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The sine-Gordon model
Γk =

∫

x

[

Zk

2
(∂µϕ)2 + Vk

]

, Ṽk = ũ cos(ϕ)

The two phases are separated by theColeman fixed pointat

z∗ =
1

8π

• z < z∗: symmetric (non-renormalizable) phase

• z > z∗: broken symmetric (renormalizable) phase

The effective potential should be

convex

periodic







=⇒ flat

2D Coulomb gas, XY model
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RG equation

Functional RG equation for the effective action

k∂kΓk =
1

2
Tr

k∂kRk

Rk + Γ′′
k

, with Rk = p2

(

k2

p2

)b

, b ≥ 1.

The evolution equations are

∂kVk =
1

2

Z

p

k∂kRk,p

zp2 + Rk,p + V ′′

k

∂kZk =
1

2

Z

p
k∂kRk,p

»

−
Z′′

k

[p2Zk + Rk,p + V ′′

k ]2
+

2

d
Z′2

k p2 + 4Z′

k(Z′

kp2 + V ′′′

k )

(p2Zk + Rk,p + V ′′

k )3

−2

`

Z′

kp2 + V ′′′

k

´

2
“

Zk+∂p2Rk,p+ 4

d
p2∂2

p2
Rk,p

”

(p2Zk + Rk,p + V ′′
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+ 4

d
Z′

kp2
`

Z′

kp2+V ′′′
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´
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Zk+p2∂p2Rk,p

”

(p2Zk + Rk,p + V ′′

k )4
+

8

d
p2(Z′

kp2 + V ′′′
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“

Zk + ∂p2Rk,p

”
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(p2Zk + Rk,p + V ′′

k )5

–
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Local potential approximation
Linearized RG equation(b = 1)

(2 + k∂k)ũ =
ũ

4πz
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RG equation exact iñu (b = 1)

(2+ k∂k)ũ =
1

2πũz

[

1 −
√

1 − ũ2
]

ũ∗ =



















1 for z∗/z < 0.5
√

4z∗

z −4z∗2

z2 for 0.5 < z∗/z < 1

0 for 1 < z∗/z
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Wave function renormalization
Linearized RG equations(b = 1)

(2 + k∂k)ũ =
ũ

4πz

k∂kz = − ũ2

24π
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RG equations exact iñu (b = 1)

(2 + k∂k)ũ =
1

2πũz

[

1 −
√

1 − ũ2
]

k∂kz = − 1

24π

ũ2

(1 − ũ2)3/2
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Topological (KT) phase transition

Linearized RG equations (for anyb)

(2 + k∂k)ũ =
1

4πz
ũ,

k∂kz = − ũ2

z2−2/b
cb

 0

 20

 40

 60

 80

 100

 0  20  40  60  80  100  120  140  160  180

1/
u 1

logξ

~

~

~* *

linearized
exact in u1

full

-10 -8 -6 -4

-5

-4

-3

lo
g 

u 1

log t

Scaling of the correlation length (cb = bΓ(3 − 2/b)Γ(1 + 1/b)/48π)

ξ ∼ e
√

π/(ũ∗8
√

cb)+ũ∗(b−1)(2b−1)
√

cb2
1−6/bπ5/2−2/bb−2+O(ũ∗2).
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Field dependentZk

Let

Zk = z + z1 cos ϕ

The RG equations

(2 + k∂k)ũ =
ũ

4πz
+

3ũz2
1

16πz3

k∂kz = − ũ2

24π
− ũz1

24πz
+

z2
1

16πz2
+

7ũ2z2
1

192πz2

k∂kz1 =
z1

4πz
+

ũ2z1

48πz
− ũz2

1

96πz2

It gives the same KT transition.
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Coupled sine-Gordon model
Effective action

Γ =

∫

x

[

N
∑

n=1

Zk

2
(∂µϕn)2 + Vk

]

, Ṽk =
1

2
G̃

(

N
∑

n=1

ϕn

)2

+ũ

N
∑

n=1

cos ϕn

RG equations (b = 1), G̃k ∼ k−2

(2 + k∂k)Ṽk =
1

4πz
log[det(1 + Ṽ ′′

k )]

k∂kz = − 1

12πN
Tr

(
∑

k ∂ϕk
Ṽ ′′

k )2

(1 + Ṽ ′′
k )3

Linearized RG equations

(2 + k∂k)ũ =
1

4πz
ũ

1 + (N − 1)G̃

1 + NG̃
→ 1

4πz
ũ

(

1 − 1

N

)

k∂kz = − 1

24π
ũ2 (1 + (N − 1)G̃)3

(1 + NG̃)3
→ − 1

24π
ũ2

(

1 − 3

N

)
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Finite order or topological
phase transition?

In LPA approximation one gets scaling for the correlation length

ξ =

√

1 − 8πz∗N
16πG

1
√

z − z∗N
∼ t−1/2

wherez∗N = N8π(N − 1).

O(N) rotation to diagonalize the mass matrixφi = Rijϕj (N = 2)

Γrot =

∫

x

[

Zk

2
(∂µφ1)

2 +
Zk

2
(∂µφ2)

2 +
1

2
2G̃φ2

2 + 2ũ cos
φ1√

2
cos

φ2√
2

]

Perturbation in the massive field component

Γpert
rot ≈

∫

x

[

Zk

2
(∂µφ1)

2

(

1 +
ũ2

384G̃4π
sin2 φ1√

2

)

+ 2ũ cos
φ1√

2

]

• field dependentZk appears

• KT transition remains unchanged
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