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Moyal space in Physics

Candidate for new Physics

Noncommutativity of space-time at Planck scale?

(]

(Doplicher et. al. '94)

Relation with Quantum Loop Gravity (Freidel Livine ‘06, Noui '08)

Effective regime of string theory (seiberg witten '99) and matrix
theory (Connes et. al. '98)

Models describing quantum Hall effect (polychronakos o1,...)
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1. Moyal space: a deformation quantization

@ Space of Schwartz functions f : RP — C
@ Deformed Moyal product:

1 . —
(F+8)() = gy [ 2y F(x+ gl + 2)e 20

e Limit 6 =0: (f xg)(x) = f(x)-g(x)
@ Extension to distributions: 1, x,;, x;x,...
— Moyal algebra My
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QFT with harmonic term on the Moyal space

1. Scalar theory on the Moyal space

@ Generic problem on noncommutative spaces: UV/IR mixing

(Minwalla Van Raamsdonk Seiberg '00)

@ Cured by harmonic term: renormalizable theory for 2 # 0
(Grosse Wulkenhaar '04): (AX/M = 2@;,}XV)

5[</>]=/ ( (0.0)% + 2~2 2+7¢2+>\¢*¢*¢*¢)
i

@ Covariant under Langmann-Szabo duality (Langmann szabo '02)
@ Rotational invariance at the quantum level if © is a tensor

(A.G. Wallet '09)

Vacuum solutions have been exhibited (a.c. Tanasa Wallet ‘08)
Asymptotically safe: 5 = 0 (Disertori Gurau Magnen Rivasseau '06)
Constructive version? (Grosse Wulkenhaar '09)

Other SolutionS: (Langmann Szabo Zarembo '04, Gurau Magnen Rivasseau Tanasa '08)
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QFT with harmonic term on the Moyal space
1. Associated gauge theory

o Effective action associated to the model with harmonic term:

(A.G. Wallet Wulkenhaar '07, Grosse Wohlgenannt '07)
4 (1 B 5 K
S = d X(ZFHV*FMV+Z{A;J,:Al/}*+§AM*AM>

where the covariant coordinate: Au =A,+ %}u and the
curvature: Fp, = 0,A, — 0, AL — i[Au, Al
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QFT with harmonic term on the Moyal space
1. Associated gauge theory
o Effective action associated to the model with harmonic term:

(A.G. Wallet Wulkenhaar '07, Grosse Wohlgenannt '07)
4 (1 B 5 K
S = d X(ZFHV*FMV+Z{A;J,:Al/}*+§AM*AM>

where the covariant coordinate: A, = A, + %}u and the
curvature: Fp, = 0,A, — 0, AL — i[Au, Al

@ Good candidate to renormalizability

@ Special vacuum: AO = _%}u (A.G. 07)

1+ﬁ(A C ALY %(A#*A,,)z)

5= / d4 A *x A+
@ Non-trivial vacuum solutions computed (A.c. Wallet Wulkenhaar '08)

] Ga Uge f|Xing (Blaschke Grosse Kronberger Schweda Wohlgenannt '07 '09)

@ Not Langmann-Szabo covariant
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2. Langmann-Szabo duality

@ Cyclic symplectic Fourier transformation:
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Langmann-Szabo
2. Langmann-Szabo duality

@ Cyclic symplectic Fourier transformation:
A 1 . 4
Bk = — [ dPxopa)ei
(0)=

where a € {1,...,4}: cyclic order of the impulsion

@ Properties of the Fourier transformation (derivation, Parseval
identity,...)

@ Quadratic part of the action:
1 92 m?
D_(L/ax\2 ~2 2 2\ _
[ ox(G 007 + 536 + 7-6?)
Logny 2 s m? .
D, (17252 k 712 2
[ Pk(GRE + S0k + ),

e Duality: S[¢;m, )\, Q] =Q%S {gﬁ o §7 %}
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Langmann-Szabo
2. Metaplectic representation

o Heisenberg algebra: h = R?P o R, w = (g %)

[(x,p,s), (v, q,t)] = (0,0,xZq + pLy)

@ Symplectic group acts on h

Sp(R?P,w) = {M € GL(R?P), MTwM = w}

o Metaplectic representation: p : Sp(R?P,w) — L(L%(RP))
Phase space transformations — Fields transformations

@ Goal: to see the Langmann-Szabo duality at the level of phase
space with p.
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2. Phase space transformations

(Bieliavsky Gurau Rivasseau '09, A.G. '10)
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@ Infinitesimal generator: Z = (Z 920 )
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Langmann-Szabo
2. Phase space transformations

(Bieliavsky Gurau Rivasseau '09, A.G. '10)
42
@ Infinitesimal generator: Z = 0 %X
> 0
o Corresponding operator: 2idu(Z) = —9% + Q*x?

Proposition (A.G.)

For M € Sp(R?P . w), the quadratic part of the Grosse-Wulkenhaar
action is covariant under u(M) < MZM=1 is of the form of Z,
aXx

0
namely (52 0 ) where a, 5 € R.
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Langmann-Szabo
2. Phase space transformations

(Bieliavsky Gurau Rivasseau '09, A.G. '10)

Y 0
o Corresponding operator: 2idu(Z) = —9% + Q*x?

42
@ Infinitesimal generator: Z = (0 92 Z)

Proposition (A.G.)

For M € Sp(R?P . w), the quadratic part of the Grosse-Wulkenhaar
action is covariant under u(M) < MZM=1 is of the form of Z,
aXx

0
namely (52 0 ) where a, 5 € R.

o Position space transformations O(D) N Sp(R”, ¥)
4
@ Langmann-Szabo duality with M = g <§)1 9611)
Action on h: M.(x,p) = (%p, gx)

Axel de Goursac Corfu, September 2010



3. Motivation for a grading symmetry

@ Scalar theory:

5= [ (306 o7 + 0P + ..

Langmann-Szabo duality exchanges the two terms (J, = x,,).

Axel de Goursac Corfu, September 2010



3. Motivation for a grading symmetry

@ Scalar theory:

5= [ (306 o7 + 0P + ..

Langmann-Szabo duality exchanges the two terms (J, = x,,).
e Gauge theory: F,, = @;l} —i[Au, Al

5= [ dtx(G AL ALY + AL AN+ )

Axel de Goursac Corfu, September 2010



3. Motivation for a grading symmetry

@ Scalar theory:

5= [ (306 o7 + 0P + ..

Langmann-Szabo duality exchanges the two terms (J, = x,,).
e Gauge theory: F,, = @;l} —i[Au, Al

5= [ dtx(G AL ALY + AL AN+ )

e Symmetry i[-, ], = {-, }+: grading

Axel de Goursac Corfu, September 2010



3. Motivation for a grading symmetry

@ Scalar theory:

5= [ (306 o7 + 0P + ..

Langmann-Szabo duality exchanges the two terms (J, = x,,).
e Gauge theory: F,, = @;l} —i[Au, Al

5= [ dtx(G AL ALY + AL AN+ )

e Symmetry i[-, ], = {-, }+: grading
@ We will exhibit a superalgebra and construct a differential
calculus adapted to this symmetry (a.c. Masson Wallet '10)

Axel de Goursac Corfu, September 2010



3. Motivation for a grading symmetry

@ Scalar theory:

5= [ (306 o7 + 0P + ..

Langmann-Szabo duality exchanges the two terms (J, = x,,).
e Gauge theory: F,, = @;l} —i[Au, Al

5= [ dtx(G AL ALY + AL AN+ )

e Symmetry i[-, ], = {-, }+: grading
@ We will exhibit a superalgebra and construct a differential
calculus adapted to this symmetry (a.c. Masson Wallet '10)

o leFerent interpretation (Buric Wohlgenannt 10, Buric Grosse Madore '10)
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3. The Moyal superalgebra

° A = Ag fas A%, where Ag = May, Aél) = My
o Product: for f = (fo, f1), g8 = (80, 81) € A,

f-g=(foxg+h*gi,foxg + f*go)

Unit: 1= (1,0)
Graded bracket:

[fag] = ([fo,go]* + {flagl}*ﬂ [angl]* + [fhgo]*)

@ Involution: f* = (fOJf, fT)
o Trace: Tr(f) = [ d*x fo(x)

— Moyal superalgebra Aj
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3. Differential calculus and scalar action

o Generators: &, = —3X,, M = 3Xu %
@ Lie superalgebra:

8" = (1, (0.1), (i€.,0), (0,i5u), (fn,w,o» C A}
(i€, 0).(0,i6,)] = 20, 1)
(0,78, 0, 6,)] = itimu,0)

o Graded differential calculus, for the algebra Aj, restricted to
the derivations (adg®)

df((’fuvo)) = (@uﬂ)»aufl) = auﬁ
df((0,i&,)) = (ix,fr, Oufo), df((0,1)) = (—2f,0)

@ Scalar action:

S =Tr (. 1d(, 8)@)I?) = J d*x(3(0.:0)° + (3.0)° + §62)



3. Interpretation of the Langmann-Szabo duality

Heisenberg algebra h — Lie superalgebra g* (ac. 10
o h=R*PeR  [(x,p,s),(y,q,1)] = (0,0,xEq + pLy)

Axel de Goursac Corfu, September 2010



3. Interpretation of the Langmann-Szabo duality

Heisenberg algebra h — Lie superalgebra g* (ac. 10
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[(0,€u), (0, i&)] = i(inpw, 0)

o Closure of (1, (0,1), (i§s,0), (0,i)) in A — g°
@ LS duality: action of Mon ) — M acts as a grading
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3. Gauge theory

@ Connections: derivation — gauge potential
(i€4,0) = (—iA%,0), . (0,i€,) — (0, —iAL)
(0,1) = (0,=¢). (M, 0) = (=G, 0)
o Simplification: ¢ =0, G, = 7, (compatible g.t.)
o Gauge transformations g € My with gl xg =g+ gl =1

(A{L)g :g*A{L*gT+ig*8ugT, for j=0,1

@ Curvature: (A, = Al —¢,)
Fou,01) = (—2045,0),  Fig, 0),(i,.0) = (Fuv,0),
F(0,i€,),(0,i€,) = (—'{A , AL}, 0)

e Gauge action: S =Tr <Za b |]:a,b|2)
— [ d*x (3@,, x Fuy + { Ay A)2 + 1884, 5 AM)
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Grading exchange is also a symmetry for gauge theory

Open questions:
@ Interpretation of Aj. As a deformation quantization?

(Bieliavsky A.G.)
@ Construction of spectral triples for Ag
@ Application of this procedure to other noncommutative spaces

@ Gauge fixing and renormalizability
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