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@ Ultracold Fermi gases with attractive interaction provide a useful
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@ Main dynamical quantity for dilute and cold gas of dimers is the
dimer-dimer scattering length ag

@ The exact relation ag = 0.6ap was established by Petrov et al (Phys.
Rev. Lett. 93, 090404 (2004)). However, it seems to be difficult to
extend this approach to many-body physics of dilute Fermi gas.
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playground for a variety of many-body systems

@ Important feature of the system is formation of the correlated pairs of
fermions-dimers leading to superfluidity

@ Main dynamical quantity for dilute and cold gas of dimers is the
dimer-dimer scattering length ag

@ The exact relation ag = 0.6ap was established by Petrov et al (Phys.
Rev. Lett. 93, 090404 (2004)). However, it seems to be difficult to
extend this approach to many-body physics of dilute Fermi gas.

@ We calculate ag/ag ration in the framework of functional RG (with
many-body applications in mind)
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dimer-dimer scattering with two-body forces

@ We start from the Effective Action with two body forces
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dimer-dimer scattering with two-body forces

@ We start from the Effective Action with two body forces
@ It can be solved exactly
@ It helps to define initial conditions for more complicated problems

@ It is convenient to use dimer field describing a pair of correlated
fermions

@ The effective action is

M0 6,61, K] = / a* [atx [oneex' o
F0T (100 + 557 VO — 58 (WToavst — 1 o)

Here I'I(x,x’, k) is the scale dependent boson self-energy
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dimer-dimer scattering with two-body forces

The evolution of the action is given by

OkT = 5 Tr [(2kRe) (M) = RYZ| = 5 Tr |(0xRe) (M — R)z]
The self-energy flow is defined as
52
5¢5¢T
The ERG equation has one-loop structure with cutoff R acting as an

infrared regulator which goes to zero at vanishing scale, where physics is
defined.

Initial conditions are defined at large scale, where theory is simple.
Convenient tool to provide a link between vacuum and in-medium physics.

Many body physics: Normal Fermi liquid, pairing, symmetry breaking,
finite temperature effects, etc

Few body physics: (composite) boson-boson and boson-fermion scattering
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dimer-dimer scattering with two-body forces

Using the evolution equation for [ one can get

aN(k) = iTr [(akRF)(rﬁ_?} —Re) I (8 — R, (M) — Ry
Here FS_-3,_2¢ is the derivative of FS_-z,_z with respect to field ¢.
After the pole integration one can get the 1-loop expression for the

M(k) — MN(0) containing the fermion propagators modified with cutoff
RF(q’ k)
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dimer-dimer scattering with two-body forces

We used the type of the regulator (optimised cut-off) which cancels the
momentum dependence in the fermion propagator

k2—q2
sk —a)

The on-shell fermion-fermion scattering amplitude in the physical limit
(k — 0) is given by

RF(C_i7 k) =

1
T(p)

wherePy, P and p = (MPy — P?/4)'/2 are the total energy, total and
relative momenta of two fermions. Integrating the ERG equation and
using the effective range expansion one can find the self-energy at running
scale k

1
— EH(P07P70)7

5l ) (MPo— ) = o +

8 P2 p?
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dimer-dimer scattering with two-body forces

@ Dimer wave-function and mass renormalisation factors are
1

8

—M(Po, P, k)
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dimer-dimer scattering with two-body forces

@ Dimer wave-function and mass renormalisation factors are

1 0
mzm(k) - apzn(P()aP k)

@ It can be shown from the explicit expression for (k) that

2
g, 8
=225k 2" @)

Z4(k) = 5P, P. )
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@ Using ERG, one can calculate the dimer-dimer (D-D) scattering length
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@ Dimer wave-function and mass renormalisation factors are
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mzm(k) - apzn(P()aP k)

@ It can be shown from the explicit expression for (k) that

2
g°,8
Pl T @

Z4(k) = 5P, P. )

Zy(k) = Zm(k) =
@ Using ERG, one can calculate the dimer-dimer (D-D) scattering length
@ The evolution of the D-D scattering amplitude comes from
52
0¢2(Po/2)0¢12(Po/2)

8kU2(P0,k) = 6kr|¢:0.

(2 )¢
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Z4(k) = 5P, P. )
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@ Using ERG, one can calculate the dimer-dimer (D-D) scattering length
@ The evolution of the D-D scattering amplitude comes from
52
(2 )t 3¢?(Po/2)0¢12(Po/2)
@ Here Py is the total energy flowing through the system

8kU2(P0,k) = 6kr|¢:0.
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dimer-dimer scattering with two-body forces

@ Dimer wave-function and mass renormalisation factors are

1 0
—Zm(k) = —==TM(Po, P, k
an“m) = =5 (Po. P k)
It can be shown from the explicit expression for (k) that

2
g, 8
(= —-= 2
a3k~ 2" @)
Using ERG, one can calculate the dimer-dimer (D-D) scattering length
The evolution of the D-D scattering amplitude comes from

52
(2 )t 3¢?(Po/2)0¢12(Po/2)

Here Py is the total energy flowing through the system
@ We define fermionic (proportional to dxRg) and bosonic (proportional

to OxRg) contributions

Z4(k) = 5P, P. )

Z¢(k) = Zm(k) =

8kU2(P0,k) = Okr|¢:0.

(]
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dimer-dimer scattering with two-body forces

@ Dimer wave-function and mass renormalisation factors are
1 0
—Zm(k) = —==TM(Po, P, k
an“m) = =5 (Po. P k)
It can be shown from the explicit expression for (k) that

2
g, 8
(= —-= 2
a3k~ 2" @)
Using ERG, one can calculate the dimer-dimer (D-D) scattering length
The evolution of the D-D scattering amplitude comes from

52
(2 )t 3¢?(Po/2)0¢12(Po/2)

Here Py is the total energy flowing through the system
@ We define fermionic (proportional to dxRg) and bosonic (proportional

to OxRg) contributions
@ Let's first look at mean field results (D-D rescattering is neglected).

Z4(k) = 5P, P. )

Z¢(k) = Zm(k) =

8kU2(P0,k) = Okr|¢:0.

(]
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dimer-dimer scattering with two-body forces

The evolution of u, is given by

3g* [ d%G R
8kuz:—g/ g k RF

4 ) (27) [(Err(G k) — Po/4 —ie)]*
Where Erg(d, k) = ﬁ q°> + Rr(q, k) and Py is twice the binding
energy of a pair Py = —2//\4/32 with a being fermion scattering
length
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dimer-dimer scattering with two-body forces

The evolution of u, is given by
°

Okl = —

3;;4/ d3q Ok RF
4 ) (27)3 [(Err(q. k) — Po/4 —i€)]*

Where Erg(d, k) = ﬁ q°> + Rr(q, k) and Py is twice the binding
energy of a pair Py = —2//\4/32 with a being fermion scattering
length

@ Explicit calculations give u»(0) = 1--M3g*a® and Z4(0) = 4= M?g2a
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dimer-dimer scattering with two-body forces

The evolution of u, is given by

O i __3g4/ d3C_f 8kRF
R4 ] (n)? [(Eer(@, k) — Poj4 — i)t
Where Erg(d, k) = ﬁ q°> + Rr(q, k) and Py is twice the binding

energy of a pair Py = —2//\4/32 with a being fermion scattering
length

@ Explicit calculations give u»(0) = 1--M3g*a® and Z4(0) = 4= M?g2a
@ The mean field scattering amplitude at threshold is

8m 2up(0)  8ma
Teg = 9B = Zg = 8= 2a.
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dimer-dimer scattering with two-body forces

The evolution of u, is given by
°

Okl = —

3g4 / d3Ei 8kRF

4 ) (27)® [(Err(q, k) — Po/4 —i€)]*
Where Erg(d, k) = ﬁ q°> + Rr(q, k) and Py is twice the binding
energy of a pair Py = —2//\4/32 with a being fermion scattering

length
@ Explicit calculations give u»(0) = 1--M3g*a® and Z4(0) = 4= M?g2a
@ The mean field scattering amplitude at threshold is
8m 2up(0)  8ma
Tee = 9B = 72 = 8= 2a.

@ This is well known MF result which is far away from the exact value
agg = 0.6a (D.S.Petrov et al Phys. Rev. Lett. 93, 090404 (2004))
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dimer-dimer scattering with two-body forces
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dimer-dimer scattering with two-body forces

@ Dimer rescattering should be included
@ The explicit calculations give

k| = u3 (k) / g OkRe
2Z3(k) J (2m)? [(Egr(d, k) — Po/2 — i€)]*’
h
e E (—* k) _ i 2+ U]_(k) + RB(q7k)
and

ui(k) = —M(Po, )|P0=—1/Ma2

B. Krippa (Manchester) Exact RG for few-body systems:application to Corfu, September, 2010



dimer-dimer scattering with two-body forces

@ Dimer rescattering should be included
@ The explicit calculations give

W3(k) / 45 ORs
(

Okuz|g =

2Z3(k) J (2m)® [(Egr(d, k) — Po/2 — i€)]*’
where
1, w(k)  Re(q.k)
EBR(qv k) - W q2 + Z¢(k) + Z¢(k) ’
and

ui(k) = —M(Po, k)|P0=—1/Ma2
@ We use the regulator in the form

k)2 _ q2

Ro(d. k) = 2y ) B Co(eah —q)
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dimer-dimer scattering with two-body forces

@ Dimer rescattering should be included
@ The explicit calculations give

Okn|p = u3 (k) / d*q OkRs
2Z3(k) J (2m)? [(Egr(d, k) — Po/2 — i€)]*’
h
e E (—* k) _ i 2+ U]_(k) + RB(q7k)
and

ui(k) = —M(Po, k)|P0=—1/Ma2
@ We use the regulator in the form

Re(@ k) = Z,(0) B L ook — q)

@ cp sets the relative scale of the fermion and boson regulators. Using
cg = 1 gives agg = 1.13a and taking cg = (2)'/? gives agg = 0.75a
(same as in S.Diehl et al, Phys. Rev. A 76, 021602(R) (2007))
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@ All that looks reasonable. However......
@ The effect of D-D scattering is strongly dependent on cg

@ Large values of cg (which correspond to integrating out the fermions
first), give agg — 0 and taking cg = 0 recovers MF result

@ Optimisation (D. Litim, J. Pawlowski) helps to narrow the window for
cg requiring equal effective mass terms for fermions and dimers but
the obtained agg is still different from the exact value and, on top of
that, the optimisation procedure is still somewhat regulator
dependent.
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dimer-dimer scattering with two-body forces

@ All that looks reasonable. However......
@ The effect of D-D scattering is strongly dependent on cg

@ Large values of cg (which correspond to integrating out the fermions
first), give agg — 0 and taking cg = 0 recovers MF result

@ Optimisation (D. Litim, J. Pawlowski) helps to narrow the window for
cg requiring equal effective mass terms for fermions and dimers but
the obtained agg is still different from the exact value and, on top of
that, the optimisation procedure is still somewhat regulator
dependent.

@ Higher order terms are required to reduce cg dependence of the
results and (hopefully) bring the agg closer to the exact value

@ First guess - three body forces in simplest possible form (with
applications to many-body physics in mind)

@ The ERG studies of few body physics have just began (Diehl et al.,
Moroz et al., Birse et al)
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adding three-body forces

@ We add the three body vertex with energy/momentum independent
coupling to the effective action

AT gyly
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adding three-body forces

@ We add the three body vertex with energy/momentum independent
coupling to the effective action

AT gyly

@ We assume A\ = 0 at starting scale as it behaves as K2

@ The modified equation for u; is
E ﬁ M —2)\g? ﬁ %
2 | erp B, ¢ ) (2n) B,
L4 [ 4G KRe
2Z4 ) (2m)3 E3s

8kuQ = —
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adding three-body forces

@ The evolution of lambda is extracted from

54

i
O 25T

[6kR(F(2) —R).

B. Krippa (Manchester) Exact RG for few-body systems:application to Corfu, September, 2010 13 /20



adding three-body forces

@ The evolution of lambda is extracted from
i 5
2 6T oot o)

@ There are three distinctive contributions, proportional to A%, A\g? and
g* (ladder, triangle and box)

DA = [8kR(F(2) ~R).
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adding three-body forces

@ The evolution of lambda is extracted from
i 5
2 6T oot o)

@ There are three distinctive contributions, proportional to A%, A\g? and
g* (ladder, triangle and box)

DA = [8kR(F(2) ~R).

@ The corresponding evolution equations are
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_ )\2/ d3c_f 8k(RFZ¢) + OkRp
d®G OkRr(Egr.p + 2Z4EFr D)

DF:2A/ ,
¢ T8 (27)® Efg p(Err.0Zs + EBr.D)?

DB :gz)\/ d*g OkRs ’
(27)3 Err.p(EFr,0Zs + EBR,D)?

_ / d3G OkRr(2Egr,p + 3ZsErrD)
27‘1’) EFR D E/:R DZ¢ + Egr D)

__/d% O«Re
(27)® EZg p(EFrDZs + EBr.D)?’

where EFR,D = E/:R - 5D/2 and EBR,D = EBR - 5D.
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adding three-body forces

Figure: Dimer-Dimer to Fermion-Fermion scattering lengths ratio as a function of
the scale parameter cg, blue/red curves - results without/with 3 body forces
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adding three-body forces

@ The results are less dependent on cg
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@ Choice cg ~ 1 gives ag/ap = 0.75. The “optimal” choice cg ~ \ﬂ2)
gives ag/ap ~ 0.7

B. Krippa (Manchester) Exact RG for few-body systems:application to Corfu, September, 2010 16 / 20



adding three-body forces

@ The results are less dependent on cg

@ Choice cg ~ 1 gives ag/ap = 0.75. The “optimal” choice cg ~ \ﬂ2)
gives ag/ap ~ 0.7

@ Some dependence on cg is still there

B. Krippa (Manchester) Exact RG for few-body systems:application to Corfu, September, 2010 16 / 20



adding three-body forces

@ The results are less dependent on cg

@ Choice cg ~ 1 gives ag/ap = 0.75. The “optimal” choice cg ~ \ﬂ2)
gives ag/ap ~ 0.7

@ Some dependence on cg is still there

@ Further terms are needed to get a wider stability window
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adding three-body forces

@ The results are less dependent on cg

@ Choice cg ~ 1 gives ag/ap = 0.75. The “optimal” choice cg ~ \KQ)
gives ag/ap ~ 0.7

@ Some dependence on cg is still there
@ Further terms are needed to get a wider stability window

o Getting completely regulator independent results would require four
body forces and complete energy/momentum dependence of the
couplings
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Adding 4-body forces

We add the simplest 4-body terms

—~(v(¢T o pPo + ¢T PPy YT + BTt o)

The 4-body couplings -y, 8 are assumed to be energy independent. They
vanish at the microscopic UV scale and pick up nonzero values in the
process of evolution
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adding 4-body forces
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Figure: Dimer-Dimer to Fermion-Fermion scattering lengths ratio as a function of
the scale parameter cg, green curves - results with 4-body forces
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Adding 4-body forces

@ The results do not depend on c¢g in wide region
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@ The value of ag/ag is close to the results of exact QM calculations
(0.6)

B. Krippa (Manchester) Exact RG for few-body systems:application to Corfu, September, 2010 19 /20



Adding 4-body forces

@ The results do not depend on c¢g in wide region

@ The value of ag/ag is close to the results of exact QM calculations
(0.6)

@ Some dependence on cg starting from cg =~ 2 is still there
(integrating out fermions first)
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Conclusion

@ Using the Effective Action with energy/momentum independent 2, 3
and 4-body forces brings the value of ag/ap to an agreement with the
exact QM calculations
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Conclusion

@ Using the Effective Action with energy/momentum independent 2, 3
and 4-body forces brings the value of ag/ap to an agreement with the
exact QM calculations

@ This agreement does depend on the choice of parameter cg in quite
wide region.

@ The dependence on parameter cg starts showing up for rather exotic
choice of flow (integrating fermions first)
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Conclusion

@ Using the Effective Action with energy/momentum independent 2, 3
and 4-body forces brings the value of ag/ap to an agreement with the
exact QM calculations

@ This agreement does depend on the choice of parameter cg in quite
wide region.

@ The dependence on parameter cg starts showing up for rather exotic
choice of flow (integrating fermions first)

@ Things to do include:

@ Nuclear few-body physics (inclusion of spin/isospin D.O.F),
energy/momentum dependence, 3- and 4- body forces in many-body
environment
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