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The problem: g,,(X) - metric

r,,=02,9,,+0,9,,-0,0,, -Christoffel's symbols

Rup =0l =01 =171 " + 1,1, - curvature

e o =
R, =R, -Riccitensor

Sy i
R=g RW scalar curvature

1 1

Einstein’s equations: RW _E gWR — _ET”V Tuv' energy-momentum tensor

0, x<0 5
ged(x)= - step function I'~0(X) R~09(X) -is not defined
S 1



Tube dislocation in the linear elasticity theory

RB, e yI 1 =1,2,3 - Euclidean space with Cartesian coordinates
( infinite homogeneous and isotropic elastic media
or eather in general relativity )

&;; =diag(+++) - Euclidean metric

u' (X) - displacement vector field

(1- zo-)Aui + aiajuj — (0 -equations for the equilibrium state
( Newton’s and Hook’s laws )

f'(x)=0 -external forces

O = - the Poisson ratio -1<o< 1
2(4+ 1) 2

A, i - Lame coefficients



y' > X' (y) = y' +u'(x) - definition of the displacement vector field

I'@,Z -cylindrical coordinates U.
In
u',u?,u’ . displacement vector field U2 =l A0 e=l= {u
du du <
ul_,=0, uj_,=0, —% =—2% -boundary conditions
dr |_~ dr | _
1 . W
0,|—0,(ru) [=0 - equation of equilibrium
o e i T ey
p | Uin =2, a>0, % e AN
A =y b - solution | Ir
r ueX:__, b>o- a:_’ b:_*
> r 2r* 2 3



The geometry of the tube dislocation

oy” &y° . . | - . .
g, = T d,o - the induced metric J,5 -Euclidean metric in
OX"™ OX cylindrical coordinates
far <"1 la R <1
u(r)=45 b v(r)=1 b u'=v-I1o(r-r)
= r > r* _2, r> r*
a6 q
ds® = (@—v)“dr® + (r—u)°de” + dz* - the induced metric
r—u /
1-v
Lo =0 /
I« r //r* r
s 2l ! V'
Scalar curvature: R = o'(r-n)+——ao(r-r.)
2
(r-u)(L-v) 1-v
Einstein’s equations Energy momentum tensor
~ 1 S 1 4Ir*
\/E(R,uv_zg,uij:_ET,uv TZZ = or | 5'(I’—r*)



Summary of the geometric theory of defects

(physical interpretation of Riemann-Cartan geometry)

Media with dislocations and disclinations —

= RB with a given Riemann-Cartan geometry

| e, - triad field
Independent variables

0)#” - SO(3)-connection

TWi = aﬂevi = a)ﬂij ebi ks (u<v) - torsion (surface density of

. the Burgers vector)
w, ) — (1 <> V) - curvature (surface density of
the Frank vector)

ijalll T '
RW —8ﬂa)v @,

Elastic deformations: RW” =0, Tuvl =0
Dislocations: R, '=0, T, '#0
Disclinations: RWij # 0, TWi =0

Dislocations and disclinations: RW” # 0, Tuvl #0



The free energy

S =jd3xeL, e =deteﬂi

equations of equilibrium
admit solutions

(R=0,
s R %0,
R=0,

R(e)

- the Hilbert-Einstein action

Riijj (€, @) - antisymmetric part of Ricci tensor

T #0 - only dislocations
T =0 - only disclinations

T =0 - elastic deformations

The action is invariant with respect to general coordinate transformations
and local SO(3) rotations. Therefore we must fix the gauge.



Elastic gauge

(1-20)Au;+6,0;u’ =0
7
O =
2(A+ 1)

eﬂi ~ 5,ui —aﬂui

(1_ 20)@’ueﬂi +aieﬂﬂ — O

- the elasticity equation

- Poisson ratio

- the linear approximation

- the elastic gauge (fixes diffeomorphisms)

Lorentz gauge

8“@#” =0 | -the Lorenz gauge (fixes SO(3)-invariance)

ol  _ TS | L -lykg |
If there are no disclinations R ,* =0, then @ ;° =1 ;° =(0,57);" Sy

Ui

pure gauge

8”Iﬂij =0 - principal chiral SO(3)-model



Tube dislocation in the geometric theory of defects

e N VS ij
No disclinations: Rwi =0 = @, =0

~ 1 ~ 1
g |(Rﬂv —EgWRj = _ETW - Einstein’s equations T, =Lé'(r-r)

(1-20)0"e ; +0;e,” =0 - the elastic gauge L = const
ds? = A%dr? + B%d¢” + dz* - ansatz for metric
A(r), B(r) - unknown functions
Asymptotically flat boundary conditions: By,| _, =0, A‘n‘rzo <, Byl .. =F

Matching condition: An‘r:r = A\gx‘

N=r.

ds? = (1—a)’dr® +(1—a)’r’de” + dz*
- the exact solution coincides with

2 2
dsezx . (1_Ej dr? + (r +Ej d¢2 1 dz? the solution in elasticity theory
I I

2
L h Lr.

a= : =
L + 4r. L + 4r.



Tube dislocation in general relativity

~ 1 ~ 1
Einstein’s equations: \/E(Raﬂ _E gaﬂ Rj = _ETaﬂ’ a,f=0123

Togo=—T,, =L (r — ) - energy-momentum tensor
L = const

(1-20)0", +0," =0 - the elastic gauge

The exact solution for the tube dislocation

ds? =dt* —(1—a)?dr® — (1—a)*r°de” —dz*

b\’ b\’
dsgxzdtz—(l—Fj drz—(r+Fj dp® —dz*

L Lr?
a= ; b = 9
L +4r. L +4r.




Conical tube dislocation

~ 1 ~ 1
Einstein’s equations: \/E(Ruv _E g,,ij = _ETW u,v=123

T,, =006(r —r.) - the source  ® = const

(1-20)o"e,; +0;e,” =0 - the elastic gauge

I,@,Z -cylindrical coordinates 0<r <R
ds? = A%dr? + B%dg” + dz” - ansatz for the metric

Boundary conditions:  By,| _, =0, Aﬁn‘rzo < 0, A\ex‘r:R =L

Matching condition: An‘r:r = A\gx‘

N=r.



Solution for the conical tube dislocation

ds? = A%dr® + B°dg® + dz* - the exact solution

0<r<r

0<r<r

L<r<R

(D’
AT &)
La
(Dr,
2= y 7
(ElSsRETRe,
a=1+0, O -the deficit angle
) 2 Ao
71 >0, y, <0 are the roots of the equation ¥ +1—7/—a =10
-0

a

K Vit 7,—1
a-7, R a-7 | R
i N =L £
W oRGE St/ el

El — D—a _?/2 r*_71+1’ E2 — _D—a _7/1 r*_72+1
L A i &)
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Asymptotically flat wedge dislocation

~ 1 ~ 1
Einstein’s equations: \/E(RW _E g,,ij = _ET“V u,v=123

T,,=—006(r—r.) - the source © =const

ERT T

(1-20)o"e,; +0;e,” =0 - the elastic gauge

I'y@,Z -cylindrical coordinates

Boundary conditions: B, = 0, An o1 conical singularity at the origin

TR = O s

A\ex‘r:w =1 - asymptotic flatness

Matching condition: An‘r:r = ABX‘r:r
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Solution for the asymptotically flat tube dislocation

a=1+0, O -the deficit angle

® <0 -the wedge
IS cut out

2ral, = 27xr, -the continuity of
metric components

The exact solution:

a2 (Y a’
i (—) (dr2+—2r2d¢2j+dz2

(a+7)* & 7
o4 23
dsezxz{l—a_yl(kj } dr2+{1+a_71(£j } r°de® +dz*
. - - 2 Ao
7,1 >0 is the positive root of the equation y“+——y—-a =0 e

l1-o



Continuous distribution of tube dislocations

= 1 ~ 1
Einstein’s equations: \/E(Ruv _E g,,ij = _ETW uv =123

T,,=21(r) -the source term f (r) - an arbitrary function

ds® = A%dr? + B%d¢” + dz* - ansatz for the metric

B"
Einstein’s equations: (—j = f(r)

A
r S. r
The exact solution: B = jdsA(s) dtf (t) + CldeA(S) +C, €, =const
0 0 0
The boundary condition: B| _ =0 = ¢, =0
Si iy = i = S|
A r=0

=0

The elastic gauge:

Bles BB By o (B” BiE Bj
=5 et = ==
= e (% - P AN = B S R

F(r)= fdsf (s) L



Conclusion

1) A new family of exact solutions of Einstein’s equations is found
2) Physical interpretation of solutions: tube dislocations

3) Metric components or its derivatives are discontinuous functions
4) All ambiguous terms in Einstein’s equations cancel

5) The source term (energy-momentum tensor) is proportional to ¢'(r) or o(r)
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May tube dislocations
have any apllications ?



Double wall nonotube

—external wall: 24 atoms

Internal wall: 23 atoms

Motion of a quantum particle inside a nanotube
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