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Introduction

Well-known that the transitions Hy, — H-fv like

Meson transitions By — Dtv By — D*lv
Baryon transition Np — Alv

are related to the exclusive determination of |V |

Many form factors but Heavy Quark Symmetry SU(2Ny)
— form factors given by a single function £(w) (IW function)

Tension between inclusive and exclusive determinations of | V|
But my purpose is only to expose new interesting theoretical results

on the properties of the Heavy Quark Effective Theory of QCD
not discovered during the development of this theory in the 1990's
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Isgur-Wise functions and Sum Rules in HQET

(Bjorken; Isgur and Wise; Uraltsev; Le Yaouanc et al.)
Case of mesons : consider the non-forward amplitude

B(v;) — D(")(v’) — B(vy)
General SR obtained from the OPE
L Hadrons (Wi, wr, wir) = Rope(wi, wr, wir)
LHadrons : sum over D(M states Rope : OPE counterpart
(wi =vi- Vv, wr=vg-V, wir =v;-vy)
S ompy S TrBA(ve)T DO (W) TrD (/) Bi(vi)]€ ) (wi)&() ()
+Other excited states = —2&(wjr) Tr[B¢(ve)l ¢ P, T;Bi(v;)]
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P! = ———— : positive energy projector on the intermediate ¢
Light cloud angular momentum j and bound state spin J

B : pseudoscalar ground state (j*, JF) = (%_,0_)
D : tower (P, JP),J=j+ i j=L+1 P= (-1

Heavy quark currents : hyTihy, hy Thy

Domain of the variables (w;, wr, wir) :

w; > 1 wr > 1

W Ws — \/(W,2 — 1)(Wf2 —1) < wir < wiwr + \/(WI2 — 1)(W? -1)

For w; = wf = w, the domain becomes :

w>1 1<wyr<2w?-1
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BIONE
(W + 1) Y 5 Sulw,wir) 32, |40 (w)]
S S, wir) S, [7500)] = (14 2w+ ) ()

2
ZLZO Siv1(w,wir) >, [Téi)l(/%(w)}

+ (w =123 oy s Seoa(w, wie) 3, [TEL)l(;g(W)]
— (1= 2w + wir) &(wir)

IW functions Tfi)l(;g(w) : % — (L+ %)P P =(-1)t+!
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Si(w, wjr) is a Legendre polynomial :
2k L—2k
Si(w,wir) = ZogkgL/z CLk (W2 — 1) (W2 — W,‘f)

L1)2 2L—2k)!
CLi= (—1)"sz)); k!(L(—k)!(LZZk)!

Differentiating the Sum Rules <ﬂ>
wir=w=1

dwlf;dwq
(going to the frontier of the domain w — 1, wjr — 1)

one finds constraints on the derivatives £(")(1), in particular

2= —g(1) 2

Slw

¢"(1) = 5 [40% + 3(0%)7]
Consideration of the non-forward amplitude (Uraltsev)
B(v;) — D(v') — B(vr)

allows to improve Bjorken's bound p? > %
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The case of baryons Ao(v;) — A (V) = Ap(vr)
(JP JP) (0+ 1+>
/\(C) - tower (j7,JP),J=j,j=LP=(-1)t

Sum rule

Enlwir) =3, ZL>O TLn (Wig*Tin)(Wf)

> o<k<t/2 CLk (w7 — 1) (wf — 1) (wiwr — wie) 2

IW functions 7, (w) : 0 — LP P = (1)t
One finds the constraints on the derivatives :

=—&(1) = A1) > 2o + (p3)7]
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Isgur-Wise functions and the Lorentz group

Matrix element of a current between heavy hadrons factorizes into
a trivial heavy quark current matrix element
and a light cloud overlap (that contains the long distance physics)

<H (VI Ug)IH(v) > =

< Q(V), £31499q)IQ(v), £5 >< V', j/, M'|v,j, M >
The light cloud follows the heavy quark with the same four-velocity
Isgur-Wise functions : light cloud overlaps {(v.v/) = < V/|v >

Factorization valid only in absence of hard radiative corrections
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Light cloud Hilbert space

Can demonstrate that the light cloud states form a Hilbert space
on which acts a unitary representation of the Lorentz group

AN — U(N) UN)|v,j,e > =|Av,j, e >

vojye> =S (At UN)Ivo.j, M >

Ay =v vo = (1,0,0,0) A~Le : polarization vector at rest

This fundamental formula defines, in the Hilbert space H
of a unitary representation of SL(2, C) the states |v,j, e >
whose scalar products define the IW functions

in terms of |vp,j, M > which occur as SU(2) multiplets

in the restriction to SU(2) of the SL(2, C) representation
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Choose the simpler case of baryons with j = 0

Baryons Ap(v), Ac(v) (Sqq = 0, L = 0 in quark model language)
Then, the Isgur-Wise function writes
&(v.v') = < U(B,)do|U(By)po >
|po > represents the light cloud at rest and B,, B, are boosts

&(w) = < ¢go|U(N)gpo > Avo=v vVO=w

A is for instance the boost along Oz
e/2 0
A = < 0 677/2 ) w= Ch(T)

Method completely general, for any j and any transition j — J/
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Decomposition into irreducible representations

The unitary representation U(A) is in general reducible
Useful to decompose it into irreducible representations U, (A)
Hilbert space H made of functions PixeX—, €Hy

Scalar product in H

<Plp > = [ <P lby > du(x)

x € X : irreducible unitary representation
du(x) : a positive measure

(U(/\) w)x = Ux(/\)wx Uy € Hy

H, : Hilbert space of x on which acts U, (A)
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Integral formula for the Isgur-Wise function

Notation Ex(w) = < o x| Uy (N)go , >
irreducible Isgur-Wise function corresponding to irreducible x
General form of the IW function : &(w) = on E(w) dv(x)

Isgur-Wise function as a mean value of irreducible IW functions
with respect to some positive normalized measure v

on dv(x)=1

Xo C X irreducible representations of SL(2, C)
containing a non-zero SU(2) scalar subspace (j = 0 case)

Irreducible IW function &, (w) when v is a ¢ function
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Irreducible unitary representations of the Lorentz group

Naimark (1962)

Principal series x = (p,n,p)
neZand peR (n=0,p>0;n>0,pER)

Hilbert space Hp.n)

< ¢|p > = [¢(z) ¢(2) d*z d?z = d(Rez)d(Imz)
Unitary operator Up 5 ,(A)

(Upnp(N))(2) = <|§jy§|>n o —z[?P—2 ¢< s2=p )

/\:(: g) aé—/g7:1 (a757775)ec
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Supplementary series x = (s,p)

pER (0<p<1)

Hilbert space Hs

<dlp>=[¢(a)|la— 2?2 §(z) dad2
(non-standard scalar product)

Unitary operator Us ,(A)

(Us o(N6)(2) = o — 2| 272 (222

Trivial representation X=t

Hilbert space H; = C

<o > = ¢'(2)4(2)
Unitary operator Us(N) =1

Luis Oliver Isgur-Wise functions and the Lorentz group



Decomposition under the rotation group

Need restriction to SU(2) of unitary representations x of SL(2, C)
For a x there is an orthonormal basis gbj.‘M of H,, adapted to SU(2)

Particularizing to j = 0 : all types of representations contribute

bo7(2) = (1 + |z2)r? (x = (p,0,p), p > 0)
s5a(2) = L1+ |2]7) (x=(s,p), 0<p<1)
Pho(z) =1 (x=1)

For j # 0 enters also the matrix element
Dy m(R) = <Jjs M'|U(R)j,M > R € SU(2)
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Irreducible IW functions in the case j = 0

Need &, (w) = < ¢g0lUy(Ar)dgo > (Ar : boost, w = ch(r))

Transformed elements U, (A+)dg
0, T -7 ip—
(Upon(A)ebS")(2) = (e + e[z

(UsoAr)35 ) (2) =
Ut(/\T)¢6,0 =1

Using the scalar products for each class of representations
£p0.0(w) = ;mshp(:))
£ p(w) = ShleD) (0<p<1)

p sh(r)
Ee(w) =

(e7 + e T|z[?) Pt

B
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Integral formula for the IW function in the case j =0

sin(pt sh(pr
W) :f[ovoo[/)s(hp) dl/p(p +f01 psif(‘r)) dVS( )+Vt

vp and v are positive measures and v; a real number > 0
Jio,oog @Ve(P) + fio 1y dvs(p) +ve =1

¢ (W) _ sh(tv/1—x) __ sin(tv/x—1)
X " sh(T)V1-x  sh(T)v/x—1

covers all irreducible representations — simplifies integral formula

One-parameter family

f[o s éx(W) dv(x) (v positive measure f[o,oo[ dv(x) = 1)
€p0.p(W) = &x(w) x=1+p? pe[0,0] 2N x € [1,00]
Esp(w) = &E(w) x=1-p%pe]0,1] & x €10,1]
Ee(w) = &(w) x=0 x € {0}

— a transparent deduction of constraints on the derivatives £(" (1)
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Constraints on the derivatives of the Isgur-Wise function

Derivative 5(")(1) . expectation value of a polynomial of degree k

f(k)(]-) = (_1)k 2k(2k+1 [ < H/ 1(X + ’ - 1)

In terms of moments Pp = < x">
(1) =po=1
g(1)=—-3m

¢'(1) = % (3pa + p2)

Moments px in terms of derivatives £(1), £'(1), ...

po=¢(1) =1
=-3¢'(1)
p2 =3[3&(1)+5¢"(1)]

(1)
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Constraints on moments of a variable with positive values

det [(pi+j)o<ij<n] = 0
det [(pi+j+1)o<ij<n] =0
Lower moments

p1 >0

p2 > pi

That imply for the derivatives of the Isgur-Wise function
pa >0
€"(1) = 2R+ pR)

Same results as with the Sum Rule approach
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The Isgur-Wise function is a function of positive type

For any N and any complex numbers a; and velocities v;

Zf\!j:l araj {(vi.vj) >0 or, in a covariant form
3 3/

J ST (V) E(vv) (v) =0 for any 9(v)

From the Sum Rule (wi = viv/, wj = vj.V/, wjj = vi.v;)

(wy) =, 5, ("’(w,-)*ri”)(wj)
ZogkgL/z Crk (W, - 1)k(Wj2 —-1)

Legendre polynomial. Use rest frame v/ = (1,0, 0,0)
N o 2L(L1)2 L
She 212 €)= 47 Sl X0 X oty St

[ 7 (14 52) yp@)] [ay 7 (/14 77) ()] = 0
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One example : application to the exponential form

£(w) = exp[—c(w — 1)]
I = [ LELE 6(10")" exp[—c((v.v') — 1)] ¢(|7))
= 1673 < [ Kip(c) [F(p)[? dp

f(n) = sh(n) ¢(sh(n))
z) =3 [% exp[—z ch(t)] et dt Macdonald function

Whatever the slope ¢ > 0, Ki,(c) takes negative values

Asymptotic formula

Kip(c) ~ \/% e /2 cos {p (Iog(z—c”) — 1) - ﬂ (p>>c)

Therefore there a function ¢(v) for which the integral / <0

The exponential form is inconsistent with the Sum Rules
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Sum Rule and Lorentz group approaches are equivalent

e The Lorentz group approach implies that {(w) is of positive type
§(w) = < U(By)hol U(By)ibo > (By : boost vy — v)
S aiay §(vieyy) = 57 aU(By )t > 0

e The Sum Rule approach implies the Lorentz group approach
A function f(A) on the group SL(2, C) is of positive type when
Zf\!j:l ajaj f(/\,Tl/\j) >0 (N > 1, complex aj, \; € SL(2, C))

Theorem (Dixmier) : for any function f(A) of positive type exists a
unitary representation U(A) of SL(2, C) in a Hilbert space H and
an element ¢g € H — f(N) = < ¢o|U(N)do >

Definition of f(A;1A;) = £(vi.v;) = &(vo.A; 1 Ajvp)
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Consistency test for any Ansatz of the Isgur-Wise function

We have the integral representation

w) = Joxl ;ms(hPT) dvp(p) + Joar 7 sh(T)) dvs(p) + vt

Vp and v are positive measures and v; a real number > 0 satisfying
f[OOO[dVP +f]01[d1/5 p)+uv=1

One can invert this formula by Fourier transforming and check
if a given Ansatz for £(w) satisfies it with positive measures

Example of the exponential (only the principal series contributes)
expl—c(w — 1)] = 2£ [ p? Ki(c) 28 dp  (w = ch(7))

Inconsistent : K,-p(c) can be negative — du,(p) is not positive
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Other phenomenological examples

Example 1 (both principal and suplementary series contribute)

2c . .
g(W):< 2 ) _ 4% 00p2 IT(2c+ip—1)|? sin(pT) d

Trw Ea T(4c—1)  p sh(r) 9P

h((1—2¢)r
+0(1 - 2¢) (1 - 2c) 2% FOS%0)
valid for any slope ¢ > %

Example 2 (only the principal series contributes)

_ 1 _ 8 (oo p*  sh(yp) sin(pT)
¢(w) = [1+5w-1]" € Jo sh(mp) “sh(y) p sh(7) dp

(cosy = % -1) valid for any slope ¢ > 1
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New rigorous results for non-perturbative physics in HQET

e Decomposing into irreducible representations a unitary
representation of the Lorentz group — integral formula for the
Isgur-Wise function with positive measures

e Explicitly given for j =0 (Ap — Alv)

e Derivatives of the IW function given in terms of moments of a
positive variable — inequalities between the derivatives

e Sum Rules — IW function is a function of positive type

e Application : exponential form of the IW function is inconsistent
e Equivalence between Sum Rule and Lorentz group approaches

e Consistency test for any Ansatz of the IW function

e Application to phenomenological examples

e Can be generalized for any j (j = % for mesons By — D(*)EV)
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