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Université Catholique de Louvain

arXiv:1003.5788

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

Moyal space in Physics

Candidate for new Physics

Noncommutativity of space-time at Planck scale?
(Doplicher et. al. ’94)

Relation with Quantum Loop Gravity (Freidel Livine ’06, Noui ’08)

Effective regime of string theory (Seiberg Witten ’99) and matrix
theory (Connes et. al. ’98)

Models describing quantum Hall effect (Polychronakos ’01,...)
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

1. Moyal space: a deformation quantization

Space of Schwartz functions f : RD → C
Deformed Moyal product:

(f ? g)(x) =
1

πDθD

∫
dDydDz f (x + y)g(x + z)e−2iyΘ−1z

Θ = θΣ, Σ =


0 −1

1 0
0

0
0 −1

1 0
. . .


Limit θ = 0: (f ? g)(x) = f (x)·g(x)

Extension to distributions: 1, xµ, xµxν ,...
−→ Moyal algebra Mθ
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

1. Scalar theory on the Moyal space

Generic problem on noncommutative spaces: UV/IR mixing
(Minwalla Van Raamsdonk Seiberg ’00)

Cured by harmonic term: renormalizable theory for Ω 6= 0
(Grosse Wulkenhaar ’04): (x̃µ = 2Θ−1

µν xν)

S [φ] =

∫
d4x

(1

2
(∂µφ)2 +

Ω2

2
x̃2
µφ

2 +
m2

2
φ2 + λφ ? φ ? φ ? φ

)
Covariant under Langmann-Szabo duality (Langmann Szabo ’02)

Rotational invariance at the quantum level if Θ is a tensor
(A.G. Wallet ’09)

Vacuum solutions have been exhibited (A.G. Tanasa Wallet ’08)

Asymptotically safe: β = 0 (Disertori Gurau Magnen Rivasseau ’06)

Constructive version? (Grosse Wulkenhaar ’09)

Other solutions: (Langmann Szabo Zarembo ’04, Gurau Magnen Rivasseau Tanasa ’08)
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

1. Associated gauge theory

Effective action associated to the model with harmonic term:
(A.G. Wallet Wulkenhaar ’07, Grosse Wohlgenannt ’07)

S =

∫
d4x

(1

4
Fµν ? Fµν +

β

4
{Aµ,Aν}2

? +
κ

2
Aµ ?Aµ

)
where the covariant coordinate: Aµ = Aµ + 1

2 x̃µ and the
curvature: Fµν = ∂µAν − ∂νAµ − i [Aµ,Aν ]?.

Good candidate to renormalizability

Special vacuum: A0
µ = −1

2 x̃µ (A.G. ’07)

S =

∫
d4x

(κ
2
Aµ?Aµ+

1 + β

2
(Aµ?Aµ)2− 1− β

2
(Aµ?Aν)2

)
Non-trivial vacuum solutions computed (A.G. Wallet Wulkenhaar ’08)

Gauge fixing (Blaschke Grosse Kronberger Schweda Wohlgenannt ’07 ’09)

Not Langmann-Szabo covariant
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

1. Associated gauge theory

Effective action associated to the model with harmonic term:
(A.G. Wallet Wulkenhaar ’07, Grosse Wohlgenannt ’07)

S =

∫
d4x

(1

4
Fµν ? Fµν +

β

4
{Aµ,Aν}2

? +
κ

2
Aµ ?Aµ

)
where the covariant coordinate: Aµ = Aµ + 1

2 x̃µ and the
curvature: Fµν = ∂µAν − ∂νAµ − i [Aµ,Aν ]?.

Good candidate to renormalizability

Special vacuum: A0
µ = −1

2 x̃µ (A.G. ’07)

S =

∫
d4x

(κ
2
Aµ?Aµ+

1 + β

2
(Aµ?Aµ)2− 1− β

2
(Aµ?Aν)2

)
Non-trivial vacuum solutions computed (A.G. Wallet Wulkenhaar ’08)

Gauge fixing (Blaschke Grosse Kronberger Schweda Wohlgenannt ’07 ’09)

Not Langmann-Szabo covariant

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

1. Associated gauge theory

Effective action associated to the model with harmonic term:
(A.G. Wallet Wulkenhaar ’07, Grosse Wohlgenannt ’07)

S =

∫
d4x

(1

4
Fµν ? Fµν +

β

4
{Aµ,Aν}2

? +
κ

2
Aµ ?Aµ

)
where the covariant coordinate: Aµ = Aµ + 1

2 x̃µ and the
curvature: Fµν = ∂µAν − ∂νAµ − i [Aµ,Aν ]?.

Good candidate to renormalizability

Special vacuum: A0
µ = −1

2 x̃µ (A.G. ’07)

S =

∫
d4x

(κ
2
Aµ?Aµ+

1 + β

2
(Aµ?Aµ)2− 1− β

2
(Aµ?Aν)2

)
Non-trivial vacuum solutions computed (A.G. Wallet Wulkenhaar ’08)

Gauge fixing (Blaschke Grosse Kronberger Schweda Wohlgenannt ’07 ’09)

Not Langmann-Szabo covariant

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

1. Associated gauge theory

Effective action associated to the model with harmonic term:
(A.G. Wallet Wulkenhaar ’07, Grosse Wohlgenannt ’07)

S =

∫
d4x

(1

4
Fµν ? Fµν +

β

4
{Aµ,Aν}2

? +
κ

2
Aµ ?Aµ

)
where the covariant coordinate: Aµ = Aµ + 1

2 x̃µ and the
curvature: Fµν = ∂µAν − ∂νAµ − i [Aµ,Aν ]?.

Good candidate to renormalizability

Special vacuum: A0
µ = −1

2 x̃µ (A.G. ’07)

S =

∫
d4x

(κ
2
Aµ?Aµ+

1 + β

2
(Aµ?Aµ)2− 1− β

2
(Aµ?Aν)2

)
Non-trivial vacuum solutions computed (A.G. Wallet Wulkenhaar ’08)

Gauge fixing (Blaschke Grosse Kronberger Schweda Wohlgenannt ’07 ’09)

Not Langmann-Szabo covariant

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

1. Associated gauge theory

Effective action associated to the model with harmonic term:
(A.G. Wallet Wulkenhaar ’07, Grosse Wohlgenannt ’07)

S =

∫
d4x

(1

4
Fµν ? Fµν +

β

4
{Aµ,Aν}2

? +
κ

2
Aµ ?Aµ

)
where the covariant coordinate: Aµ = Aµ + 1

2 x̃µ and the
curvature: Fµν = ∂µAν − ∂νAµ − i [Aµ,Aν ]?.

Good candidate to renormalizability

Special vacuum: A0
µ = −1

2 x̃µ (A.G. ’07)

S =

∫
d4x

(κ
2
Aµ?Aµ+

1 + β

2
(Aµ?Aµ)2− 1− β

2
(Aµ?Aν)2

)
Non-trivial vacuum solutions computed (A.G. Wallet Wulkenhaar ’08)

Gauge fixing (Blaschke Grosse Kronberger Schweda Wohlgenannt ’07 ’09)

Not Langmann-Szabo covariant

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

1. Associated gauge theory

Effective action associated to the model with harmonic term:
(A.G. Wallet Wulkenhaar ’07, Grosse Wohlgenannt ’07)

S =

∫
d4x

(1

4
Fµν ? Fµν +

β

4
{Aµ,Aν}2

? +
κ

2
Aµ ?Aµ

)
where the covariant coordinate: Aµ = Aµ + 1

2 x̃µ and the
curvature: Fµν = ∂µAν − ∂νAµ − i [Aµ,Aν ]?.

Good candidate to renormalizability

Special vacuum: A0
µ = −1

2 x̃µ (A.G. ’07)

S =

∫
d4x

(κ
2
Aµ?Aµ+

1 + β

2
(Aµ?Aµ)2− 1− β

2
(Aµ?Aν)2

)
Non-trivial vacuum solutions computed (A.G. Wallet Wulkenhaar ’08)

Gauge fixing (Blaschke Grosse Kronberger Schweda Wohlgenannt ’07 ’09)

Not Langmann-Szabo covariant

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

2. Langmann-Szabo duality

Cyclic symplectic Fourier transformation:

φ̂(ka) =
1

(πθ)
D
2

∫
dDx φ(x)e−i(−1)aka∧x

where a ∈ {1, . . . , 4}: cyclic order of the impulsion

Properties of the Fourier transformation (derivation, Parseval
identity,...)

Quadratic part of the action:∫
dDx

(1

2
(∂xµφ)2 +

Ω2

2
x̃2φ2 +

m2

2
φ2
)

=∫
dDk

(1

2
k̃2φ̂2 +

Ω2

2
(∂kµφ̂)2 +

m2

2
φ̂2
)
,

Duality: S [φ;m, λ,Ω] = Ω2 S
[
φ̂, mΩ ,

λ
Ω2 ,

1
Ω

]
Axel de Goursac Corfu, September 2010
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(∂xµφ)2 +

Ω2

2
x̃2φ2 +

m2

2
φ2
)

=∫
dDk

(1

2
k̃2φ̂2 +

Ω2

2
(∂kµφ̂)2 +

m2

2
φ̂2
)
,

Duality: S [φ;m, λ,Ω] = Ω2 S
[
φ̂, mΩ ,

λ
Ω2 ,

1
Ω

]
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

2. Metaplectic representation

Heisenberg algebra: h = R2D ⊕ R, ω =

(
0 Σ
Σ 0

)
[(x , p, s), (y , q, t)] = (0, 0, xΣq + pΣy)

Symplectic group acts on h

Sp(R2D , ω) = {M ∈ GL(R2D), MTωM = ω}

Metaplectic representation: µ : Sp(R2D , ω)→ L(L2(RD))

Phase space transformations → Fields transformations

Goal: to see the Langmann-Szabo duality at the level of phase
space with µ.
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

2. Phase space transformations

(Bieliavsky Gurau Rivasseau ’09, A.G. ’10)

Infinitesimal generator: Z =

(
0 4Ω2

θ2 Σ
Σ 0

)
Corresponding operator: 2idµ(Z ) = −∂2 + Ω2x̃2

Proposition (A.G.)

For M ∈ Sp(R2D , ω), the quadratic part of the Grosse-Wulkenhaar
action is covariant under µ(M) ⇔ MZM−1 is of the form of Z ,

namely

(
0 αΣ
βΣ 0

)
, where α, β ∈ R.

Position space transformations O(D) ∩ Sp(RD ,Σ)

Langmann-Szabo duality with M = θ
2

(
0 4

θ2 1l
1l 0

)
Action on h: M.(x , p) = ( 2

θp,
θ
2x)
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

2. Phase space transformations

(Bieliavsky Gurau Rivasseau ’09, A.G. ’10)

Infinitesimal generator: Z =

(
0 4Ω2

θ2 Σ
Σ 0

)
Corresponding operator: 2idµ(Z ) = −∂2 + Ω2x̃2

Proposition (A.G.)

For M ∈ Sp(R2D , ω), the quadratic part of the Grosse-Wulkenhaar
action is covariant under µ(M) ⇔ MZM−1 is of the form of Z ,

namely

(
0 αΣ
βΣ 0

)
, where α, β ∈ R.

Position space transformations O(D) ∩ Sp(RD ,Σ)

Langmann-Szabo duality with M = θ
2

(
0 4

θ2 1l
1l 0

)
Action on h: M.(x , p) = ( 2

θp,
θ
2x)

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

2. Phase space transformations

(Bieliavsky Gurau Rivasseau ’09, A.G. ’10)

Infinitesimal generator: Z =

(
0 4Ω2

θ2 Σ
Σ 0

)
Corresponding operator: 2idµ(Z ) = −∂2 + Ω2x̃2

Proposition (A.G.)

For M ∈ Sp(R2D , ω), the quadratic part of the Grosse-Wulkenhaar
action is covariant under µ(M) ⇔ MZM−1 is of the form of Z ,

namely

(
0 αΣ
βΣ 0

)
, where α, β ∈ R.

Position space transformations O(D) ∩ Sp(RD ,Σ)

Langmann-Szabo duality with M = θ
2

(
0 4

θ2 1l
1l 0

)
Action on h: M.(x , p) = ( 2

θp,
θ
2x)

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

2. Phase space transformations

(Bieliavsky Gurau Rivasseau ’09, A.G. ’10)

Infinitesimal generator: Z =

(
0 4Ω2

θ2 Σ
Σ 0

)
Corresponding operator: 2idµ(Z ) = −∂2 + Ω2x̃2

Proposition (A.G.)

For M ∈ Sp(R2D , ω), the quadratic part of the Grosse-Wulkenhaar
action is covariant under µ(M) ⇔ MZM−1 is of the form of Z ,

namely

(
0 αΣ
βΣ 0

)
, where α, β ∈ R.

Position space transformations O(D) ∩ Sp(RD ,Σ)

Langmann-Szabo duality with M = θ
2

(
0 4

θ2 1l
1l 0

)
Action on h: M.(x , p) = ( 2

θp,
θ
2x)

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

2. Phase space transformations

(Bieliavsky Gurau Rivasseau ’09, A.G. ’10)

Infinitesimal generator: Z =

(
0 4Ω2

θ2 Σ
Σ 0

)
Corresponding operator: 2idµ(Z ) = −∂2 + Ω2x̃2

Proposition (A.G.)

For M ∈ Sp(R2D , ω), the quadratic part of the Grosse-Wulkenhaar
action is covariant under µ(M) ⇔ MZM−1 is of the form of Z ,

namely

(
0 αΣ
βΣ 0

)
, where α, β ∈ R.

Position space transformations O(D) ∩ Sp(RD ,Σ)

Langmann-Szabo duality with M = θ
2

(
0 4

θ2 1l
1l 0

)
Action on h: M.(x , p) = ( 2

θp,
θ
2x)

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

2. Phase space transformations

(Bieliavsky Gurau Rivasseau ’09, A.G. ’10)

Infinitesimal generator: Z =

(
0 4Ω2

θ2 Σ
Σ 0

)
Corresponding operator: 2idµ(Z ) = −∂2 + Ω2x̃2

Proposition (A.G.)

For M ∈ Sp(R2D , ω), the quadratic part of the Grosse-Wulkenhaar
action is covariant under µ(M) ⇔ MZM−1 is of the form of Z ,

namely

(
0 αΣ
βΣ 0

)
, where α, β ∈ R.

Position space transformations O(D) ∩ Sp(RD ,Σ)

Langmann-Szabo duality with M = θ
2

(
0 4

θ2 1l
1l 0

)
Action on h: M.(x , p) = ( 2

θp,
θ
2x)

Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. Motivation for a grading symmetry

Scalar theory:

S =

∫
d4x

(1

2
(i [ξµ, φ]?)2 +

Ω2

2
({ξµ, φ}?)2 + . . .

)
Langmann-Szabo duality exchanges the two terms (∂µ � x̃µ).

Gauge theory: Fµν = Θ−1
µν − i [Aµ,Aν ]?

S =

∫
d4x

(1

4
(i [Aµ,Aν ]?)2 +

β

4
({Aµ,Aν}?)2 + . . .

)

Symmetry i [·, ·]? � {·, ·}?: grading

We will exhibit a superalgebra and construct a differential
calculus adapted to this symmetry (A.G. Masson Wallet ’10)

Different interpretation (Buric Wohlgenannt ’10, Buric Grosse Madore ’10)
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. The Moyal superalgebra

A•θ = A0
θ ⊕ A1

θ, where A0
θ =Mθ, A1

θ =Mθ

Product: for f = (f0, f1), g = (g0, g1) ∈ A•θ,

f ·g = (f0 ? g0 + f1 ? g1, f0 ? g1 + f1 ? g0)

Unit: 1l = (1, 0)

Graded bracket:

[f , g ] = ([f0, g0]? + {f1, g1}?, [f0, g1]? + [f1, g0]?)

Involution: f ∗ = (f †0 , f
†

1 )

Trace: Tr(f ) =
∫
d4x f0(x)

→ Moyal superalgebra A•θ
Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. The Moyal superalgebra

A•θ = A0
θ ⊕ A1

θ, where A0
θ =Mθ, A1

θ =Mθ

Product: for f = (f0, f1), g = (g0, g1) ∈ A•θ,

f ·g = (f0 ? g0 + f1 ? g1, f0 ? g1 + f1 ? g0)

Unit: 1l = (1, 0)

Graded bracket:

[f , g ] = ([f0, g0]? + {f1, g1}?, [f0, g1]? + [f1, g0]?)

Involution: f ∗ = (f †0 , f
†

1 )

Trace: Tr(f ) =
∫
d4x f0(x)

→ Moyal superalgebra A•θ
Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. The Moyal superalgebra

A•θ = A0
θ ⊕ A1

θ, where A0
θ =Mθ, A1

θ =Mθ

Product: for f = (f0, f1), g = (g0, g1) ∈ A•θ,

f ·g = (f0 ? g0 + f1 ? g1, f0 ? g1 + f1 ? g0)

Unit: 1l = (1, 0)

Graded bracket:

[f , g ] = ([f0, g0]? + {f1, g1}?, [f0, g1]? + [f1, g0]?)

Involution: f ∗ = (f †0 , f
†

1 )

Trace: Tr(f ) =
∫
d4x f0(x)

→ Moyal superalgebra A•θ
Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. The Moyal superalgebra

A•θ = A0
θ ⊕ A1

θ, where A0
θ =Mθ, A1

θ =Mθ

Product: for f = (f0, f1), g = (g0, g1) ∈ A•θ,

f ·g = (f0 ? g0 + f1 ? g1, f0 ? g1 + f1 ? g0)

Unit: 1l = (1, 0)

Graded bracket:

[f , g ] = ([f0, g0]? + {f1, g1}?, [f0, g1]? + [f1, g0]?)

Involution: f ∗ = (f †0 , f
†

1 )

Trace: Tr(f ) =
∫
d4x f0(x)

→ Moyal superalgebra A•θ
Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. The Moyal superalgebra

A•θ = A0
θ ⊕ A1

θ, where A0
θ =Mθ, A1

θ =Mθ

Product: for f = (f0, f1), g = (g0, g1) ∈ A•θ,

f ·g = (f0 ? g0 + f1 ? g1, f0 ? g1 + f1 ? g0)

Unit: 1l = (1, 0)

Graded bracket:

[f , g ] = ([f0, g0]? + {f1, g1}?, [f0, g1]? + [f1, g0]?)

Involution: f ∗ = (f †0 , f
†

1 )

Trace: Tr(f ) =
∫
d4x f0(x)

→ Moyal superalgebra A•θ
Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. The Moyal superalgebra

A•θ = A0
θ ⊕ A1

θ, where A0
θ =Mθ, A1

θ =Mθ

Product: for f = (f0, f1), g = (g0, g1) ∈ A•θ,

f ·g = (f0 ? g0 + f1 ? g1, f0 ? g1 + f1 ? g0)

Unit: 1l = (1, 0)

Graded bracket:

[f , g ] = ([f0, g0]? + {f1, g1}?, [f0, g1]? + [f1, g0]?)

Involution: f ∗ = (f †0 , f
†

1 )

Trace: Tr(f ) =
∫
d4x f0(x)

→ Moyal superalgebra A•θ
Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. The Moyal superalgebra

A•θ = A0
θ ⊕ A1

θ, where A0
θ =Mθ, A1

θ =Mθ

Product: for f = (f0, f1), g = (g0, g1) ∈ A•θ,

f ·g = (f0 ? g0 + f1 ? g1, f0 ? g1 + f1 ? g0)

Unit: 1l = (1, 0)

Graded bracket:

[f , g ] = ([f0, g0]? + {f1, g1}?, [f0, g1]? + [f1, g0]?)

Involution: f ∗ = (f †0 , f
†

1 )

Trace: Tr(f ) =
∫
d4x f0(x)

→ Moyal superalgebra A•θ
Axel de Goursac Corfu, September 2010



QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. Differential calculus and scalar action

Generators: ξµ = −1
2 x̃µ, ηµν = 1

2 x̃µx̃ν
Lie superalgebra:
g• = 〈1l, (0, 1), (iξµ, 0), (0, iξµ), (iηµν , 0)〉 ⊂ A•θ[

(iξµ, 0), (0, iξν)
]

= iΘ−1
µν (0, 1)[

(0, iξµ), (0, iξν)
]

= i(iηµν , 0)

Graded differential calculus, for the algebra A•θ, restricted to
the derivations (adg•)

df ((iξµ, 0)) = (∂µf0, ∂µf1) = ∂µf ,

df ((0, iξµ)) = (i x̃µf1, ∂µf0), df ((0, 1)) = (−2f1, 0)

Scalar action:
S = Tr

(∑
a |d(φ, φ)(a)|2

)
=
∫
d4x

(
3(∂µφ)2 + (x̃µφ)2 + 4

θφ
2
)

Axel de Goursac Corfu, September 2010
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. Interpretation of the Langmann-Szabo duality

Heisenberg algebra h → Lie superalgebra g• (A.G. ’10)

h = R2D ⊕ R [(x , p, s), (y , q, t)] = (0, 0, xΣq + pΣy)

Extension: h̃ = C2D ⊕ C⊕ C

[(x , p, s, a), (y , q, t, b)] = (0, 0, xΣq + pΣy , iθxΣy + iθpΣq)

Realization in A•θ as a Lie algebra:
(x , p, s, a) 7→ xµ(iθξµ, 0) + pµ(0, iθξµ) + s(0, iθ) + a1l

Superization: take the graded bracket in A•θ

[(0, 1), (0, 1)] = −21l, [(0, iξµ), (0, 1)] = 2(iξµ, 0),

[(0, iξµ), (0, iξν)] = i(iηµν , 0)

Closure of 〈1l, (0, 1), (iξµ, 0), (0, iξµ)〉 in A•θ → g•

LS duality: action of M on h → M acts as a grading
exchange between (iξµ, 0) and (0, iξµ)
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

3. Gauge theory

Connections: derivation → gauge potential
(iξµ, 0)→ (−iA0

µ, 0), (0, iξµ)→ (0,−iA1
µ)

(0, 1)→ (0,−ϕ), (iηµν , 0)→ (−iGµν , 0)

Simplification: ϕ = 0, Gµν = ηµν (compatible g.t.)

Gauge transformations g ∈Mθ with g † ? g = g ? g † = 1

(Aj
µ)g = g ? Aj

µ ? g
† + ig ? ∂µg

†, for j = 0, 1

Curvature: (Aj
µ = Aj

µ − ξµ)

F(0,1),(0,1) = (−2iA0
µ, 0), F(iξµ,0),(iξν ,0) = (Fµν , 0),

F(0,iξµ),(0,iξν) = (−i{A1
µ,A1

ν}?, 0)

Gauge action: S = Tr
(∑

a,b |Fa,b|2
)

=
∫
d4x

(
3Fµν ? Fµν + {Aµ,Aν}2

? + 168
θ Aµ ?Aµ

)
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QFT with harmonic term on the Moyal space Langmann-Szabo duality Superalgebraic interpretation

Conclusions and perspectives

Mathematical formalism for both scalar and gauge theories

Differential calculus (g•) comes naturally from h

Langmann-Szabo duality: grading exchange

Grading exchange is also a symmetry for gauge theory

Open questions:

Interpretation of A•θ. As a deformation quantization?
(Bieliavsky A.G.)

Construction of spectral triples for A•θ
Application of this procedure to other noncommutative spaces

Gauge fixing and renormalizability
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