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Theory space underlying the Functional Renormalization Group

I,=T

~ bare action : :
effective action



Functional Renormalization Group Equation for gravity

Flow equation for effective average action I';,
(C. Wetterich, Phys. Lett. B301 (1993) 90)

generalized to gravity
(M. Reuter, Phys. Rev. D 57 (1998) 971, hep-th/9605030)
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® background-covariance via background gauge formalism
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© averaged fields: Guv,Cp, CH
©  background fields: T e (e

o fluctuation fields: huv, fu, f*
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generalized to gravity
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® background-covariance via background gauge formalism

guuzguv+huua éuzéu+fua CH =ct'+ f*
© averaged fields: Guv,Cp, CH
©  background fields: T e (e
o fluctuation fields: huv, fu, f*

Recipe for extracting physics:

Make ansatz for I';, and let it flow!




Charting the theory space of gravity
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Exploring the gravitational theory space

key results:

® tremendous evidence for non-Gaussian fixed point (NGFP)

© = non-perturbative UV completion of gravity

® finite dimensional UV-critical surface

© possibly: 3 relevant parameters
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Exploring the gravitational theory space

key results:

® tremendous evidence for non-Gaussian fixed point (NGFP)

© = non-perturbative UV completion of gravity

® finite dimensional UV-critical surface

© possibly: 3 relevant parameters

Open Questions:

® Properties of NGFP in extended truncations?
® Dimension of UV-critical surface?
® What about ... the Goroff-Sagnotti Counterterm?

® Physics associated with the fundamental theory (unitarity, ...)?

I Wanted !!!

systematic algorithm for implementing the derivative expansion for gravity




letting things flow

The universal RG machine



The universal RG machine: blueprint

goal: systematic derivative expansion of STr [[F,(f) + Rk]—laﬂzk] ;

® curved space-times < heat-kernel methods:
© works well for Laplace-Type Operators D = A+V , A = —g** D, D,

© higher-derivative truncations: limited applicability
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The universal RG machine: blueprint

goal: systematic derivative expansion of STr [[F,(f) + Rk]—laﬂzk] ;

® curved space-times < heat-kernel methods:
© works well for Laplace-Type Operators D = A+V , A = —g** D, D,

© higher-derivative truncations: limited applicability

central idea:

convert operator structure in Str to “standard” heat-kernel form

Implementation in 3 steps:

1. simplify operator structure of F,(f)

2. perturbative inversion of [F,(f) + Ry

3. evaluation of operator traces via off-diagonal heat-kernels



Step 1: simplify operator structure of F,(f)

generically, F,(f) has non-Laplacian part:
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kin. terms uncontracted derivatives background curvature




Step 1: simplify operator structure of F,f)

generically, F,(f) has non-Laplacian part:

iJ .
[Fl(f)} - K(A) 6% 1; + D(Dy.) + M(R,D,.)
N ~ / \— s’ . ~ 7
kin. terms uncontracted derivatives background curvature
Examples:
D=(1-a)D,D¥ |, D = D*D¥D,Dg

M = R* D, D, : M = D#e¢,



Step 1: simplify operator structure of F,f)

generically, F,(f) has non-Laplacian part:

iJ .
[Fl(f)} - K(A) 6% 1; + D(Dy.) + M(R,D,.)
N ~ / \— s’ . ~ 7
kin. terms uncontracted derivatives background curvature
Examples:
D=(1-a)D,D¥ |, D = D*D¥D,Dg
M = R* D, D, , M = DHc¢,

ForD #£0 F,(f) IS non-minimal differential operator:

® obstructs “exact” projection of traces on theory space basis



Step 1: simplify operator structure of F,f)

generically, F,(f) has non-Laplacian part:

iJ .
[Fl(f)} - K(A) 6% 1; + D(Dy.) + M(R,D,.)
N ~ / \— s’ . ~ 7
kin. terms uncontracted derivatives background curvature
Examples:
D=(1-a)D,D¥ |, D = D*D¥D,Dg
M = R* D, D, , M = DHc¢,

ForD #£ 0 F,(f) IS non-minimal differential operator:
® obstructs “exact” projection of traces on theory space basis
Solution I: choose background gauge-fixing such that D = 0

® gauge-freedom may be insufficient

® limited to very particular gauge-choice (e.g.a=1)
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Step 1: simplify operator structure of F,f)

generically, F,(f) has non-Laplacian part:

9\ 4J .
[Fli )} - K(A) 6% 1; + D(Dy.) + M(R,D,.)
. ~ _J/ N\ s A& ~ J
kin. terms uncontracted derivatives background curvature

ForD #£0 Fgf) IS non-minimal differential operator:

® obstructs “exact” projection of traces on theory space basis

generic solution: Transverse decomposition of fluctuation fields
(York, '75)
® vector: fu=1Fi+Dun , Dtfr; =0

DHRT, =0,  g"hT, =0,  g"hu =h

Removes D-part from [I'{?)]is
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Step 2: Perturbative inversion of [I'®) + Rk]ij

Implement type | cutoff:

K(A) — P(A), following A— P,=A+ Ry

[r® + Rk}ij operator-valued matrix in field space:

P17 + M,y M«

2) L R Y
I +Re| = .
M« P2l + My

Formal inversion following inversion formulas for block matrices

-1
A B (A-BD™'C)~

C D —-D-C(A-BD™'C)”

1 1

—A~'B(D-CA™'B)"
' (D-cA-'B)™"
Perturbative expansion of inverse matrix elements in M: terminates at finite order:
—1 1 1 1 1

1 1
r®) R] — My — 4 — My — M; —
[ b 111 Py Py 1]P’1+IP’1 1IP>1 1]P>1

1 1 -~ 1
— My, — My, — +O(M?
+]P’1 X]P>2 X]P’1+ (M)



Step 3: Evaluate the operator traces including insertions M

1. use commutators to bring trace argument into standard form:
® contracted cov. derivatives: = collected into a single function W (A)

® remainder: — matrixvalued insertion ©
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2. Laplace transform W (A) — W (s)
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Step 3: Evaluate the operator traces including insertions M

1. use commutators to bring trace argument into standard form:
® contracted cov. derivatives: = collected into a single function W (A)

® remainder: — matrixvalued insertion ©

~

2. Laplace transform W (A) — W (s)

Tr[W(A)O] = /OOO ds W (s) (z|e 2 O |z)

3. Evaluate trace using off-diagonal Heat-kernel (act O on H)

(x| Oe 2 z) = (2| O |2’V (& |e 52 |z) = /d4:c\/§tr7; [C’)H(s,a:,a:’)}x:w,

1 o(z,5')
H(s,z,z') = (z'|e”|z) = (475)2 e 2 Z s" Ao (, ")
n=0

® As,(xz,2’): heat-coefficients at non-coincident point

® 20(x,x'): geodesic distance between z, =’
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Step 3: Evaluate the operator traces including insertions M

3. Evaluate trace using off-diagonal Heat-kernel (act O on H)

(x| Oe™ 52 |) = (x| O |2’ ) (z'|e ™2 |z) = /d%@m [0H(s,2,2)] _,

o0

1 o(z,a’)

H(s,z,z') := (z'|e 52 |z) = (dma)? e~ 2s nZ:Os”Agn(a:,a:')
Properties of H(s,z,z") in the coincidence limit:
® Agp(zx,x) — standard heat-kernel coefficients
® derivatives of Ay, — additional powers of curvatures
® og(z,2z)=0, 0,, =0 — vanish in coincidence limit
ST (BN =gi ) — non-vanishing

Example: O = R*¥ D, D,

1
3272

Tr [W(A)O] = — /OOO dssigv“v(s) /d4a:\/§R+O(R2)



The universal RG machine: blueprint

goal: systematic derivative expansion of STr [[F,(f) + Rk]—laﬂzk] ;

central idea:

convert operator structure in Str to “standard” heat-kernel form

Implementation in 3 steps:

1. simplify operator structure of 1“2;2)
2. perturbative inversion of [F,(f) + Ry]
3. evaluation of operator traces via off-diagonal heat-kernels

Features:

® applications: gravity, gauge-theory ...
® method is algebraic <= no numerical integrations

® easily implemented on your laptop



The universal RG machine at work:

Ghost wave-function renormalization for gravity



Ghost-improved Einstein-Hilbert truncation: setup

ot P g, 0, C;g) =T [g) + 5% + T§'[g,C, Cs g

® gravitational sector: same as Einstein-Hilbert

1
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® Harmonic gauge-fixing:
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Ghost-improved Einstein-Hilbert truncation: setup

ot P g, 0, C;g) =T [g) + 5% + T§'[g,C, Cs g

® gravitational sector: same as Einstein-Hilbert

1
eV [g] = d* —R+2A
vy = = [ dtevG{-R+ 20,
® Harmonic gauge-fixing:
327Gy 2

® Ghost sector including wave-function renormalization Z;:
F%hOSt lg,C,C;g,c,e] = —\/QZE/dLLx\/E Cu M*, C"
MHE, = g'ung)\DA (gpchf + gaqu) — gpag;u)\D)\ (gaqu)

® p-functions: track prefactors of:

I :/d4x\/§, I :/d4m\/§R, I3 Z/d4$\/§5MDQCM
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Ghost-improved EH truncation: Constructing the operator traces

background: non-trivial background ghost field:

Guv = Guv + huv, Cu= Cp +hy, Cu= Cp + hy
—— ~ ~—
sphere #0,D,,eh=0 #0,D, ct=0

Decompose fluctuation fields: traceless-decomposition of metric suffices:
huv = huy + Lgu0h, h=g""hu, §"hu =0

Implement IR-cutoff of Type I
A — P, =A+ Ry

[Ff) + R 1] : Block-matrix in field space

[Fl(f) n Rk} (%] _ IP)grav :i‘ Mgrav M
MX ]P)ghost + I\/thost
® Pgrav, Mgrav, Pghosts Mghost <= standard Einstein-Hilbert

® M, M, < vertices including one background ghost-field
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Improved Einstein-Hilbert truncation: Evaluating operator traces

perturbative inversion of [F,(f) -+ Rk] “in powers of background ghost field c,,:

0l'y = Sor + So + Si +  Gor + Go + G1

no background ghosts one pair of background ghosts

S1: feedback: ghost sector —- gravitational couplings

14

Zi(Py — 4 B)

S1 = —Tr; 81;(Z£Rk)

running Z¢: captured by G;:

® Example: contribution of scalar trace

1 1 ~ 1
ZEGE Tr — TJIp-M My - Ilg————
g0 o 2 G 1ro Po—2A, Pohost X 0Py — 24,

81;(G]:1 Ry)

® typical form of vertex insertion: O = (D, c%)(Dycq)D* D"



Improved Einstein-Hilbert truncation: Evaluating operator traces
1. use commutation rules to collect all Laplace-operators:
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Improved Einstein-Hilbert truncation: Evaluating operator traces
1. use commutation rules to collect all Laplace-operators:

® ghost-curvature terms outside truncation —- all derivatives commute

Go o< Tro [W(A) O] ; O = (D Ca)(DVEa)DMDV
2. Laplace-Transform W (A):
Tr [W(A)O] = / ds W (s) (x|e™ 52 O |z)
0

3. insert complete set of states |z’)(z’| = off-diagonal heat kernel

1 o(e.2')
H(s,z,z') = (z'|e "5 |z) = e 2s Z s" Agn(z,x'),

n=0

act O on H(s,z,z’) and take coincidence limit:

® single contribution: S5 45)) = (@5

4. Result;

LW () 0] =~z [ SWG) [ dlovaDue) (D e) + -




Ghost-improved Einstein-Hilbert truncation: g-functions

ghost-improvement <= extra contributions to gravitational 5-functions

® encoded in ghost-anomalous dimension n. = —9¢ In Z,

autonomous B-functions

Ot A = B, Otgr = (2+1N) gk

Br= —(2— nw)Ax + & [1005°(~22k) — 891°(0) — 5n &L (~22k)+4nc 1 (0) ]

_ g B1(\) + g% B3())
1 — g (B2(X) + B2(\))+g2 Ba(N)

nN
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Ghost-improved Einstein-Hilbert truncation: g-functions

ghost-improvement <= extra contributions to gravitational 5-functions

® encoded in ghost-anomalous dimension n. = —9¢ In Z,

autonomous B-functions

Ot A = B, Otgr = (2+1N) gk

Br= —(2— nw)Ax + & [1005°(~22k) — 891°(0) — 5n &L (~22k)+4nc 1 (0) ]

_ g B1(\) + g% B3())
1 — g (B2(X) + B2(\))+g2 Ba(N)

nN

- gC1(\) + g% C3(N)
T 1—g(B2(N) + B2(N) + g2 Ba(N)

® 7. determined by g, A, analytic in g!
® npew terms: not a “small” correction to EH result

® gspecify R, <= p-functions can be solved numerically
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Ghost-improved Fixed Point structure

Gaussian Fixed Point (GFP):

9*207 )\*:O’ n}kvzo’ 77:20
® free theory
® saddle point in the g-\-plane
Non-Gaussian Fixed Point (NGFP):
Truncation A* g* gEA* n: Re(0) Im(0) cutoff
EH + ghost 0.127 0.849 0.107 —1.769 2.148 1.914 opt
EH + ghost 0.250 0.354 0.089 —1.851 2.224 2.331 exp
EH 0.193 0.707 0.136 — 1.475 3.043 opt

® supports: non-trivial UV fixed point

® changes numerical values 9, g*\* of EH by ~ 30%)!

(agreement with A. Eichhorn, H. Gies, arXiv:1001.5033)




Ghost-improved phase portrait

complete confirmation of Einstein-Hilbert result




Ghost-improved Einstein-Hilbert truncation: Scheme-dependence
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Ghost-improved Einstein-Hilbert trunaction: Significantly more stable!
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Summary
Algorithm for computing the derivative expansion of operator traces:

® allows: systematic exploration of RG flows on theory space
® applicable to gauge theory, gravity, . ..

® easily implemented on computer algebra systems

Applications:

® ghost-wavefunction renormalization in gravity:

O results: full agreement with asymptotic safety conjecture

® (Gauss-Bonnet-term, Goroff-Sagnotti counterterm . . .

springboard for unveiling many physics features

encoded by RG flow
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