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ot = AHL Y+ ot
Expand
/\“V=5“V-|-)\“y—|-(9(/\2).

Note metric (— +...4). Algebra
(2101 M po]] = 0 o)~ 1] — oM ) 110 M )
Differential operators

L[,OO'] = mpag' — .’:Ug‘ap .
Act on scalars with

UN) = e_%)‘paL[Pal .
Using rule ¢(x) = ¢/(2') gives
¢'(z) = ¢''(z) = U(N)¢'(z) = ¢"(Ax).

More general

Mo = Lipo) L+ myp0)




Generic infinitesimal

5¢'(x) = €A 49 (x)

(constant parameters).

Transformation of Lagrangian:

. 5L .
Leads to conserved currents
oL

R

Aot + Kh At 4~ 0.




IV (x) = OV (z) = mW(z).

{79} =4 At =29
Lorentz transformations generated by
M = 3 [y, 4],

which satisfies Lorentz algebra.

For actions we need
U =wig=wliy0,

such that spinor bilinears can be formed tha
are Lorentz invariants:

SW = —INE W U = AT,




3. Chifford algebras and spinors

m Determines the properties of
- the spinors in the theory
- the supersymmetry algebra

® We should know

- how large are the smallest spinors 1n each
dimension

- what are the reality conditions

- which bispinors are (anti)symmetric
(can occur 1n superalgebra)



Some extra important choices:

AHT = A O0yHA0

i.e. Hermitian for spacelike.

For even dimension, define

—)" oy ovpo1,

which satisfies vz = 1.
E.g. D=4 v =iy717273-

Projections

P =31+ ), Prp=5(1 — 7).

1 1
bt = it bl eg. ="M=,

012(D—1) __
€012(D—1 012(0-1) = 3




0(€)p(x) = ev(x)

Thus, to see what is possible, we have to know the
symmetry properties of bi-spinors




| D (mod 8)

tr:—l tfr:-l—].

depending only on D and

C i1s a matrix such that C~yq...u, are
all symmetric or antisymmetric,

S\’Yul...,urX = TrX Vg por A

O 0,3 2,1
0,1 2,3

1 0,1 2,3
0,1 2,3

1,2 0,3

1,2 0,3

r. 1,2 0,3
2,3 0,1

5 2,3 0,1
6 2,3 0,1
0,3 1,2

4 0,3 1,2

Since symmetries of spinor bi

nears are important for

supersymmetry, we use

the Majorana conjugate to define ..




i = b e N D(009) o= 1ty = 53




A = g, Ao = Mg, .

Note that C,3 are components of ¢
and C* of C7T.

Translations:

X VA = Xa(’m)ozﬁ)\ﬁa

(Vu)ag = (Vu)a’Cyp

Have symmetry —t;.




Complex conjugation can be replaced by charge
conjugation, an operation that acts as complex conjugation
on scalars, and has a simple action on fermion bilinears.
For example, 1t preserves the order of spinor factors.
In fact complex conjugation uses

B = itgC~P°

We use

AC = Bha, ()¢ =B 5B = (—tot1)w
It works like this:

(RMA)* = (XMN)C = (—tot1)xCMENC




see e.g.: AVP: ‘Tools for supersymmetry’, hep-th/ 9910030




Majorana:

D=4 mod 4

(Prp)C = Prep, (Prp)© = Pry










Couple to
W(z) = V(z) = W@y (g).
Due to

Ay(z) — A"u(zc) = Au(z) + 0,0(x) .

with covariant derivatives

DV (z) = (0 — igAu(z))WV(x),
Field strengths couple to currents
a"LF‘uy — _Jy, FHJV = auAy — ayAu,

Typical action

S[A,, U, W] = /dD:L' 1Py — U(yFDyy — m)W



Bianchi identities
Equations of motion

G~ =(CH+IDf)F =(C+IiDf)(A+iBf)~

if = (C+iDf)(A+iBf)~!




_ C
[tAatB] — fAB t

A =204, + 4,54, fpc?

[64(c1),85(e)] = b (Bet fan®)
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Field equation

_81/\Tju’7uyp6\up

_5\ij’)/uypay \UM







YH(OuWy — oW y,) =0
auge fix
Y'W; =0
Evaluate field equations v =0 and v =1
Wo(Z,0)
AL
Y'W,(Z,0)
o'W, (Z,0)

D
Hence 2[5](D — 3) initial components.






1
ePrx, —€ePprx,

V2

1 1 _ =
QPL(@Z + F)e, EPR(C%Z + F)e

_ 1 _
e dPr X EG JPrx

A 1 A
[01,02] | Prx | = —5517” €0y | Prx
F F

Skin = | d*z[-81Z8,Z — XdPrx + FF

Sp = [ d*alFW'(2) - SXPLW"(2)x
S = Skin T O + OF




0(e)p(x) = ep(z) = " Qap(x)
— Qad(x) = Yo(x)

6(e1)6(en) = €7

ege%

(5
[6(e1), 6(e2)] = 56§ QaQs — ¢5e5QQa
= &¢§ (QaQp + QpQa)




4 1 A A 17A A 1 HWAnRA
[ d* [~4F AR, — XA Duat + 4DADA]

e’yu)\A
[_Z’Ypa po T %W*DA} €
Layy DAt DM = 9,0 + 294,854
= 9,0° +0°A, P fpct
= 0“N\Bfpc?,
— QCDBfBCA




Full theory

S = Sgauge + Smatter + Scoupling + Sw + S5 -

Smatter

Scoupling

Sp

SF
Modified chiral multiplet

1
57 ——_ePrx,
5 LX
1
oPLx EPL(’Y“DLLZ + F)e,
1
§F — PRy Dyx — EPRAMAZ

V2




Notation left-right

Qi = PrQ;, Q' = PrQ".

Algebra:

{Q’iaa Qjﬁ} — _%65(PL’YM)O£/8PHJ ’
{Qiaa Qf = 0,
[M[p,y]a Qia| = _%('Yw/)aﬁQzﬂ )
[P;Lh Qza] 0

_%5§(PR’Y/J.)0¢BP“;

= 0,

_%(’Yuv)aﬁQ%,
0.
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P— 1 6 1 T+1
N =1 P— Y I 1 B4l d+4
ER— T 1 T
N =5 Smax = 3,2 1 Bl 1045 10 410
Smax = 2 B I5+1 20+6 15416
N =6 Smax = 3/2 1 6 15 20
N =7 PR ¥l 17 BT BT .
N =5 PE— - 3 7 70




1ffere etry
IS, Ve Ors

General coordinate transformations

dp(x) = ¢'(x) — ¢(x) = Lep = EHOue,
SUM(z) = UM(x) — UM(x) = LUM = EPO,UH — (8,6MU”,
dwy(x) = wL(:r) —wu(z) = Lewy = EPOpwy + (0u&P)wp
STH(x) = TU(r) — TH(r) = LTl = E°0,T — (9pE")TE + (D,67)T)



1
wP) = —Wpypipeppdatt A dzH2 AL datP

1

dw(P) = Eﬁuwulm..ﬁpdx” ANdxFr AdxH2 AL daHP




g () = e%(x)ngpel,(x)

£ e le etlef2
L1121 D aijaz---ap-pu1 =4

T he local Lorentz basis of 1-forms is

e = ey, (z)dz"




£,,(P) _ 1 (4D
wP) A WP = 21;/d T/ —gwh T HPw







Apypn = Fpqopng = (7 + 1)8[M1Au2---un+1

or,,. F 0

(1t oty g0] =

OMLE . piyq = O

EFHL1--HD—n—1 = 8#1---NDFMD

- (n41)!

—n—2---HD







vV,VP = 0,VF+ I‘ﬁVV”,

VW OV — I‘ﬁVVp,
Lorentz covariant derivatives on objects with
rame indices

D,V® = 9,V*+ w,% VP,
DuUa — 8[,LUCL — Ub(duba —_ 8[,LUCL —I— (.Uu,a,bUb,
Dy OuTap — Tepwpa — Tacwup -

On fermions and on mixed quantities

D[JJ\'UV — (8/1, _I_ %wuab’yab) WI/ s
VMWV — D‘U,WV — I_f”/\ljp .




Vielbein postulate

Torsion is 2x antisymmetric part of I.
In form language

de® + wi A eb =T9, Mo, =10, = Tl
Relations:

wﬂab(e) + Kyjab,
26’/[‘18[“6”]17] — ey[aeb]gew@yegc,

1
5Tl = Tiwplp + Tipppw) »
rﬁy(g) — K’
%gpa(a,ugay + 8vg,ua — 809/,1,1/) .




8uwyab — 8]/(4)”01[) + w“acwycb — w;/acwucb
T T
Ol Ly — QT Ly +T0 T — 6T

vT' uo

Acting with V, on

a __ a

and antisymmetrizing, gives

RMVPJ — R,uua,beapeo




®'(x) and g,(x)

are variables in the

supergravity action




Symmetries are defined from

5(0)¢" = 04k A"($)
Each k4* is a vector field that satisfies
(for invariance of the action)

Vikia+Vkia =0, kia = 9ijk)y , Vikja = 3i’€jA—r%(g)kkA

(We assume torsionless connection here).




S
L

/dDw\/— detg ( QQ“VRW(Q) + L)
_§gl~“/a”¢ay¢ — ZgﬂngUFMVFpO.

R(g) is first derivative in '(g) and thus second
order in guuv.
Einstein field equations

1

2
1

— —guyR == ’{'2T[,LI/ ,

O0(v/—detglL)

B} v—detg

dghV

— auﬁbayﬁb + F,uvap + g,uvL



R(w(e)) second order.
Note v, = equy® or y# = eh~a.

Calculations simplify due to




e% and wy,® independent.
Without fermionic part: field equation of w
would give w = w(e).

Now we get

T = %"32\1} Yab W = —2K" 4.

This implies that first order leads to torsion.
Rewrite Lagrangian with torsion to torsionless
second order form:
1 1 I 1 _ _
— 5/dD:z:e [—QR(g) — WUAHV W 4 1—61432(\U7u,,p\|!)(\llfy“’/p\|!) :
K

In principle a physical effect!




9. N=1I pure supergravity in 4
dimensions

m Local ?
m N=I supergravity in D=4 only frame field and gravitino.

® We need 1n general a specific type of spinor.
Here Majorana.

m First part of calculation 1s universal.

m The approach below 1s most easily extended to
N>2, D=4 and to higher dimension,
while the superconformal approach 1s better suited to the
derivation and understanding of matter couplings.



52 1+ 53/2,
1
— / dPze ea“eb'/Rw,ab(w)

Due(ac) = Oue + %wuabq/abe.

Later group theoretical argument.

First consider without torsion: w = w(e).




Linear terms in 1, are universal:
rame field variation of S5
and the gravitino variation of 53/,

1
555 (ebVRw,ab — EGGMR) deH
1

1 [ 5 _
?/d xTe (Ry,y — Egp,yR) (_e,y,qu) .

5S _ _1 dP —B HYp
3/2 2 Leeuy v¥Pp
1 5
?/d zeey*"'P DDy,

1 _
> f dPze EWMVpRuvabfYa’bwp :



1 —
553/2 = T 8R2 f dPze (¢u’YWP’Yab¢p)5wvab-

Leads to

Taby — %'@Zafyywb + %"Zﬂ’yuupab@bp .
For D = 4:
1 _
S = ﬁ/dzlwe [R(e) - T,bu’Yuprva + £SG,torsion] 3
1 - — _ _ _
LsG torsion = ~ ¢ |V V) Dprutbn + 200mb) — A(Tyy - ) (D - )
with torsion-free connection

Dby = Ovtpp + %wuab(e)’)’a%p .




. complete and invariant under

Dye = 0ue + %wuab’yabe,
Wyab = Wyab(€) + K ap
Kuvp —%(Jﬂ’)’pd)y — Yoyt + Yprtu) ,
Structure of the proof 7

First, third and fifth order in gravitino.
Looks too difficult.
Computer?

First order formalism: no fifth order
but one needs a rule for dw.

Intermediate: really 2nd order, but use trick




0S[e, w(e)+K, ¢¥] = /dDm [i—ide + 2—55(00(6) + K) + g—i&/) :

+ | can be neglected in the variation of the action
if | takes the value ! (e,A) determined by its field equation.




Rewrite using

abcd,y*,y ” ,Yw/p — _ie—la,u,upa,y*,yg

i _
S3/2= 5,5 | A2 P Burra Dty

Frame field occurs less:
(only in ~5.)

Still a lot of calculations,
Fierzing and geometry with torsion.
3 pages in book.




[61,02] €, = Du&”,
On the other hand
bgey, = EPOpey, + Outley .

Using Vpe,‘f; = 0 we get

VuEPel — Pwp el + EPTpu" EPTpu® = 2(EPPp) Y Py -

Aab = ‘gpwpaba







10..D=11 supergravity

m Extensions after N = 1, D=4:
- couple to chiral and gauge multiplets
- extended susy

- higher dimensions
m E.g. D=10: low-energy limits of string theory

m In general complicated, but D=11 (largest one)
1s simple
m Reduces to N =8, D=4






u:O7172737
i =4,5,6,7,8,9,10




D=11sin2] soinl [ 5in0 |




1 — 1
S pumm— —2"%2 f dlliL‘e |:ea"u'ebVR#Vab - w“’Y#VpDV"’bp - iF’LDPJFMyﬁJ _I_ . .

662
61y

- a
w# )
D,J,G + (CL ,_YOUB"Y(S _|_ b,}/ﬂ’}’(scsa) ozﬁ*‘yfse
—CEVWY,) = —§c e(Yup + Ywpu + Youtbv) .

Check algebra

[01, 52]A,ur/p — ——C

First term 0, Auup IS the spacetime translation.
Remainder: 0., = —€17%e2Aspv, as before:
— ¢2=9/8.

251’)/ ex2Fopvp -




1 _ 1
=55 / dilze [ea“eb”Rumb = Py Dutpp — — FMP Fpo +

effective supercurrent.

V2
T" = 5o (VP Fapys + 129 Fag? ) 1.

Add term —i,JV.

Leads to 6S o eF F.

Also from metric in S = F'F, and

1 g ,,8’ 15,0{6’75[)[1,1/

32-144
4

3v2-32-144

Gq/y'ulpr lﬁl I6IFa675,

Il st
805 /8 Y 0 aﬁ’Y&puy(éAuyp) FaIBI,YIglFa,@»Y(S ]




4
 3v2.32.144
his suggests to add a term in the Lagrangian
of the following form to cancel this variation:

!l IS/
80! )8 8 1) aﬁ’Y(SPMU(éAHVp) Fa’)@’f}/’é"FaﬁfY(s

V2
- (144k)2

_ _£ [F® A P@® A A,
K

VN
Sc_s /dlliﬁ e B'y'6 (1413’75#1!//0Fa;}Bf,Y/(S/FanY(SAp,Up )

Chern-Simons term ! See:
fF(4) ANFA A AG) = / 2d6A)I A FB A AR 4 PO A FE) A 54G3)]
— 3 / FAF® A543

No other variations ! Gauge invariant.




Further: transformation laws ‘covariant’.
Like covariant derivatives: transform without
derivative on e.

Fw/pcr = 48[”.4,/[30] -|— %\/5’;5[#’)/;401,00] .
§F' has no due. In action:

1 — - 1
S = —]dllxe {e““ebVR}umb(w) — wufy“Vpr(%(w—l-w))wp — —FMYPOF 00

52 24
V2 F
_ 172% (,Yaﬁ’ydvp + 12,),045971/959) ¢p(Fa675 -+ Faﬁ,ﬂs)
— 2\/5 Ea'ﬁ’*y’c?’aﬂ*y(?uupF 1301 87
(144)2 e

Such that field equations are covariant. E.g.

V2 ~HVP
288

FaﬁngA/,wp] :

D@y Y20 (50510, P I355) g = .




[562(51): 5@(62)] = Sgct (&M 4+, (A)+0(e3)+04(0) |
with
&'NJ T %62’7/“617

1 N .
\ab  — _gud}uab 4 288\/551 (,YabuvpoFqua 4 24,YMVFa,bpv) €

—fﬂlb,u y
_prppw + %\/551')%1/62 -

On the gravitino only if its field equations are satisfied.

See central charges.
Terms with 6.7 e, and &M O)¢s.
Non-vanishing in BPS M2 and M5 brane solutions.




1 T. General gauge theory

m For matter-coupled theories we need more
advanced methods.

m Sharpen knives and refine and extend concepts
used before.
Formalize manipulations, covariant derivatives.

m Will see how postulated supergravity
transformations are determined by Poincare
supersymmetry algebra.









5(€) = €Ty,
Ty operator,

can in Hamiltonian be defined by Poisson brackets.
First linear:

Tad' = —(ta)'j¢’, [ta,ts] = fap“tc.
Transformations act on fields !l

5(e1)d(e2)¢’ = €/Tueh [—(tp)';¢]

etes (—tp) jTag’
ered (—tp)'j(—ta) po".
Leads to
(T4, Tg] = fas“Tc,
T4 is more general notation.

W*in a complex representation of a compact symmetry
group, their conjugates W,, and fields ¢” in the adjoint:




Similar: (remember = ;= SV

MW (z) = =Ly + 57w) V(@)




®and T4 — Qa.

5(e) = e€Qp = Q).

From

1 1
0 = EEPLX - Qosd = E(PLX)Q{ .
Commutator:
[5(e1),8(e2)] = (E2)7(F1)* (QuQs + Q5Qq)
We write
{Qa,Qﬁ} = faﬁOTC'
E.g. we found
[6(e1),8(e2)] = —3E1Hea Py = deoyte1 Py = ——62(7 ) Ba€1 Pu
Leads to
{Qoz, QB} — __(’Y )ozﬁpllfa — faﬁu — __(’Yu)aﬁ — fﬁa .

Thus: for bosonic and fermionic symmetries

[6(e1),0(ex)] = 8(e§ = Bei' fap®)



Not linear

Tag" = kY4(9) -

with k4 = jgl(gb)a%i:

[ka, kgl = fap®kc




generic gauge symmetry
1A

local translations Py,

Lorentz transtormations My,
Supersymmetry Qq

Internal symmetry T4







6S

[6(e1), 8(e2)] ¢° = susy algebra 4 7' (e1, ) 54




A covariant quantity is a local function that transforms

under all local symmetries with no derivatives of a
transformation parameter.







Remark as intro

RMV(PG’) — 28[ueu]a —+ 2w[ua’beu] — %’gzuq/a":’by = 0.




Poincaré on scalars

5(a, N)p(x) = [0y — SNV L] o(2) = [0 + M) Oue(a) = £(2)dud(a

Orbital part can be included in £#(x).
Is change of basis from a*(z) and \%(z) to

Eh(z) = at(x) + MY (2)zy and A%0(2).
spinors: global

5(a, VW (@) = [a" + N*2y] 0uW (2)+— A7 W (@)

— A" (@) YV ()

5(&N)Vu(z) = €Y(2)8Vu(x) + Vi(2)due¥ (z)
5(E,N)Va = M(2)0uVa(z) + Vy(2)A\0a(x).




cgct(‘f) — 5gct(f) — 5(§“B/J,)













Haag-Lopuszanski-Sohnius, 1975

BPS bound

BPS states




T, Qai 1 = (Ua)dQaj (T4, Q4 1= (Uyn)
(Up); = ((UA)ji) ‘

(Ua)d = —(Ua); = - ((UA)ji)*










m deformations and gauged supergravities



Strathdee, 1987


































= —3Mp R+ PuR" + LG torsion]
—gi’ [M3(8,2')(8"2) + X; PX' + X' Pxi]
+(Re fas) [~3F F"7 — 33 PA7]
+2i(Am fop) [E F*7 = 8y (X057 M%) ]
—Mp2e" [-3WW”" + (D'W)g ™ (D;W™)]
—L(Re f) 1P, Py
+5(Re fap)Puy™ (Fy, + Fg,) v\
+{Mpyg;' J@(Bzﬂ )’f”""xz + P [3IAEPa + xiY M ‘*D‘W]

(D'!-IJ W ) X-;,XJ J(IﬁXITPH F’T—ﬂt A

—2Mp&a'gi’ A"X;
FIMEY3H(DIW)g™ Y fasi MG NG
—iMp fogbr -vxiA] =+ ey NNy h.c..}

+jS (%E_lgpywﬁzﬁ’fﬂt l%b#xj lﬁbﬁxi'
+M1:2 ( o 29= gﬂ .....
+EMp? ((Re Fas) X5 A7)
1 M_E ﬂﬁxu/\ﬁg_l,;jf-rngL)\%
+§(Re £ BME2 (o XA = Farnid®NT) (F1300° = Fosi XA




SR+
+1am Ny )FLFd

—L(Re N7)eM P F. Fo,
—%guvDu(Pu DFe" =V
{=0uiv"P Doy’




