Realization of Ginsparg-Wilson
type Chiral Symmetry

in ERG

Yuji Igarashi

Faculty of Education, Niigata University

— Realization of GW type Chiral Symmetry in ERG at CORFU — 1/23



Motivation

{» One of the most important subjects in ERG:
How to realize gauge symmetry, naively incompatible with

blocking with momentum cutoff.

It does not mean that the symmetry is lost.
The symmetry can exist even though suffering from deformation due to blocking.

{» For Wilson action S[®], the presence of exact symmetry and its properties described by

- Ward-Takahashi (WT) identiy:

»[®] = g—i(s@ — a%é(l) — 0,

lifted to
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- Quantum Master Equation (QME) in antifield formalism:

) 95 85  9%5
@, &7 = 0P OD* O0DOP* 0

{ In order to discuss gauge symmetry, we need to solve WT identity (or QME) , which
has non-trivial contributions induced by blocking.

> To get some insights into non-perturbative solutions, reconsider prototype of symmetry
whose standard realization is incompatible with reg. scheme:

chiral symmetry on the lattice
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e Here, Ginsparg-Wilson (GW) relation for Dirac op. Dy can be used to define

new object 45 = v5(1 — 2aDy) as
V5 Do + Dovs — 2aDoysDg =0 = v5D0 + Doys = 0
so that action WDy on the lattice with spacing a is invariant under chiral tr.

U = Wievys, OV = ieq5W.
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e GW relation, v5Dg + Dy?s = 0, can be identified with WT identity X =0

for free-field theory.  (YI-Itoh-So '01)

What we wish to discuss here is
to solve WT identity with Yukawa couplings.

Extension of work (YI-So-Ukita '02) on the lattice to continiuum theory.
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> Outline

1] Derivation of WT identity for Wilson action (Xg = 0).
2] WT identity for GW realization of chiral symmetry

3] Solutions to WT identity for interacting theory

4] Transformation to “45 prescription”

5] Summary and outlook
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Derivation of Ward-Takahashi (WT) identity for Wilson action

(> Consider generic theory described by

Z)) = [ Doexp(-Sigl+7-0). 6= Tag (1)

Slg] = 0+ Do-6+Sil6), 6D -6 = *(Do)and”

Using momentum cutoff function

K(p) ~

1 for p? < A?
0  for p? > A?

and kernel a(p), a function of K(p), rewrite (1) as
Z4[J] = /chDCD exp —%<c1> K¢ J- (Ka)—l) - (cb K¢ — (—)(Ka)"L- J)

xexp (=S[@] + 7 - ¢)
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we obtain

Z4J] = NjZglJ] = NJ/DcI)exp<—S[<I>] +JK1-c1>>
(] — %cp [a— Ka(Dy + K2a)'Ka] - ® + 5[]
N; = exp _% ((—)JJAK_Q(O&_l)ABJB) ((_)J J = (_)E(A)JA)

where the Wilson effective action is defined by

1
exp —S1[®] / Dy exp — (§x (Do + K2a) - x + Si[x + (Do + K2a)_1Ka<I>])

{» Consider symmetry properties of Wilson action, making a change of variables

ot — ¢t =t + 09", ot = R
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Since Z is invariant under the change of variables, we obtain

/ Do (166~ Slg]) exp (~S[6] + T - 6) = 0 2)

where X[¢| is the WT operator given as

oS
HpA

0

3¢A5¢A-

Y[¢] = 0S +5InDp = ——5¢* — ()4

It is given by sum of the change of the action § and that of the functional measure Da.
From (2) we obtain

[ 26 sidlexn (-slol+5-0) = N, {57 (5o | | Wa) w0 R || el

_ NJ/DCD S[®] exp (—S[@] + J - K@)
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We consider below a linear global symmetry described by

_ ss- 95 sua_
Slg] = 65 =505 00" =0

5ot = RAgHT,

where R“ 5 do not depend on the fields.

Then, the WT operator for the Wilson action is given by

. B 0S . 4 e 0 A
_\AB 0S
5(I)A — RAB {@A— (Oé 1) ﬁ} .

Note that symmetry transformation 0P depends on the Wilson action.

(see also G. Bergner-F. Bruckmann-J.M. Pawlowski '08)
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WT identity for GW realization of chiral symmetry

{> Consider the standard action of o model

sl = [ [&(—pwwp)w*(—p)p% LS

si= [&(—mu £ 1)6(@) (P — @) + B(—p)(1 — 756 () (p — )

q

+h(¢'9),
which is invariant under chiral transformation

0p(p) = ievsp(p),  I(—p) = P(—p)ievs
0p(p) = —2iep(p),  6¢'(—p) = 2iep!(—p).

For non-trivial realization of chiral symmetry, we take chirally non-invariant blocking
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for the Dirac fields

M
K(p)(1 - K(p))’

ap(p) =

where M is a constant with mass dimension 1. For the scalar field, take a blocking

p2

K(p)(1 - K(p))

as(p) =

The WT identity for GW type chiral symmetry is given by

a"s . 1 'S 7 : 0'S
S[B,A] = /p[aq;(p)%%{qj(p) —2ap (p)a@(_p)} +‘If(—p)@€%aq,(_p)
o" L. 0'S oS )

— iEV50 _ —2i "(—p)(2i
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Free-field Wilson action Sy of the IR fields ®4 = {¥, W, o, ©'} is given by

Sol®, A] = %cp- [DO(DO+f2a)—1a} D

/ [@(—pwo(p)\v(m + K (p)ot (—p) p%o(m] |

where DF = 9 for the Dirac fields and D§ = p? for the scalar fields. The Dirac operator
takes the form

Do(p) =

1 { My }
Kp) |I-K@p)p+KpM)J

Using WT identity, we obtain chiral transformation for free-field theory

0U(p) = ievs (1—2a'Dy) (p)¥(p), 0W(—p) = W(—p)ie7s
dp(p) = —2icp(p),  dp'(—p) =2icp'(—p) (ap=0).
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The WT identity for the free-field action

S[®,A] = g;jaw =0

reduces to GW relation
v5Do + Doys = {75, Do} = 2Dz ' Dy .

We observe that the Dirac action satisfies the GW relation, and therefore free theory is
chiral invariant.
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Solutions to WT identity for interacting theory

{> Consider bilinear action of Dirac fields U, ¥ coupled to some functional of scalars

9(p), ¥(p):

SO = Sucatarlt 9] + / U(—p)D(p, ) ¥(q)

b,q

Assume Dirac operator to take the form

D(p,q) = Do(p)o(p—q) +{1+ L(Do(p))}O,q) {1+ R(Do(q))}

L+ s

]__
O(p,q) = 5 ¥ (p, q) + 27519T(p,Q),

where Dy is the Dirac operator of free-fields satisfying {5, Do} = 2Dgvysa 1 Dy.

For cutoff removing limit A — oo, we expect

Do(p) — P, o '(p) =0, ¥(p.q) — ¢(p)d(p —q)
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For finite A, chiral transformation is given by

q

WT identity for fermionic sector becomes:

{45, D(p.g)} — 2 / D(p, k)ysa~ (k) D(k, )
= —(ie) " {1+ L(Do(p))} 60 (p, q) {1 + R(Do(q))}

lhs is expanded up to quadractic in ©, so we assume

60(p, q) = —2ies (@(p, q) —/k@(p, k’)a_l(k’)@(k,Q)> ,

we obtain a set of solutions

1
1 —vsa=1Dyvs

’7504_1270’75@_1170) (p)
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The Dirac operator is given by

D(p,q) = Do(p)o(p—q)+s

where solution to

0d(p,q) = —2ie (29(1% Q)—/kf/‘(p, k)a_l(k)ff‘(kﬂ))
) = | so(p—k>[5<k—q>—a—luew(k—q)

= /ksO(p — k) [1+a %] (k,q).
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e Jacobian factor associated with field dependent chiral transformation in WT identity

> =0

r o'S
= —2 o _
J ' / AV (p )axp(—m

= —2ie Tr(ysa 1D) —2ie Tr(ysa~1O),

The counter term which cancels this contribution is given by
Secounter|©] = Trlog(1l — a~1O),

because we find in matrix notation

00 = —2iev50 (1 — 04_1@) ,  J + 0Scounter|©] = 0.
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In summary, quantum system

/DCD exp(—S[®, A]) .

with total action

swal = [ [K—1<p>so*<—p> pe) + [ BP9 + i)
+Scounter [907 SOT] 9

is chiral invariant.
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Transformation to “45 prescription”

Making field redefinition

1
o = (1 — a—lpo) (1-a'e)(1—a 'Dy)V,

and using relations

° <1 - 014—1@> - Kl z%> o (%) SOT]
()onwom - (525

Y5 = 75(1 —2a7'Dy),
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we obtain continuum analog of chiral invariant Yukawa action

[ [Do<p>5<p Q)+ Pro(p — )Pr(a) + Pogl(p — ) P_(a)| (@)

)

— / U(—p)D'(p, q)¥'(q)

)

Note that the change of ¥ to W’ generates a Jacobian factor:
DYDY = DYDY exp [Trlog(l —a~'0)] = DY¥'DVexp T,
where the Jacobian factor J exactly cancels the counter action

j — Scounter[gpa SOT] =0
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In summary, Wilson action for ®4 = (U, U, o, <,0T}

s = [K—1<p>so*<—p> pee) + [ (PP W (@) + i)
D'(p,q) = Do(p)d(p—q)+ 1 27590(10 - Q)l i ZB(p) 4! _Z%sﬂ(p - Q)l — 35(;9)

is invariant under field independent chiral transformation

0U(—p) = U(—p)ieys,  6¥(p) =ieds(p)¥(p)
dp(p) = —2iep(p), 0o (p) = 2iep'(p).

Having chiral projections, we can construct chiral invariant higher dimensional
operators.
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Summary and outlook

{» A set of (non-perturbative) solutions to WT identity for GW-type realization of chiral
symmetry is constructed.

> The well-known representation with 45 is obtained via a field redefinition. This
corresponds to a canonila tr. which turns the Quantum Master Equation into the
Classical Master Equation in antifiled formalism.

> Nothing new, but the method discussed here is expected to apply to gauge theories,
for which © is a non-linear functional of gugae field.
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