










































































































One-loop amplitudes from trees...
and  masters!!!

Trees in Gauge theory Loop Master Integrals in 
scalar field theory



ONE-LOOP INTEGRAND
Ossola, Papadopoulos, Pittau 2006

(building on del Aguila, Pittau, 2004)

=
∫

ddk

(2π)d

[
c4 f4(!k) + c3 f3(!k) + c2 f2(!k) + c1 f1(!k)

+c̃4 f̃4(!k) + c̃3 f̃3(!k) + c̃2 f̃2(!k) + c̃1 f̃1(!k)
]

After Integration: 

= c4 +c3 +c2 +c1
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∫

ddk
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[
c4 f4(!k) + c3 f3(!k) + c2 f2(!k) + c1 f1(!k)
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f̃i(!k), fi(!k) : Known rational functions of the loop momentum

c̃i, ci : coefficients can be determined algebraically
computing the integrand at a sufficient number
of values for !k



ONE-LOOP INTEGRAND
Ossola, Papadopoulos, Pittau 2006

∫
ddk

(2π)d

[
c4 f4(!k) + c3 f3(!k) + c2 f2(!k) + c1 f1(!k)

+c̃4 f̃4(!k) + c̃3 f̃3(!k) + c̃2 f̃2(!k) + c̃1 f̃1(!k)
] =

∫
ddk

(2π)d

!k −!k

Integrand is “easy”, essentially a tree amplitude

 ON-SHELL:  determines coefficients successively

Evaluate integrand at loop momenta values  such as loop  particles 
are set ON SHELL 



ON-SHELL loop propagators  =  Product of tree amplitudes

Evaluation of trees with powerful recursive methods

Coefficients as tree products
Ellis, Giele, Kunszt 2007

e.g. Berends-Giele, Britto-Cachazo-Feng-Witten, etc



Conflict of dimensions
Loop Integrations in D dimensions, Tree amplitudes in four dimensions. 
Mismatch, i.e. missing terms from amplitude evaluation. Requires  a  
second calculation. 

Specialized tree-like recursions in D=4 for the missing terms 
Berger, Bern, Dixon, Forde, Kosower

Elegant/general solution: Amplitude in a general dimension from results 
in D=5 and  D=6. Ellis, Giele, Kunszt, Melnikov  

Specialized Feynman rules for missing terms: 
Draggiotis, Garzelli, Papadopoulos, Pittau  

2006

2008

2009



Breathtaking developments

One-loop amplitudes with 
22 gluons Giele, Zanderighi (08); 
Lazopoulos (08); Giele,Winter (09)

Giele, Zanderighi (08)

1985

1993
2006

Numerical evaluation 
of all 2 to 4 amplitudes 
in the Les-Houches 2007 
wish-list van Hameren, Papadopoulos, Pittau (09)

qq̄, gg → tt̄bb̄, bb̄bb̄, W+W−bb̄, tt̄gg

qq̄′ →Wggg, Zggg



W+3 jets: NLO cross-section

Large Nc approximation 
Ellis,Giele,Kunszt,Melnikov,Zanderighi; 
Berger,Bern,Dixon,Cordero,Forde,
Gleisberg,Ita,Kosower,Maitre

Start of a new era,  with precise 
theoretical predictions  for multi-

particle production at the LHC  

arXiv:0906.1445

arXiv:0907.1984

NEW: complete NLO
Berger,Bern,Dixon,Cordero,
Forde,Gleisberg,Ita,Kosower,
Maitre (arXiv:0907.1984)



NLO calculations @ LHC

What can we  hope  for?  

We cannot  do better than tree calculations..., i.e. 
processes  with  7 or 8 particles  in the  final state.     

All 2 to 4 processes  with both Feynman diagrammatic 
and unitarity methods

2 to 5 and perhaps 2 to 6 processes with unitarity 
methods



FUTURE? (or loud wishful thinking)

Loop amplitudes can be viewed as complex integrals. Result 
is  determined  by residues, which (as in the one-loop case) 
maybe  given from amplitudes with less loops

Cross-order relations maybe present, similar to the  cross-
order or resummation formulae for infrared divergences 
(arising from the  same poles)

Very far from uncovering cross-order relations  in QCD, but...   



N=4 Super Yang-Mills

CA,Bern,Dixon,Kosower

Bern,Dixon,Smirnov

Bern,Dixon,Smirnov



Last words
Perturbative QCD  is the main theoretical tool for particle  physics 
explorations at  colliders

We can now  make very powerful computations, after 
understanding better recursion and the structure of one-loop 
amplitludes

We have  only scratched the surface.... your ideas  and curiosity 
can take  us  further, “solving” (why not?) the perturbative 
series. 


