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The chiral phase transition in QCD

• dominated by chiral degrees of freedom: pions

• for two massless quark flavors, expect second-order 
phase transition in O(4) (d = 3) universality class

• finite quark mass explicitly breaks symmetry: crossover

• lattice QCD with staggered implementation of fermions:  
possibly second-order phase transition in O(2) (d = 3) 
universality class
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Phase transitions in lattice QCD

• quark masses break chiral symmetry

• chiral limit cannot be simulated

➡ need scaling analysis 

4

• simulations take place in finite volumes

• no actual phase transition in finite volume

➡ need to investigate finite-volume effects

 lattice QCD: non-perturbative discretization on finite lattice
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• Critical point (e.g. second-order phase transition) 
• diverging correlation length ξ ∼ 1/Mσ → ∞
• critical long-range fluctuations dominate the physics of           

a system close to the critical point
• universality classes: the same critical behavior is 

observed in different systems with the same symmetries 
and dimensionality

• critical behavior is characterized  by a few                
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finite volume cuts off long-range fluctuation and 
impacts critical scaling behavior!



• Scaling function for the order parameter M ( fπ  ,          ):
t = (T − Tc)/T0, h = H/H0

M(t, h) = h1/δfM (z) z = t/h1/(βδ)

�ψ̄ψ�

χσ(t, h) =
∂M

∂H
(t, h) =

1
H0

h
1/δ−1

fχ(z)

M(t, h = 0) = (−t)β M(t = 0, h) = h1/δ
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Scaling behavior in infinite volume
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• Scaling function for the susceptibility χσ :

• two relevant couplings: temperature T and symmetry 
breaking (quark mass) H



χσ ∼ ∂

∂m
�ψ̄ψ�
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Scaling analysis in lattice QCD
• Scaling for 2+1 staggered flavors:                 

susceptibility χσ from light quark condensate        
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FIG. 10: Susceptibilities constructed from the subtracted order parameter M (left) and the non-subtracted light quark chiral
condensate Mb (right). The data give results from calculations in (2+1)-flavor QCD on lattices with temporal extent Nτ = 4
and light quark mass values ml/ms ≤ 1/20 in the interval β ∈ [3.28, 3.33]. For the ml/ms = 1/40 data sample we show results
for two different spatial lattice sizes. Filled symbols correspond to Nσ = 32 and open symbols are for Nσ = 16.

to the O(2) spin models, at finite values of the cut-off the divergence of χcon ∼ 1/
√

m̂l in the chiral limit can thus
be understood in terms of taste violating contributions to the scalar correlation function [31]. We will discuss these
subtle aspects of susceptibilities of the order parameter, the influence of taste violating terms in the staggered action
on scaling properties of these susceptibilities and the resulting cut-off dependence of fχ in more detail in a forthcoming
publication [32].

VI. CONCLUSIONS

We have performed a new analysis of scaling properties of the light quark chiral condensate in (2 + 1)-flavor QCD.
We found that at fixed non-zero lattice spacing the chiral condensate calculated with improved staggered fermions
shows scaling behavior in the chiral limit that is consistent with O(2) scaling.

Through the analysis of scaling properties with quark masses that are smaller than the physical light quark masses
we could fix the normalization constants t0 and h0 in the scaling variables t and h. This allowed us to quantify scaling
violations for non-zero values of the quark masses in the vicinity of the phase transition temperature. These scaling
violations turned out to be small in the magnetic equation of state already for physical values of the quark mass.

On the basis of studying just the magnetic equation of state, we gave arguments that it will remain difficult to
rule out O(4) scaling without extraordinary precision of numerical lattice data. However, a distinction between O(2)
and O(4) scaling might become possible through an accurate analysis of susceptibilities of the order parameter. At
present, we still find significant deviations from scaling for the chiral susceptibility. This will be discussed in more
detail in a forthcoming publication [32].

A determination of t0 and h0 also fixes the scale parameter z0 = h1/βδ
0 /t0, which controls the quark mass dependence

of the pseudo-critical line determined from the peak in the chiral susceptibility. In our present analysis this parameter,
which uniquely characterizes non-universal aspects of critical behavior in QCD, has only been determined at one value
of the lattice cut-off. Calculations at smaller lattice spacings, together with good control over scaling violations induced
at non-vanishing quark masses will be needed to extract z0 in the O(4) symmetric continuum limit.

The good scaling properties found here in calculations with O(a2) improved gauge and fermion actions are in
contrast to earlier calculations that had been performed with unimproved staggered fermion and gauge actions. We
argued that the observed differences are due to cut-off effects.

In our analysis we have assumed that the strange quark mass in (2 + 1)-flavor QCD is large enough to avoid a
first order phase transition in the light quark chiral limit. Although the good scaling properties of the chiral order
parameters and the absence of a strong volume dependence in the light quark susceptibilities support this assumption,
we clearly cannot exclude a first order transition to occur at still lighter quark masses. Consistent with limits given
on the location of a first order transition in 3-flavor QCD [33, 34], however, our current analysis rules out such a
transition for pseudo-scalar masses mps ≥ 75 MeV.

filled symbols: L = 32 a
( 8 fm )

open symbols: L = 16 a
( 4 fm )

mπ > 75 MeV

H0h
1−1/δχσ

z = t/h1/(βδ)

[S. Ejiri, F. Karsch et al., arXiv:0909.5122]
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Scaling analysis with the functional RG

advantages:
• both chiral limit and large quark masses accessible
• infinite-volume limit and small volumes accessible

previous work: (not exhaustive)

• scaling in the O(N) model  [N. Tetradis and C. Wetterich, Nucl. Phys. B422 (1994) 
541; O. Bohr, B.J. Schaefer, and J. Wambach, Int. J. Mod. Phys. A16 (2001) 3823; D. F. Litim and J. M. 
Pawlowski, Phys. Lett. B 516 (2001) 197; J. Braun and B. Klein, Phys. Rev. D 77 (2008) 096008, EPJ C 63 
(2009) 443.]

• d = 3 dimensions, no field-theoretical temperature
• analysis of the scaling region only (small symmetry breaking)

• scaling in the quark-meson model                                         
[B. Stokic, B. Friman, K. Redlich, arXiv:0904.0466]

• not for realistic pion masses or lattice volumes
8
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Questions

• What happens for realistic pion masses? 

• What happens for current lattice volumes?

• Are there additional finite-size effects?
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ΓΛ[ψ̄, ψ,σ,�π] =
�

d4x
�

ψ̄(i /∂ )ψ + gψ̄(σ + iγ5�τ · �π)ψ

+
1
2
(∂µσ)2 +

1
2
(∂µ�π )2 + UΛ(σ,σ2 + �π2)

�
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The quark-meson model
• a model for chiral symmetry breaking
• no gauge degrees of freedom

• chiral symmetry breaking: SU(2) × SU(2) → SU(2)           
as  O(4) → O(3) (meson sector)

• specify effective action for the model at initial scale Λ
• use functional Renormalization Group                    

(Wetterich equation) to obtain effective action                
[C.Wetterich, Phys. Lett. B 301 (1993) 90.]

�σ� �= 0
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Longitudinal Susceptibility χσ

• susceptibility χσ for small values of mπ < 0.9 MeV
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Abbildung 7.13: (a) Sigma-Suszeptibilität als Funktion von t, Mπ bei T = 0 liegt zwi-
schen 0.2 MeV und 0.9 MeV; (b) Reskalierte Sigma-Suszeptibilität als
Funktion von z Mπ bei T = 0 liegt zwischen 0.2 MeV und 0.9 MeV.
Das Maximum χres,max = 0.33 liegt bei z = 1.31.
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• apparent scaling for 
large quark masses
• differs from actual 
scaling function!
• sensitivity to quark 
mass larger than in QCD
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Infinite volume scaling in finite volume?
• rescaled susceptibility χσ H0 h1-1/δ in finite volume
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[P. Piasecki, J. Braun, and B. Klein (2010), 
arXiv:1008.2155]

• mπ = 75 MeV
• deviations from 

infinite-volume scaling 
for L < 6 fm

• effects probably 
weaker in lattice QCD
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Infinite volume scaling in finite volume?
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susceptibility χσ  ∼  L2

• quark effects for 
periodic boundary 
conditions in spatial 
directions
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Infinite volume scaling in finite volume?
• rescaled susceptibility χσ H0 h1-1/δ in finite volume
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[P. Piasecki, J. Braun, and B. Klein (2010), 
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• mπ = 48 MeV
• deviations from 

infinite-volume scaling 
for L < 10 fm

expect finite-volume effects in lattice QCD scaling analysis
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Abbildung 8.5: Reskalierte σ-Suszeptibilität in Abhängigkeit von z für verschiedene Vo-
lumina. Die Pionenmasse ist eingestellt auf für (a) 200 MeV,(b) 138 MeV,
(c) 75 MeV,(d) 48 MeV,(e) 30 MeV
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susceptibility χσ  ∼  L2

• quark effects for 
periodic boundary 
conditions in spatial 
directions
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Conclusions

• Scaling functions from the functional renormalization 
group for the analysis of the QCD chiral phase transition 

• Results from a model for the chiral phase transition

• Current quark masses used in lattice simulations lead to 
significant deviations from expected scaling behavior

• Current volumes used in lattice simulations lead to 
significant deviations
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