-classical)

Time 0

0
20
40
>
3 60
‘0
80
100
120
0 20 40 60 80 100 120

20
40
60
80

100

0 20 40 60 80 100 120

- w

20
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100
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60
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100
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40

Time 28
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Time
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120

Time 29

20
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0 20 40 60 80 100 120

218

Time

20

40

60

80

100

120

20 40 60 80 100
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Lewis Fry Richardson, FRS (1881-1953)

Big whirls have little whirls that feed on their velocity,
and little whirls have lesser whirls and so on to viscosity.

(L.F. Richardson, The supply of energy from and to Atmospheric Eddies, 1920)

Great fleas have little fleas upon their backs to bite ‘em,

And little fleas have lesser fleas, and so ad infinitum.

And the great fleas themselves, in turn, have greater fleas to go on;
While these again have greater still, and greater still, and so on.

(Augustus de Morgan, A Budget of Paradoxes, 1872, p. 370)

So, naturalists observe, a flea

Has smaller fleas that on him prey;

And these have smaller still to bite 'em;
And so proceed ad infinitum.

(Jonathan Swift: Poetry, a Rhapsody, 1733)

ERG 2010 - Corfu - 15. September 2010 Thomas Gasenzer



	Folie 1
	Folie 2
	Folie 3
	Folie 4
	Folie 5
	Folie 6
	Folie 7
	Folie 8
	Folie 9
	Folie 10
	Folie 11
	Folie 12
	Folie 13
	Folie 14
	Folie 15
	Folie 16
	Folie 17
	Folie 18
	Folie 19
	Folie 20
	Folie 21
	Folie 22
	Folie 23
	Folie 24
	Folie 25
	Folie 26
	Folie 27
	Folie 28
	Folie 29
	Folie 30
	Folie 31
	Folie 32
	Folie 33
	Folie 34
	Folie 35
	Folie 36
	Folie 37
	Folie 38
	Folie 39
	Folie 40
	Folie 41
	Folie 42
	Folie 43
	Folie 44
	Folie 45
	Folie 46
	Folie 47
	Folie 48
	Folie 49
	Folie 50
	Folie 51
	Folie 52
	Folie 53
	Folie 54
	Folie 55
	Folie 56
	Folie 57
	Folie 58
	Folie 59
	Folie 60
	Folie 61
	Folie 62
	Folie 63
	Folie 64
	Folie 65
	Folie 66
	Folie 67
	Folie 68
	Folie 69
	Folie 70
	Folie 71
	Folie 72
	Folie 73
	Folie 74
	Folie 75
	Folie 76
	Folie 77
	Folie 78
	Folie 79
	Folie 80
	Folie 81
	Folie 82
	Folie 83
	Folie 84
	Folie 85
	Folie 86
	Folie 87
	Folie 88
	Folie 89
	Folie 90
	Folie 91
	Folie 92

