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Overview

AdS/CFT correspondence provides a fascinating link between conformal quantum
field theories without gravity and string theory with (both classical and quantized)
gravity

Major (recent) activities:

© Integrability in AdS/CFT: Spectral problem solved (?)

@ Scattering amplitudes in maximally susy Yang-Mills, relation to light-like Wilson
loops and dual superconformal symmetry

© Novel well understood AdS,;/C FTs duality pair: 1IA strings on AdSy x CP3
dual tO max Susy 3d Chern—SimonS theory [Aharony,Bergmann, Jafferis,Maldacena '08]

© "“Applied” AdS/CFT: AdS/QCD and meson spectroscopy, applications to
quark-gluon-plasma, condensed matter systems

@ Use AdS/CFT as tool to study quantum gravity
o ..
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Overview

AdS/CFT correspondence provides a fascinating link between conformal quantum
field theories without gravity and string theory with (both classical and quantized)
gravity

Major (recent) activities:

@ Integrability in AdS/CFT: Spectral problem solved (?)

@ Scattering amplitudes in maximally susy Yang-Mills, relation to light-like Wilson
loops and dual superconformal symmetry

1: This talk!
2: E. Sokatchev's talk!
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N = 4 super Yang Mills: The simplest interacting 4d QFT

o Field content: All fields in adjoint of SU(N), N x N matrices
o Gluons: A,, 1=0,1,2,3, A=1
o 6 real scalars: @7, I =1,...,6, A=1
o 4 x 4 real fermions: ¥, 4, ¥ 0,6 =1,2. A=1,2,3,4, A=3/2
o Covariant derivative: D, = 0, —i[A,, ], A =1

@ Action: Unique model completely fixed by SUSY

1
5 T v /d4$ Tr[‘_llFi” + 5(Du®)* — §[®r, ®y][@1, ]+

T D 4 — g AP B 0 5] — 5T ot e (01,

@ | Bgyne = 0 Quantum Conformal Field Theory, 2 parameters: N & \ = gyMeN

@ Shall consider 't Hooft planar limit: N — oo with A fixed.
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Most symmetric 4d gauge theory!

e Symmetry: 50(2,4) ® s0(6) C psu(2,2|4)

Poincaré: p*® = Du (0“)d57 Mags Mg

Conformal:  kos, d (c : central charge)

R-symmetry: rap

aA &
)

Poincaré Susy: ¢““,q% Conformal Susy: saA,Eé

@ 4 + 4 Supermatrix notation A = (a, | A)

B mag — %5? (d + %C) . lk‘aﬂ' ) SCT‘B
Jhg = s m“5+§ig“(d—56) q°B
qu S 3 —TAB—%(SSC

o Algebra:

it 5, J;€p} = 0565 Ji' p — (—1) AFIBNCHIPDSE € g

[3/31]



Observables

e Local operators: O, (z) = Tr[W; Wy ... W,] with W; € {DF®, D*¥, DFF}

H . _ 5ab . .
2 point fct: (Ou(x1) Op(x2)) = (01— 22)25:00 A4(N)  Scaling Dims
. Cabe A
3 pOlnt fct: <Oa(l‘1)0b(x2)oc(l‘2)> = Ao +Ap—Ac Ab+A<c_)Aa ActAa—1N,
D) La3 L31

n-point functions follow from OPE

@ Wilson loops:
Wer — <Trpexpz'7§ ds (i A, + il#] 0" ¢1)>
e}

@ Scattering amplitudes:

UV-finite
An({pis his ai}i A) = {IR—divergent}

helicities:  h; € {0, +4, £1}
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Superstring in AdS5 x S°

5
mn

I=VA / dr do [Gﬁ,{}gsw D XX 4+ G55 9, Y ™Y ™ + fermions

da3, | + dz?

o dshyg = R? 2 has boundary at z =0

o VA= g—? , classical limit: v/ A — oo, quantum fluctuations: O(1/v/))

e AdS5 x S® is max susy background (like R and plane wave)

@ Quantization unsolved!

@ String coupling constant g; = ﬁ — 0 in 't Hooft limit

@ Isometries: s0(2,4) x 50(6) C psu(2,2[4)

@ Include fermions: Formulate as —Solggli)(i’g‘é)@ supercoset model [Metsaev, Tseytlin]
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The AdS/CFT landscape

NB'08
1/N.| & | -
ap
~ofd low o 2
expansion = E
5 "T2"  hard £3
e quantum strings 3 8
L = quantum gauge theory k= %
3
gué genus T u%
<& expansion <
) .
=% classical
0 > > <
0 gauge loops A sigma loops o0

(Picture by N. Beisert)
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Gauge Theory - String Theory Dictionary of Observables

A, () spectrum of - E(\) string excitation

— . solved (?)
scaling dimensions spectrum

Cabe(A) structure
constants

An({pi, hiyai}; N) (<) . . open string amplitude
‘ —

__— IRBrane
g z=z_IR

(<:>) Only SUGRA: ZAdS[¢|8AdS = J] = ZCFT[J]

Wilson loop We & v minimal surface
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The spectral problem and integrability




The spectral problem of AdS/CFT: Symmetry

string energy <« scaling dimension

E(\) - A(N)

@ String states resp. gauge theory local operators classified by conserved Cartan
charges (E, S1,S2) of s0(2,4) (energy and “spins”) and (Jy, Jo, J3) of s0(6)
(“angular momenta")

@ Geometrical picture:

AdSs - — 24 7R+ 73+ 73+ 73 — 72 = —R?
S5 VP + Y5+ Y9+ YR+ Y2 +YE = R?

Zo+1iZs=pse'l, Zy+iZy=p1e'™, Zs+1iZy = pre' 2
3 angles t, a1, ap — 3 conserved quantities F, S1, So. E is the energy.

Yi+iYo=r eid)l, Ys5+1Y, = T26i¢2, Ys +1Ys = 7“3€i¢1
3 angles ¢1, ¢2, ¢ — 3 conserved angular momenta Jy, Jo, Js.
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The spectral problem of AdS/CFT: Expansions

e AdSs5 x S5 string spectrum
ﬁ |¢>String = E()‘) |¢>String E()\) =7

e Central observables in gauge theory: Correlation functions of composite operators
e.g. Oa(l’) = Tr[CI%l (I),Q ce (I>’tn]
Two-point functions determined by scaling dimensions A(X, V)

(Oalz) Op(y)) = % @

May be computed perturbatively in gauge theory: Loops (\) + genera (1/N?)

A=A+ ANAj+ HA 4. )+ XA+ LA+ )+ = E(\g,)

1 here: A = n = # of scalars 5
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Spinning string solutions vs. Local Operators

e Example 1: Rotating point particle on S°

D

T
t=rkT p=0 Yy==% O1=KT Q2=¢P3=9=0 X
2 D

olsidS5 = dp® — cosh® pdt® + sinh® p d23

clsg5 =dv* 4 cos® v d¢§ + sin? ~ (dw2 + cos® d(b? + sin? dcbg)

@ Solves egs. of motion & Virasoro constraint (here S, 55, Ja, J3 = 0)

E = \f/ —XO— VK classical

27
d
Jy = f/ UYlYQ—Y2Y1) ik =:J
@ Dual gauge theory Operator. 7 = q)l + Z@Q [Berenstein,Madacena,Nastase]
O;=Tr[Z27]  with AQN)=AN=0)=J

@ Actually classical picture only good for J — oo
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Spinning string solutions vs. Local Operators

e Example 1: Rotating point particle on S°

T
t=rt p=0 7=3 Pr=KT ¢2=¢3=79=0 ><

dSZdSE) = dp® — cosh® p dt® + sinh® p dQs

ds§5 =dn* 4 cos” v dp: + sin® v (dyp® + cos® b dg? + sin” ¢ dp3)

@ Solves egs. of motion & Virasoro constraint (here S, 55, Jo, J3 = 0)

FE = \f/ —XO— VK classical

27
leﬁ/ Z—ZmYZ—YQm):\fAn::J
0

Quantum fluctuations around solution: | X# =

= Energy: = VK + Ey(r) +
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o Example 2: Folded spinning string: J1 & Jo ;é 0

Ansatz: T
t=r1t p=0 775

p1=w1T Pa=weT P3=0 9= 1/)

[Frolov, Tseytlin]

@ Solution yields Charges and Energy

2 2
= \/le / d—a cosgw(a) Jy = \/XUJQ / dﬁ SiHQQ,ZJ(O').

A A2
E:J(1+ﬁE2+ﬁE4+'”> J=J1+ Jo

where Ey = % K(qo) (E(qo) — (1 —qo) K(qo)> with % =1- Ii((zg))

Similarly Fo;: I-loop gauge theory prediction.
@ Dual gauge theory operator: Z = &1 +1P9 W = P35+ iy

Oy =Te[Z" W] + ... with AN) = J; + Jo + ANA(Jy, Jo) +

Indeed lim o0 A1(J1, J2) = 2% Ey!

112/31]



Operator mixing and the dilatation operator

o Composite operators are renormalized and operators with degenerate
(A Sy, S9; J1, J2, J3) charges mix:
A A_ B
Oren =z B Obare
Mixing matrix (dilatation operator = d € psu(2,2|4))
d
ZC
© log A B
@ Acts on composite operators: O(z) = Tr[D;, Pi, ... P;, |

@)= (21"

Eigenvalues yield scaling dims. | D o O(z) = Ap O(x) | [Beisert Kristjansen Plefka Staudacher]

@ D is perturbatively defined:

L

D=A"+> N Dp=).

=1 p=1 p—2 p—1 p p+1 p+2 p+3 p+4

O(z)
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The dilatation operator and spin chains

e For simplicity: Consider su(2) subsector
Z =01 +1P9 and W =o&34+1Py

& consider operators O = Tr(word in Z & W)

o Spin chain picture: Operator TH(ZZW ZW) = State ||| ] | 1) = *4%
@ One-loop structure: D5 is Hamiltonian of the Heisenberg spin chain, an
|ntegrab|e SySteml [Minahan,Zarembo]
L
Dy =2 2(1 —Pt1) P; ; : permutation operator

=1
e Ground state: ||| ... |) = Tr(Z”) with A =0
o Excitations: “Magnons”: |m) =[] | ... | 1)) = Tx(WZmWZz7~™)

N——

m
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The coordinate Bethe Ansatz 1

e How to diagonalize D? Open up the trace (no cyclicity)

Te(WZZW .. WZ) — |WZZW ... WZ)  —sese—seo>

12 3 4 .. L-1 L

o Consider two-magnon states |1)) = Z V(z1,20)| ... ZWZ ... ZWZ...)

1<z1<x2<L x ; z1 - ; Zo

e One-loop Schrédinger eq. ZiL:l(l — P, iy1) [¢) = E3 |¢) |in “position space”:

To > a1+ 1 Esp(xy, x2) =29 (w1, 22) — Y(x1 — 1, 22) — Y(x1 + 1, 22)
LIWZ...ZWZ ... 29 (x1, x2) — (1,22 — 1) — P(x1, 22 + 1)

z2 =1z1+1 Eytp(x1, w2) = 29(x1, 22) — (x1 — 1, 22) — P(x1, 72 + 1)

L IWWZ L.
23
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The coordinate Bethe Ansatz 2

T2 >+ 1 Eyyp(xy, o) =2 (a1, x2) — (w1 — 1, m2) — (21 + 1, 22)
24p(z1, w2) — P(x1, w2 — 1) — P(zr, 22+ 1) (1)

o =x1+ 1 Es (a1, 2) =29 (21, 22) — P(x1 — 1, 22) — YP(z1, 22+ 1) (2)

e Solved by Bethe's ansatz (1931):
| S-matrix

Wz, 20) = e (P1@1+p2 T2) + S(pa, p1) ei(p2 @1+p1 @2)

e Then (1) is solved for any S(p2, p1) with | By = Zkle 4 sin®(%)

NB.2 —e™™ —¢e? = 4Sin2§

e (2) determines S-matrix: | S(p2,p1) = % with ¢(p) = 3 cot(2)
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Bethe equations 1

e Demand ¢ (z1,22) = ¥(x2,21 + L)

w2 3 o . L [L+1L+2 L+3 L+4 ...

= eiplL ipo L

= S(p1,p2) and e = S(p2,p1)

solve for p1 & py = FEs(p1,p2) Zk 1 4sin % spectrum! I

e Big leap (< factorized scattering from integrability): /M-body problem

Total phase acquired by one magnon cycling around the chain:

L_ Scatters off all
e'Pk H S(pe,pi) | k=1,....,M  other magnons
i=1,i#k exactly once
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Bethe equations 2

e Energy additive:

M
Es(p1,...,pm) = lesin2 Ek
k=1

e Cyclicity of trace condition: Zkle pr = 0 < vanishing total momentum [

e Example: Two magnons: p :=p; = —ps
p
ipL cotg+1 ip in(L-1) _ 1 _ 2mn
& 0 - — = —

€ cot & —i c c =1

2
_ .2 ™Nn L—oco 277/
Fy; = 8sin (L—l) — 8 T2

Recall Ay = 25 By — n? A/L?
Agrees with plane-wave string spectrum Elight—cone = 21/1 +n2\/J?
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Integrability

@ Heisenberg spin chain is integrable: Existence of L commuting charges Q,:

[Qm,Qn] = 0| V(m,n)!

@ Spectrum determined by Bethe equations:

M
PRl — H S(pk,pi) k=1,....M
i=1,itk

With S-Matrix:

() =TI i ) = L (cor() )

Energy (one loop scaling dimensions) additive:
A=L+\E with Es(p1y...,pm) = Z:élsmzplC

+ Cyclicity of trace condition: 224:1 pr =0
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The asymptotic Bethe Ansatz

What happens at higher loops?

; R D N A 02D ip _ =t (p)
A deformed variables: |z (p) = £ T (1+4/1+ 2% sin* §) N
Asymptotic all loop conjecture: xf = 2% (pg) [Beisert, Staudacher]
VIR - T 2 .
(—7) = L L - So({pr}, A)7 | So : dressing factor
[ B [ S
L j=1,j#k Ty =2 1672z, a:j'

e Valid for L >loop order, completely fixed by psu(2,2|4) symmetry up to Sj.
o Conjectured a” |OOp form Of SO EXIStS [Beisert,Hernandez, Lopez;Beisert,Eden,Staudacher]

o Perturbatively: SO ~ O()\4) [Bern,Czakon, Dixon,Kosower,Smirnov]

M
. . . / A oDk

Scal d th A=A 14+ — 2% _
caling dimensions then o+ kg_l + 3 sin® 5
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Integrability in the AdS/CFT system

o AdSs x S® string o-model is classically integrable (sens polchinskiRoibar]
Can be solved completely in terms of algebraic curve

[Kazakov,Marshakov,Minahan,Zarembo; Beisert,Kasazkov,Sakai,Zarembo]

@ Full one-loop dilatation operator has been constructed in terms of an integrable
super-spin chain and diagonalized by Bethe ansatz. [Minahan ZaremboBeisert, Staudacher]
Super-magnon excitations scatter according to matrix Bethe equations:

M M
el )y = [ T[] Srpy) | -19), E=alpe).
J=1,j#i k=1

(Asymptotic) S-matrix is assumed to be factorized. So far only proven at
one-loop for all and up to four-loop for some operators.

@ Wrapping problem: For finite size chains and long-range interactions not
allowed to assume exactness of S-matrix!
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Full set of conjectured nested psu(2,2|4) Bethe equations

[Beisert,Staudacher]

Ky
x 1
s ) -
1 H L Spectral parameter: zi:k = Z<C0t pr/2 £ i) (14 4/1 4 1692 sin? py, /2)
— ,
i=1 "4k T
. magnon momentum
 K3+K
- 2wy g — gy —im 3 g g — g+ Am
= o e s e Yo b — um s — Epq
=1 Y2,k T U2, +im j=1 U2,k T U3,j 2" g :=VX/4ar
Ak
K ; Ky 71
1 2oug g —u2j+Em o T4y T3k
- _ . i —-n
=1 U3,k T U2,5 — M j=3 14,3‘1 ~ T3k
— K +nq =1 2 +
L (z4,,€)L,T,1K17T,2K7 1—1‘ Cyg — Ty 1—07 /(@ ey ) z)
T \LT —mny _ 2 2 /(@ ot ) 2
T Py z, 02—z, 2 1—g%/(x, px ) .
4,k ;;tlln 4,k 4,5 4,k™4,5 T Dressing factor
Kot K1 g 30 — g, K5 KT 052 — a5
X : - -
E +n1 : +n2
J=1 Ty T @35 j=1 Ty, T T5;
K i K +n2
T s,k — U6+ 52 11 P4y — Tk 2
1= 2 = Uik =Tk + 9 /Tik
j=1Y5k T U6, T 372 j=1 Ty ;7 —T5k
K . K5+ K d
Lo T Mok T ues —im2 TOrr T ek — s+ 5n2

J=1 W6k — U6, T N2 Sy UGk — Us,j — 372
J#k

with 71, n2 related to four different choices of psu(2,2|4) Dynkin labels, e.g.
K1 K2 K3 K4 K5 KG K7
{mom} ={+1,+1}: Q—O—RX—10—RX—0—
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The AdS/CFT (internal) S-matrix

@ Describes scattering of two super-magnons, should be unitary and satisfy
Yang-Baxter equation:

[Arutyunov,Frolov,Staudacher '04; Beisert, Staudacher '05 + '06; Beisert, Hernandez,Lopez '06, Beisert,Eden,Staudacher '06]

S12591 =1, S12 513 S23 = 523 513 S12

@ Was (ad hoc) conjectured to possess crossing symmetry: [Janik, '06]

Si2 Sty = fis

= can be used to fix dressing factor Sp.

e AdS/CFT S-matrix has the structure [Beisert '05]

Sy = (Sgu@I?)L ® ngu(2|2)R> s2

Invariant under a residual J € psu(2|2) symmetry: | [J1 +32,Sf§u(2l2)L] =0/

o First motivated from gauge theory spin chain, subsequently found in light-cone
quantized String theory [Arutyunov,Frolov,Plefka,Zamaklar '06)
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Large Spin Limit of Twist Operators

o Consider twist operators: S1: Spin J3: “twist”

Os, .55 = Tr(D% Z73) + ...

with D = D covariant derivative in light-cone direction.

@ General spin chain state of length J3 is TY[(DSlZ) (D*2Z)...(D%3Z) | where
S1 =81+ s2+...57, = M = Magnon number.

@ Scaling dims in S; — oo limit:

AOsl,J3 — 81 —=J3=7(\) log S1 + (’)(510)

~(A): Universal scaling function, aka cusp anomalous dimension.

@ () also appears in 4 gluon MHV amplitudes A4 a7y and in light-cone
Segmented W||Son |OOpS WI [Bern,Dixon,Smirnov]|

1I-1 -l 1I-1
AN~ exp 1) ATERR] L AR ~ W)
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The Beisert-Eden-Staudacher Integral Equation

@ Asymptotic Bethe equations reduce in 51 — oo, L = J3 — oo with L < log S
to integral equation for density ¢ of Bethe roots: (g = \/A/47)

t A o N
olt) = K(2gt,0)—4g2/0 dt K(291.247) 6() ]

Cusp anomalous dimensions: v(g) = 16 g* 5(0) All loop prediction!

@ Solution yields weak and strong coupling predictions:  [ses, Basso, Korchemsky, Kotanski '07]

) {892 gt 4+ Brtgb —16(EZm +4¢3)) P +... g<1
Y\9) = 31 2 K 1 27¢(3) 1
49 — (;rg T 4n? g—3log2/4m = 2943 g2 g>1

1) Four loop gauge theory calculation (sem,czakon Dixon Kosower Smirmov ‘06]

o Agrees with: . .
2) 2 loop superstring calculation [roiban Tseytiin 07]
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Cusp anomalous dimension of N/ = 4 SYM:

classical sigma model

guantised sgma model

echain

quantun@sigma model
finite
coupling

NB'08

short—range chain

NN spin chain

(Plot by N. Beisert)
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Wrapping interactions

length

VIVIVIVIVIVIYV
Asymptotic Bethe equations yield > \/ \/ \/ \/ \/ \/ ?
‘half’ of the perturbative spectrum of 4 \/ \/ \/ \/ \/ ? 7
VIV 7 7]
I 2 3 4 5 6 7. loops
E incorporated Feynman graphs missing wrapping interactions

e Wrapping graphs contribute generically at order g2

@ Asymptotic Bethe eqgs. describes I — oo spin chain or string with worldsheet
geometry R2 = Exsistence of S-Matrix and asymptotic states
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Thermodynamic Bethe Ansatz

@ Magnitude of finite size corrections: ‘N e~ Erealprea) L ‘ with EFtga = —ip and
pTBA = —tE in 'mirror’ theory, i.e. original theory with space and time
interchanged [Arutyunov,Frolov]

@ Approach was successfully implemented by generalization of Liischer's formulas
for 2d Lorentz invariant FT: Computation of four loop scaling dimension of
Konishi operator Tr([Z, W|[Z, W]) from asymptotic S-matrix [Bajnok, Janik '08]

@ Agrees with perturbative four loop supergraph calculation!

[Fiamberti,Santambrogio,Sieg,Zanon '08]

A= AaBE + AWrapping Awrapping = (324 + 864((3)1440§(5))98

@ Highly nontrivial test of AdS/CFT!!
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Recent conjecture: Implementation of TBA through a “Y-system” to describe

planar AdS/CFT at finite size. Passes all known tests! [Gromov, Kazakov,Viira '09]
Result:
* Y-system ats Ya?s _ [1 + Ya,s+l] [1 + Ya,s—l]

Yot1,sYa-1.s B [1 + Ya+1’5] [l + Ya+1,5]

E

vt 00000
’ 00000
00000000
0.0.0.0.0.0 000
OO0 00000~
» Asymptotics Yy 5520 (u — 00) — constgs

L
Y,0(u— o0) — (m) x constg

(from talk of V. Kazakov at KITP 02/09)
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Konishi: Tr(®; ;)

Konishi at any coupling

Konishi state

A

(from talk of P. Vieira at Strings 09)
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Conclusions

Great progress in our understanding of the maximally supersymmetric AdS5/CFTy
system due to integrable structures!
Spectral problem (close) to exact solution!

@ Exact AdSs x S° closed string spectrum!
@ All loop form of two-point functions in 4d gauge theory!

Outlook:
o Next talk: Integrability in scattering amplitudes at higher loops?

@ What can be said about gauge theory three-point functions?
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