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Fermion Mass Hierarchy

Standard lore in last ~ 3 decades attempts (GUTs, Strings,...):

Fermion mass textures of -hierarchical structure

)\11€a )\12€b )\136C
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)\31 € >\32€ 1
e ~ 10~! expansion parameter, a,b, ¢, d integer powers, and
Aij + unknown O(1) coefficients

Purpose of this talk is to propose a way to...

. calculate these ‘unknown’ coefficients in F-theory GUT's

Aij X / bys;oH




* F-theory (C. Vafa ’96)

Defined on a background R3*! x X
X elliptically fibered CY 4-fold over Bj
B3 complex 3-fold base.

Fibration is described by the Weierstrass model:

v = 2P+ fr+g (1)

x, 1 parameters of the fibration
f, g functions of the base Bs, (f € ng,g € Kgf)

The fiber degenerates at the zero loci of the discriminant

A = 4f°4274° (2)

The singularities of the manifold are coded in the polynomials
f, g and determine the gauge group and matter content of
F-theory compactification.




CY 4-fold over a base B3 (only two dim/s shown). Every point of
Bj is represented by a torus with modulus 7 = Cy +1/gs.

Red points represent 7-branes, orthogonal to B3. The torus

degenerates at these ‘points’.




SU(5)
Write Weierstrass equ. in ‘expanded’ form

y2+a1:cy+a3y = x3+a2x2+a4x+a6

A Let S a surface of singularities S € B3
z the coordinate on normal bundle to S, in B3
S corresponds to z = 0 in Bs, (Bs|,=0 — 5)

A The order of vanishing of a; = b; 2™ characterizes the type of
singularity

i.e, the gauge group supported by S.

Choice: a; = —bg, ay = byz, a3 = —bs2?, a4 = by2>, a5 = 2°by

y? = x° + boz” + boxz® + b3z’y + by’ z + bswy

= SU(5) Singularity.




* (Gauge and Matter Fields in F-theory:

A Gravity: 10-d space

8d space on seven-branes (5) supporting
gauge group Gg

6d, on Riemann surfaces

—SNS;, i=1,2,...

(i.e., on the intersections of the compact surface S with other

surfaces S; supporting some group G; usually taken to be

AV Interactions: 4d, triple intersections
SN Sz M Sj —
At the intersections symmetry is enhanced!

Gzi O Gg X Gsi




(Gg = SU(5): Singularity enhancement:
Matter curves accommodating 5 are associated with SU(6)
Matter curves accommodating 10 are associated with SO(10)

S =SNnS: = SU(5) — SU(6)

adSU6 = 35 240 + 19 + 56 + 5—6

%
Y1io=5NS51 = SU(5) — 80(10)
%

adsolo =45 240 + 19 + 104 + E_4
Further enhancement in triple intersections—
SO(10)=FE; = FEg—

SU(6) = SO(12) —
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*
10-d Super YM theory :

10dim Gauge Field A
Adjoint fermionsin 16, of SO(9, 1)

Under Reduction SO(9,1) — SO(7,1) fields decompose to

/

8dim Gauge Field A
scalars o, p = ®g + 1P

| fermions W4




F-theory described by 8-d YM on R"! = R31 x S.

S has a Kahler structure
8-dYM: admits unique topological twist preserving N' =1 SUSY.
(Beasley, Heckmann, Vafa, 0802.3391)

e Under twisting, scalars & fermions become forms:

scalars: ¢ = Qundz™ ANdzZ"

/

Mo

fermions : Ve = Yam dz™

Xa = Xamn dz" N dz"

\

The above can be organised in N’ = 1 multiplets

(A/M n)v (AT_nv wm)a (¢127 X12)




*
Recall that S Kahler spanned by z; 2, with form given by

w= 3 (dz' Adz' + d? 1 d2?)

Assume a background for the adjoint scalar ¢

(p) = m*(21Q1 + 22Q2)

Variation of Action gives the D.Equs for
A1 + Dathy — m* (171 + q2722)X
O1x — m*(q1 21 + g2 22)Un

Do X — m2(CI1 21 + Q2 22)9




e Solution: Gaussian profile for zero mode wavefunction:

Y o< exp{—m?q|cos Oz + sin 922\2}, qg=1\/¢ + ¢5,tanf = o /1

Trilinear coupling of two fermion fields ; and a Higgs ¢




Trilinear Yukawa coupling Integral:

Computation in terms of overlapping wavefunction integrals

M4
)\ij: *2/¢i°¢j'¢d21/\d21/\d22/\dZQ
(2m)? Js

Y normalization : (Font,Ibanez 2009)

T M2

T 1

C:Mf/ 2dzNdz = ——2R?="_
SW\ . . Jao

(assuming M, ~m and M2R? ~ aq, R — curvature)

dvmac3?  (qq'q")*?

Y+ + ¢ (dh — qla2)?




Example: F-SU(5)
.. obtained from... Fs-breaking chain... via maximal subgroup:
Es D SU(B) xU(b)L D SU((H) x

's related by monodromies ...identifying directions ¢; in the
SU(5), Cartan subalgebra:

Qt — diag{tla t27 t37 t47 t5}

t; subject to traceless condition: t1 + to +t3 +t4 +t5 = 0.
Imposing Z5 monodromy ( t; <> t3) gauge symmetry reduces to:

SU(5) x U(1)®

Dudas-Palti: JHEP 1001 (2010) 127;arXiv:0912.0853
King, GKL, Ross, Nucl. Phys. B 838 (2010) 119; arXiv:1005.1025.
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(014) - (0a3) # O
Rank one Quark mass matrices (Dudas-Palti,arXiv:0912.0853)

N1074035  N(5014035  N36014043
Md — )\31(9%4(943 )\32914943 )\62]/3914 Uy,

)‘gl (914(943 )\%2943 1 x )\gg

A[1074055  A15074043  AV5614043
507,043 N5,074 A53014

)‘gl 914943 >\73L2c914 1 x >\g3

Ai; computed from overlapping integrals ... expected of O(1).
Are )\;; really ~ O(1)777




Computing \33 = )\, Define ‘vector basis’: |t; >, =
(i.e. <t1]=1{1,0,0,0,0}, etc)

t,

10

Define Locally the set of orthonormal operators ();:
1
1 T30
1
= 17_1707070 )
QQ \/5{ }
1
V2

{3,3,-2,-2, -2}

Q3 {07071707_1}

1
Q4 5{070717_271}




Vertex states |t1 2 >, | —t1 —t2 > of top coupling are annihilated by:

Q34ltio>=0

while, acting by )1 o:

3 1 o 3 1
{Q17QZ}: {\/;7\/5}7 {Q17QQ}: {\/;’_\/5}

Substitution to the overlapping integral:

3

4
Atop = 0.31 x (Q—G> |

CLGO

(... presence of exotic matter: ag > ag, = Aiop > 0.31)




: Example:

105 102 5y, 014 with exchange of massive messenger states

KK-mode wavefunction: Obeys modified DE

(Oh —1A1)Y1 — m?q1zZ1x =0

Solution: 1 ~ e_Q1m2§|z1|2, &< 1.




Left vertex of Uss-graphs:

10;10;5, . : {tito—mode + {tj to—mode = {—ti — t; } KK

Calculation of the overlapping integral:

B 8v/2m &
- 3-53/4 (4 +V/6)

Ia(8)

Right vertices (10-10-1 and 5-5-1) :

B 8y/107 & ;o 2 - 33/4/10m/€
3334 (4vBE+5v2) Y T((5+V15) €+ V15)

I.(€)

Uas -




10\
1+t ts+t,
‘_
5 \
h/ * *943 >

t,+t, t- t4

Representative graphs for \}, Yukawa coupling.




(simplified case £ = 1)
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<014> ~ 1—10 —

0.16 014043
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AV Charged Leptons A
Major problem in SU(5):

ms =my, & mg =m. at Mgur

Splitting of SU(5)-reps via the FLUX mechanism

Mo, Ms: connected to U(1)’se SU(5),: determine the chirality
of complete 10,5 € SU(5).
Ny : related to Cartan generators of SU(5)gyr. They are taken

along U(1)y € SU(5)qur and split SU(5)-reps.

matter curve 10 :  —  Qq +us =

matter curve 10(4)




Flux-splitting of 10’s:

n(3,2)% — n(é,z)_% = Mio

"BH_p TN T Mo — Ny

n,1), — a1y, = Mo+ Ny
Flux-splitting of 5’s:

n(s_, TG,

n(172)% o n(]_,Q)_%



= Resulting Mycpton7Maown

02,075 015014043 014043
My = 07,043 015043 014
014043 015 0.295

AV Neutrinos A

Zy-monodromy 0}, <> 05, =

0, = Right-Handed Majorana Neutrino
( Bouchard et al, 0904.1419)

Parameters can be adjusted to give bi-tri maximal mixing.




Features of F-Models
1. Unified and in particular Exceptional Groups are back!

2. Matter is deeply and intimately connected to the

Internal Geometry

related to topology and to the internal flux

4. Higher unification scale, safe proton

5. Calculable Yukawas and acceptable fermion mass
hierarchy







MONODROMIES

Recall coefficients b; from Fg — SU(5) deformed singularity.

A parameter s can be defined locally on S

f(s) = bgs® + bas® + b3s® + bys + bs =0

whose roots are ¢;. Thus b; = b,(t;). (by =>_,ti=0)

Factorization of f(s) implies symmetries (monodromies for ¢;

Monodromies for SU(5) — U(1)%, (t1 +to +t3 +ts +t5 = 0):
Sy o At te,t3,ta}, {15}
Zo X Z9 Aty ta}, {t3, ta}, {t5}
{t1,t2}, {ts}, {ta}, {ls}




Gauge Couplings and the GUT scale
In F-theory gauge coupling unification is distorted by

I: Y-Flux breaking mechanism
&
I1: Threshold effects from heavy modes

SU (5) Fields expected to contribute:

Y55 — D+L +ec

Yo7 — Qtu"+e +cec
— (8, 1)0 + (1, 3)0 + (1, 1)0 +
Q'=(3,2)-5+ Q" = (3,2)3

- states decoupling at M¢pr (see Vafa, 2010)




I. Flux thresholds

1
+x,

(Blumenhagen, Phys.Rev.Lett.102:071601,2009. )

1 1
= —QS/cf(ﬁy), _ §s/c§<£a>

L, non-trivial line bundle, S = e~? 4 1Cj the axion-dilaton field.

elimination of exotics Q’, Q)’,

V(S L) =0 = /cf(ﬁy) _ 9

:>3320&a32a12a2




* a;(M¢) relation weaker than unification a;(M¢g) = ag. Use it to:
1) to make d-5 proton decay operators harmless.

2)increase ag-value to improve top-quark mass predictions
I1: Threshold effects from heavy modes

Mx : Decoupling scale of extra matter

5(5° — by) — 2(b% — bs)] In (]\]\j—i) ~ 0

Minimal case: If extra matter only color triplets, |- - -

YV x E'MX

= Mg ~ 2 x 10'°GeV is found as the scale where (13) holds.




General case:
Extra matter (in vector like pairs) n,,nr,ngQ, Nee.

Assume decoupling at scale M x.

Inequalities (12) for a;(My ) are converted to extra matter

constraints

M, M,
(ng —nr — 2ne — Ny + 3nQ) lnM—i>32 lnﬁZ—ZLW

My, 3 — 8sin? Oy

M,
(ng — nr + 3ne +4n, — o) In M—z>—28 In M—Z—|—27r —

Constraints can be converted to Mx — My plots for values of

(For example 8, = 10 for {20, 2u}, , or {60, 8u, 2¢e},...
etc.)




log (M /GeV)
10 U

log (M _/GeV
Oglo( X V)

I | I I I I
14

Figure 1: My as a function of the decoupling scale Mx for extra
matter context 5, = 10,8, and 5, = 20, 26.




Mx (GeV) | My(GeV) |a3(My) | (5/3)ar(My) | as(My) T
10t 6.23 x 1017 | 0.1568 0.1510 0.1473 | 0.4103
1012 2.90 x 1017 | 0.0993 0.0973 0.0961 | 0.3335
1013 1.51 x 107 | 0.0743 0.0735 0.0730 | 0.2308
1014 8.22 x 10%° | 0.0599 0.0596 0.5947 | 0.1154

Table 1: Two-loop results for the SU(5) GUT scale My and the
‘shifted’ gauge coupling values a;(My) in the case of two vector-

like (Q + @Q quark pairs and three u¢ + @€ pairs. The corresponding

decoupling scale Mx is shown in the first column.




Gaugino masses
Departure from Standard gaugino scenario due to gauge coupling
splitting at Moyt *:
M M M
2—>243—2_5""1=0 (15)
as a2 a

GKL & N.D. Tracas, arXiw:0912.1557, E.P.J.C67:489-498,2010;

Sum rule (15) holds irrespectively of the initial M;(Mg) (universal

or not) and leads to interesting phenomenological implications. (see
also T. Li et al, arXiv:1002.1031)

“The same sum rule has been obtained in the context of no-scale
SUGRA. See J. Ellis et al, Phys.Lett. B155:381,1985.




ITI: Threshold effects from KK-modes:
Decoupling limit: light KK-modes from SU(5) gauge fields and

210, 25 matter curves induce corrections to a; ! (Donagi, Wijnholt
08):
6; = 07 + 65 + o7

Modifications of M at one loop

M, = e 5 My withd = 38, — 8y — 243 (16)

Corrections can be expressed in terms of Ray-Singer Torsion
(Donagi,Wijnholt "08)




Estimates

Calculation of thresholds for choices of particular line bundles
(GKL and N.D. Tracas, arXiv:0912.1557)
Gauge thresholds:

b? M?

i Jog —— 4+ 9
Ar 08 e 0

p2/6 1

L Ty —Tp) = —— <0
27r(5/6 0) 7T<

210 . (510




Conclusion

1. Matter is deeply and intimately connected to the

Internal Geometry

2. Yukawas and Fermion mass Hierarchy are related to

topology and possibly to the internal flux

3. Unified and in particular Exceptional Groups are back!

4. Higher unification scale, safe proton

5. New sum rule for gaugino masses




Tate’s Algorithm

ao as a4

n 2n
+1 1| 2n+1
3 5!
3

3

4

D
D
D 10

Table 2: (Tate, 1975, Bershadsky et.al. hep-th/9605200.) The order
of vanishing of the coefficients a; ~ 2™ and the corresponding gauge
group. The highest singularity allowed in the elliptic fibration is Es.




