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1. Interacting bosons: 
    Bogoliubov theory (1947)

●Bogoliubov-shift:

●Bogoliubov mean-field Hamiltonian:

●condensate density:

●excitation energy:  

●long wavelength excitations:  sound!
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beyond mean-field: 
infrared divergencies

●Bogoliubov mean-field Hamiltonian:

normal self-energy:

anomalous self-energy:

●mean-field fails due to infrared divergent fluctuation corrections:

for Ginzburg scale
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exact result:
Nepomnyashi-identity (1975)

●anomalous self-energy vanishes at zero momentum/frequency:

●Bogoliubov approximation wrong: 

●need non-perturbative methods! 
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origin of infrared divergencies 

●reason for IR divergence:
  coupling between transverse and  longitudinal fluctuations 
  and resulting divergence of  longitudinal susceptibility

(Patashinskii+Pokrovskii, JETP 1973)

(Kreisel, Hasselmann, PK, PRL 2007)

●consequence: critical continuum in 
longitudinal part of spectral function
(for bosons not directly measurable!)

●experimentally accessible: longitudinal spin structure factor  
 in quantum antiferromagnets: BEC of magnons!
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RG studies of interacting bosons 

1.) Field -theoretical RG
Castellani, Di Castro, Pistolesi, Strinati 1997, 2004
● combine field-theoretical RG with Ward-identities to obtain leading IR 
behavior of correlation functions

● below and in three dimensions interacting bosons at T=0 are controlled
  by a non-Gaussian fixed point

2.) Functional RG
●  ground state properties and IR asymptotics of correlation functions 
   Dupuis+Sengupta 2007; Wetterich 2008; Flörchinger+Wetterich 2009
●  spectral line shapes, quasi­particle damping 
   Sinner+Hasselmann+PK 2009 2010

●  IR asymptotics of longitudinal component of spectral function 
   Dupuis 2009

● finite temperature  thermodynamics in condensed phase 
  Eichler+Hasselmann+PK 2009, Flörchinger+Wetterich 2009
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2. Truncation of the FRG
     vertex expansion

●starting point: “Wetterich equation”

●use vertex expansion in symmetry 
broken phase: (Schütz, PK, 2006):

get flow of order parameter by demanding that
1-point vertex vanishes identically:

recent review:
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    exact FRG flow equations for
    order parameter and self-energies

●order parameter:

●normal self-energy: ●anomalous self-energy:
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Low-density truncation: 
retain only two-body interactions
●bare action:

●ansatz for generating functional of irreducible vertices:

●depends on condensate density

momentum-dependent functions

and two frequency- and

and

analytic non-analytic
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parametrization of three- and    
four-point vertices:

●normal and anomalous 
self-energy:

Hugenholtz-Pines relation

Nepomnyashchy identity

●three-legged
vertices:

●effective interaction:
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closed FRG equations for 
condensate density and self-energies 
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similar  truncation  strategy for 
classical O(2) model 

●momentum-dependent self-energy in symmetric phase: 
needed for shift in critical temperature of interacting bosons
Ledowski, Hasselmann, PK 2004

●more sophisticated trunction: Blaizot, Mendez­Galain, Wschebor 2006

● self-energy in ordered phase Sinner, Hasselmann, PK 2008

two-parameter scaling 
form of self-energy:
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iterative solution of FRG equations

 Step 1: derivative expansion:
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K-dependent self-energies 

 Step 2: non-selfconsistent iteration

●given the self-consistent values for

approximate Green functions on r.h.s. of flow equations by

●perform resulting integrations numerically
important: integrals contain all powers of momentum and frequency!
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●numerical analytic continuation (Pade) to get spectral function

Matsubara Green function 
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3.Results: spectral function  and 
quasi-particle damping in 2D

●spectral function:●spectral function: ●quasi-particle damping:
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  what about experiments?

Cold atom experiments can now measure renormalized
excitation spectrum of strongly interacting bosons:
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Summary 

● First calculation of spectral function of 
interacting  bosons without violating 
Nepomyachshy identity

● Bogoliubov quasi-particles in 2D are well-
defined with damping

● FRG can take into account infinitely many 
irrelevant couplings, corresponding to all 
powers in momentum and frequency                   
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