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viii HEPIEXOMENA

O tépog auTtdg €xel YoopTeL pe Ty LTOHEON OTL O AVAYVWOTNG
eXTEAEL TLG EVTOAEG %Ol TLG OLAOLXOUGLIES TTOV TEPLYQPOAPOVTOL
TAVTOYPOVOL UE TNV OVAYV®OY TOU XELUEVOL. Ay auTtd dev
YiveTar, n Bonbelo amtd to xeipevo o elvor eEotpetind eAALTTYG.

H totooeAido tov BLBAiov eivar oty O€on

http://www.physics.ntua.gr/ konstant/ComputationalPhysics/

Exel Oa Bpeite oLPTANPOUATIXG DALXO, TO CUVOSEVTIXO AOYLOULXO [LE TOL
TPOYPALUOTO TTOL TTorpoLaLtaovTot aTo PLBALO, xabwg xot T peTdPEaon
7oL BLBAiov oTto AyyAxd (eAebBepor Stabéotun).

Mepwrég ovpfdosts: Keipevo pe yooppatooelpd 6mwe n Topaxdtw,
0POPE EVTOAES TTOL JLYOVTOL GTOV LTOAOYLOTY], €l0000 xol €E0C0 TTPO-
YOORUATWY, xWIxo Yoo Uévo o Fortran 1 dAAN YAWOOO %ot OvOUOTo
0PYELWY:

> echo Hello world
Hello world

Ortav pLo yoapun apyilet pe tov yopoxtipo “mpotponis” (prompt),

>

OTTWE TOPATIAVE, OWTY ElVoL piow EVTOAR TOL SIVOLPE ATO TN YOOWUUN
EVTOAWY TOoL PAotol. H deltepy yoouun Sciyvel auTd TOL TUTTWVYEL 7
EVTOAN OTNV XOVGOAXL.

[Mopoxatw, divovtol To TepLeOpeEVa VOGS opyelov Fortran:

program add

end program add



http://www.physics.ntua.gr/~konstant/ComputationalPhysics/

HEPIEXOMENA ix

T ypetaleoate YL vo SOUAEPETE GTOY LTTOAOYLOTY] COG:

¢ ‘Eva Acttovpyxd ovotnpo tomov GNU/Linux xou ta fooixnd epya-
Aglo Tov.

e ‘Evav petaylwttioty (compiler) yia t yAwooo Fortran. O peto-
YAwtTiotg glortran dtatifeton eAcbepa LG ddetar eAcBepov Ao-
yopxob|.

* "Eva Tponyuévo mpdypoupo eTeEEpyaaiog XELUEVOL RATAAANAO YL
TPOYQOLUATLOTES, OTTWG O Emacsﬁ.

* ‘Eva xoAd TTROYQOULUA, XOTAAANAO Lot avEALGY] OESOUEVWY, YLOL VO
XAVETE YOOUPLXES TTHPAOTAOELS, OTIWG TO gnuplotﬁ.

e Tov @rot6 tcshi.

e To mpoypdppota gawkﬁ, grep, sort, cat, head, tail, less. Befotw-
Oeite 611 elvon otn SLdbeon ooc.

Ay éyete pwa Stavopry GNU/Linux eyxateotnuévn 0ToV UTTOAOYLOTN
00G, N EYXUTAOTOOCY TOU TOPOTAVW AOYLOULXOD YIVETOL TTOAD EVXOAX
artd Tov dloyelptoT maxétwy (software center) tng dtowvounic. A.y., oc
peae Stavopry Tovmov Debian (Ubuntu, ...), oo exteAéoste TLG ATTAEG
EVTOAEG

> sudo apt—get install tcsh emacs gnuplot—x11 gnuplot—doc
> sudo apt—get install gfortran gawk gawk—doc binutils
> sudo apt—get install manpages—dev coreutils liblapack3

0o Bpeite 6A0 TO AOYLOULXO EYKATEGTNUEVO OTOV LDTTOAOYLOTY] COOG.
Av dev OéAete va eyxataotioete plo dtavouy) GNU/Linux otov vmo-
AOYLOTN OOC, EXETE TLG EENG EVAANOXTIXEG DLV TOTNTEG:

¢ Exxwvnote Tov bmoAoylot] oag amd to DVD 7 usb stick pe pio live
Stavou, 6Twe avt tov Ubuntufl. Avt# 1 emihoyy Sev Oor adlhoroet
TiToTOL 0TOV LTTOAOYLOTY] oG, av xot Ho TPEYeL apYd.

'http://www.gfortran.org
"nttp://www.gnu.org/software/emacs/
*http://www.gnuplot.info
‘http://www.tcsh.org
*http://www.gnu.org/software/gawk
*http://www.ubuntu.com
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¢ Eyxataotote ™ OStavouy Cygwinﬂ otoe Microsoft Windows. Ei-
VoL pLor TOAD XOAY] ETLAOYY YLot O00LG TTEOTLULOVY TOL TTOLOVTA TNG
Microsoft.

¢ To Aettovpynd obotnuoa Mac OS X Boaoiletor oto Unix, to omoto,
oc emimedo PAoLoy, Asttovpyel Tapopota pe to Linux. Ta moxéta
AOYLOULXOD TTOU OVOPEPOVTOL TTOPATAVW eivol dtabéatpor xow yLow
T Mac. Avalntiote mAnpogopieg péow tov Google: “gfortran for
Mac”, “emacs for Mac”, “tcsh for Mac” xAT.

Yty totobéon https://goo.gl/2pLXT2 Oo Ppeite Pivteo mov o oog
Bonbnoovy pe T TOPATTEVW.

"http://www.cygwin.com


https://goo.gl/2pLXT2

Axpwvopto — ApxTirOAsEx

blas Basic Linear Algebra Subprograms.
CPU Central Processing Unit.
FIFO - First In First Out (queue).

FORTRAN - FORmula TRANslator.

GNU - GNU’s Not Unix!

HM - Hiextpoporyvntixé (edio).
lapack - Linear Algebra PACKage.
LDA - Leading Dimension of A.
LIFO - Last In First Out (stack).
NRRW - Non Reversal Random Walk.
pdf - Portable Document Format.
RK45 - Runge-Kutta taEng 4 mpoooppoldpevov Bruatog.
RW - Random Walk (amtAd).

SAW - Self Avoiding Walk.

SOR - Successive OverRelaxation.

tesh - Trusted C SHell.

Xi
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AvTioToiyton
EAANYOYA®OGOOYV-ZEVOYAWGG ™Y

‘Oowv

allocation

anharmonic
(oscillator)
animation

ansatz
argument

array

attractor

attribute
autocorrelation

bifurcation

Exywonon (memory allocation = exy-
OPNOM WKYNUYG ULTOAOYLOTY] O Eva TPO-
YOOULLLOL, array xAT).

Avappovixdg (tahovtwtig).

Kiwvobpeva oyédia. Avagépetol os ypo-
QXN TAPAOTAOY, OECOUEVWY TOU OAAG-
Couv oTov YpOoVvO.

Aoxtpootinn AboY o€ éva TEOPANUa 1 Uio
ekiowon.

Optopa evioAng: AéEglg mouv TO TPO-
Yoopo SLtofBalel oo TN YOO EVTOAWY.
Aopég dedopévwy otn Fortran ot omolo
OVAPEPOUOOTE E YEPNON OXEQPAULWY OEL-
®x1tdy (Ay. Sravdoparta, Ttivoxeg xAT).
EAxvotnig: vmoobvoio Tov @ooixod YwEov
€VOS SLYAULXOD CLUGTNLOTOS GTO OTTOLO KL-
veltal oploxd To GOOTNUO YLO. LEYAAOVG
X0OVOLG.

XopoxtnoLtopog mov divetor otn OMAwon
ulag petoPAntic Fortran (A.y. parameter,
allocatable xAt).

AUTOOLGYETIONOS: OTUTLOTIXOG OCUGYETL-
ouog toyoiog ULETABANTNG HE TOV EOVTO
™G GTOY XPOVO.

AtoxAédwon (8¢ Twy otabepwyv onpeiwy
NS AOYLOTLXNS ATTELXOVLOYC).

xiii
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ANTIXYTOIXIYXH EAAHNOIAQYYQN-EENOI'AQYXYQN OPQN

binning

boundary

buffer

cluster

compiler

constraints

correlation
debugger

diffusion
directory
eigenvalue
eigenvector
eigenfunction

file
filesystem

fit

format
harmonic
(oscillator)
impurities

integer

interface

Mé60d0g LTTOAOYLOUOD GPAAUATWY UE Y-
ptopd twy dedopévwy oe opddeg (bins -
“Soyeia”).

Yovopo (boundary conditions = ocvvopto-
xég ouyBfxeg Sropopinig eElowong).
Bonbnuxny meprtoy otmm  pviun. Xtov
Emacs, buffers eivar meployés ot mopd-
Bupa mov cuVNbwg TepLéyovy dedouéva
OPYELWVY.

ZOUTAEY RO 0TtO TTASYUOTLXEG O€oeLg pe To
(30 OTILY TTOL €YOVY ETUAEYEL UE XATTOLOL
dStadixaoio.

MeTayAWTTLOTAG EVTOAWY [LOS YAWOOOS
TEOYQOULUATLONOY O piot GAAN YAWooo
(A.%. a6 Fortran oc assembly).
[Teproptopol oToug omolovg LTTOHKELTAL EVa
Suvopxd oo

ZTOTLOTLIXOG GUGYETLOUOG.

Ewdwxé epyoreio amoo@oALdtwong mTpo-
YOOLUATOY.

Avéeyoon,.

Koataloyog apyelwy.

[dtottpn mivoxo.
[3todLévuopor TTivoxo.
[dtoovvaptnon  TEOoBANoTOG
SLopopLxig eEiowang.

Apyeio dedopévwy.

X0otnuo 0pYdvworng apyelwy evog Act-
TOLEYLXOD GUOTNULATOG.

[Mpoooapp.oyn Sedopévwy oc pioe oLVAE-
™on.

Mopgomoinoy Jedopévwy oty Fortran
(A Yoo Ty exTOTWON TOLC).

App.ovixdg (TohayTmTig).

LOLOTLULWY

[Mpooyceiteic (o éva LALXO).

MetafAntég tng Fortran mouv xatorywpoby
Tor Oedopéva YLow Evay ox€Poato oplpo.
Atertoupy) (e8¢d evig TPOYEAUPATOG LE TOY
xXenoT™).



iteration
jackknife

logistic map
minibuffer

modes

observable
path

plot

prompt

random
random number

random walk
real

relaxation

residual

scattering
script

Erovéandy piog emovornmtixig (oiyo-
ptOutxng) diepyaoiog.

MéBodog LTTOAOYLOUOD GPAALATWY LE Y-
OLOUO TWY JEJOUEVWY OE OUASEG.
AoyLoTiny] ameLxovLon.

Ewdwx6 buffer otov Emacs oto omolo pmo-
PoLUE Vo B{VOLUE EVTOAEC.

Ewdwxéc xataotdoelg otig omoieg Ppioxo-
vtow buffers Tov Emacs avéAoyo pe to me-
pLex6uevo twv dedopévwy (Fortran mode,
C mode xAr).

[MopoatnenoLpn euolxyn TocoHTNTO.
Atadpoun mov odnyel oe plor povadixn
Beon oc éva filesystem.

oopinn Topdotoom dedouévmy 1 oLvaE-
™NOoG.

Axolovbia yopoxTNE®y TOL TUTTWVEL Eva
TEOYPUUO OTaY TEPLUEVEL £{00d0 ded0-
wévwy omd tov yenotn (pivopa TEoTEo-
ThG).

Toyato.

Toyoatog optbude. ‘Evog peydrog optbudc
ot v TOVG oxoAoLBEL o EnToduEVY] KO-
Tovopn mLhovoTtnroc.

Toyolow Stadpop.

MetoffAntég tng Fortran mou xortorywpody
to. (mpooeyylotixd) dcdopévo yow évo
TEAYULOTIXO pLOUG.

Mébfodog oroxANpwong TEOBALaTOg oVL-
VOPLOXWY TULWY, TTOL oTNy eloodo Jive-
ToL SOXLLOOTLXY] AVOM %ot v OTtolo, UE TNV
ETTOVOANTITLXY] EQOEUOYY TOL aAYopLiuov,
mpooeyyllel 0 {nToduevy Adon.
YmoAetmopevo pLog eElowong Tov avTL-
OTOLYEL OTO CQAALA TTPOTEYYLONG TNG OTTO
gvay aAyopLbuo.

Exédaon (\y. oopatdiony).
EvtoAég-oevapLo oL omoieg epunvedovrot,
XwPlg vo petayAwttifovial, amd x&moLo
Tp6Ypo o (). Tov QAOLO).

XV



xvi ANTIYTOIXIYXH EAAHNOIAQYYQN-EENOIAQYXYQN OPQN

seed - Apyw tpn o pLa yevwnrota Ppevdotu-
xolwy optbucdy. Apytxn mAsypatixn 0éomn
oe éva Wolff cluster.

semicolon - 0 yopoxthipog 7 (EAANVLXG €pWTNUO-
Txo).

shell - O®AoLbg, edxd TPOYPAUUO AAANAETTISOO-
onNG €VOG YENOTN UE TO AELTOLEYLXO OV-
oTNULOL.

shell script XevdpLo PAOLOL: TTROYPOUILOL TTOU EXTEAEL
ulor oxoAovbior evtoAwy evog QAOLOD.

stdin (standard eLdLx0 apyelo LGSOV JESOUEVWY.

input)

stdout (standard - €36 apyeio cEGSov dedopévmv.

output)

stderr (standard - edwx6 opyeio €Eddov dedopévwy  yLo
error) CQEALOTO EXTEAEDYG TTPOYQPOUUETWY.
subroutine - Ymopoutiva: ovtévoun OSodixacio 0T

Fortran, pio ouvédptnon mov ey emLoTEE-

peL omotéeopo (dnA. ToToL void).
sweep - Evnuépwon 1 antdémetpa evnuépwong 6Awy
Ty Bobuwy eAevbepiog evog TAEYUOTOS
oe pLa Stadxocto Mévte Kapro.
Aradixaoion eVpeong xoataotaons Oeput-
%G Lo0PEOTLag o€ Evay aAydpLiuo Mévte
Kapho.
MetaBotixn ovumepLpopd eviég dvvaytl-
%00 OLOTNLATOG, TTPOTOV (PTACEL GTY] OTO-
Bepn natdotoon.

thermalization

transient state



ITooAoYOC

To BiBAio eivol amotéleopa TG EVTEXEYPOVTG EUTELPLOG LOL OTY] dLoo-
OXOAOL TOLOY ELOOYWYLXWY HobNuaTwy Le BEpor Ty LTTOAOYLOTLXY] QU-
OLXY] XOL TOY ETULOTNULOVLXO TTPOYPOUUOTLONO oTo Efvind MetodBio IloAv-
teyvelo. Amevfivetor, xVPLWS, OE TELTOETEIG xOL TETAOTOETELS POLTNTEG
TWY QUOLXWY ETLOTNULWY XOL TWV ETLOTNUOY TOL Unyovixod. To TpwTa
TOL XEQPAAALO LTTOPOVY var SLdoryovy ywelc TEOBANUO Xl o deVTEPOE-
Telg QoLTNTES TToL €YoV TTopaxoAovONoeL Tar Baotxd pobNuato PuaLxg
xol podnuotinig avaAvong, Toe omtola dLOACKOVTOL OTO TTPWTO €TOG OF
€vor 0TTOLOONTOTE TUNUO DETIXWY eTloTNUwY. To LALXS oL TapovoLdle-
Tot 070 PLPALo pmopel va dtdoybel dveta oe dvo eEaunviaio pobquota,
OLUTIEQLAXULBAVOUEYWY KO TWY EQYOOTNOLOXWY OOXNCEWVY.

To Baotxd ®xynTPOo TOL PE 0dMYNOE OTN GLYYPNPY ToL PBLBAlov elvad,
XOTOEYNY, N omovaior EMAVLXNG PLAtoypapiog 1 omola v Oepamedet
o Opotor TOL TEHPOLGLALOYTOL GTO TTEPLEYOUEVE TOV OE TTPOTTTUYLOXO
eTUTEDO, OAAG %O N OVAYXN LOL v JelEw aTOLG OLXOVG OV POLTNTEG
OAEG TLG TEYVLXEG AETTTOUEPELES VO apLOunTiXol vToAOYLOKOV ot Eva
ETUOTNUOVLXO [LOVTEAO, OTTO TOV OYEOLOOUO UEYPL TNY LAOTTOLNOY KoL TNV
OVAALOT TWY ATOTEAEOUATWY. O @oLtnTég ov avtipeTwTil{ovy TEPLO-
06TEPES DVOXOALEG GTOV TTPOYPUUUATIOUO XOL GTOV YELPLOUO Twy 3ed0-
UEVWY, TTOOA GTNY XOATOVONOY] TWY PLOLXWY EVVOLKOY.

To BLBAlo dev amooxomel 0To var Yivel éva BLBALO avoupopdig yLow Tou
Ocpato mov drampaypotedeTal, oAAd vo SL3GEeL Pripo-Prpo s vo
ALBel éva emtLoTnovXd TPOPBANUO LE LTTOAOYLOTIXEG peBddoug. Tovileton
W, Yo vo emtttevybovy oL exmondevtixol atdyoL, elval amopoitnTo 0
OVOYVOOTNG YO EQYALETAL, TUVTOYPOVO UE TN UEAETN TOL BLfAlov, Tévw
OTOV TPOOWTILXO TOL LTTOAOYLOTY XL Vo LAOTOLel Tar yYpoopeve. To
uébnua to SLd&oxw, axoAoLOMYTOS TNY THEATEYVEL PLAOCOPLa, LETO O
EVOL EQYOLOTNPLO DTTOAOYLOTWY, OTTOL Ol POLTNTES LOXOVVTAL TAVTOY POV
pe ™ ddaoxohion g LATG.

Ov aapaitnTeg LTTOAOYLOTLXEG OeELOTNTEG OLddoxovTaL e TN Lébodo
TOU TTOPASELYUOTOS XL, YLOL TOV AOYO oVTO, XOAO glvor v VAN vor SLdot-

Xvii
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¥0el pe ™ oetpd mov mapovaotdletor oto PLBAlo. XTo TEWTO XEPAAXLO,
TIOEOVOLALOVTAL Ol ATTOANITWS ATTAEALTNTEG EVvoLleg xal 1 epLfBdbvvor emt-
ToYYGvETOL 0TNY TIPEEY, AdvovTag TEoBAUoTo (ATTWwS xoL 6TOV TEOY.o-
T x60p0...). H Abom twy TpoBAnudtoy Ttopovotdletal o StapopeTixd
entimedo vLTTOAOYLOTLXNG OeELoTEYVIOG XL, aVEAOYR UE TO ETETTEDO TOL
oVAYYWOOTY, LTTOPoVY vor AHOVY YeNoLLoTOLWVTOS OTTAG 1) oVvbeta p-
YoAeio. Xe xabe xeparato tapoatibeton BifAoypapio Tov €xel 6TdY0 Vo
Bonbnoet tov avoyvwotn va epfabdvel T YVWor Tou Tave o {NTLOTO
TT0L OEV LTTAPYEL PXETHG XWPEOG Vo avartTuyboVy ato BLAlo.

"Evog dAhog Baoixdg otdyog Touv BiffAiov eival vo Bonbnoet tov avo-
YVOOTN VO ATTOXTNOEL eUTtELpla XL aTEPEd LTTOPabPO, TEOXELPLEVOL, OV
BéAet, va Tpoywpnoet o apLiuntinodc vToAOYLoKLOVS LPNAYG TTOS00TG.
Mo tov Adyo awtd, g YAWOoO TEOYPOUUATIONOD TwV POOLXWY TTO-
YOOUUATWY TTOU DAOTTOLOVY €Vay aAYOpLOUO LPYNALY cpPLBunTLXWY amot-
™oewy €yel emtheyel n Fortran. H yAwooo oavtn eivor dnupo@iAng oe
OUASESG TTOL TTPOYPOUULOTILOVY ETULGTNLOVIXA TTOOYQAUULATO GTOVS ONUE-
pvol¢ vtepuTToAoYLoTES. Elvar dounuévn pe oxomod vor xavel eOx0A0 Tov
TEOYQOUUATLONG opLOUNTIXWY oAYOELOpL®Y LPYNABY aTALTNCEWY, EXEL
TOUG TILO OTTOBOTIXOVG UETOYAWTTLOTESG 0T BeATLOTOTOLNOY EXTEAEONG
TPOYQOULUATWY XL EVar LEYGAO REPOG apLBunTixddy PLpAtobnxwy €xovy
TPOYQOUUOTLOTEL OTY] YAWOOoO oTY. ATd Tondaywytxng arodng eivor
QLoe TTOAY OTtAY] YAWOOX, TTOV ETULTPETEL GTOV U1 EUTIELPO TTOOYOOULULOITL-
o1 V& 0PYLOEL YO TTPOYPAUUOTICEL Qpeaa Evar optOunTind TEOBANUL, Yw-
olg va ypetaletor va xabopioet deutepedovoos oNUOCLog TTOEOUETPOVS
TOL LTTOAOYLOTLXOV TtEPLaAAOVTOS. H extéAeon TwY TROYPOUUETWY o
N OWVAALOY] TWY ATTOTEAEOTUATWY YIVETAL OE VO AELTOLEYLXO CVOTNULA TNG
owxoyévetag tov Unix (6mwg eivor Ay. to Linux), epmiovtiopévo amd
™Y TAoVoLx xol Ttovioyven epyoietobnxn GNU. H teAevtaion mopéye-
T eAebepa amd v FSE|| o elvarl amapaitytn yio tov moAdmAoxo
YELOLOUO DESOUEVWY TTOV ATTOLTOVVTAL OE EVaL EQELVNTLXO TTPOYPaupo. H
Fortran Sev elvor 1 xatAOTEPY] ETTLAOYY] YLOL TOV TTROYPAUULATLOUO AELTOVP-
YLV OTLG OTTOLEG Efval ATTOEALTNTOG O YELPLOUOG TTOADTTAOX WY OLYTLUELULE-
vV 1 1 o€ Babog aAAnAeTtidpoom pe to Asttovpyixd cbotnua. H @rhoco-
olo elvarl va agpnoetl xdmotog ™) Fortran vo xavet ovtd yLow To omtolo €yeL
QTLor el vou xdver xoAdtepa (apLtOuntinole LTOAOYLOROVS) XAl VoL aVoL-
OeoeL Tov yeLtpLopd Twy dedouévwy xaL TN SLoXELPLOY] TOV CLOTNHULOTOS O
OMat, eEwTEPLXA, epYaAela. Epyaieio OTwg N awk, O TROYQOLUATLONOG
TOL @AoLOV, To gnuplot, 1 Perl xow dAAa, ivol TOAD LoyLE& xaL cLEAL-
XTO, XOL CUUTTANEWVOLY TLg advvapieg Tng Fortran. To mpdypoppa mov

*Free Software Foundation, www.fsf.org


http://www.fsf.org
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YOY|OLLOTIOLELTOL OTNY ATELXOVLOY] TV Oedouévwy elval To gnuplot, TO
OTtOL0 TTOPEYEL TTOVLOYVEOL EQYOAELO YELPLOUOD TWV GECOUEVWY XL ON-
pLtovpyiog peYoAov opLthpod amd TOADTTAOKES YOUPLUES TTOPAOTATELG.
OAae Ta epyareior Tov ypnotpomorovvtorl ato BLBAio divovtor pe adeta
ovoLYToU AOYLOWLXOD %o elvot TTpoofaaotua ywpelc yeéwaon. MmTopoby vo
yonorporownbody oe mepLfBdArov Linux, Windows xow Mac OS.

H 1o ddoxoin évvora mov mpémel va epnedwbel o éva pébnuo eme-
OTNULOVLXOD TROYPOUUOTLONOV, Eival OTL 0 TPOTOS AOOYG EVHG TTEOPAN-
potog pe optbuntixy pébodo elvarl teAelwg SLaPoPETIROS atd ToY TPOTO
TTOL AVVETOL OVOALTIXA. 20VYNOWE, OL POLTNTEG TTPOTEPYOVTOL EYOVTOGS EVOL
LoLEO LE6Pabpo oty avaAvom xo T BEUEALDON TAVETLOTNULOXY PU-
own xot glvot SOOXOAO Vo TOLG EENYNOELS TS UTTOPELG va AVoELS Eva
TEOPRANUO. OVAAVOTG, YENOLLOTIOLOVTOS UOVO OTAES oPLOUMTIXES TTOA-
Eetg. Axdpor o SVOXOAO Elval Vo YIVEL XOTOVONTO TWE TO TEOPANUO
Aovetat, oovibwg, pe T SLaxPLTOTOINOY EVOS LOVTEAOL OPLOUEVOL GTO
OULVEYEG, XATL TO OTOl0 UTTOPEL Vo YiveEL pe TTOAAODG TPOTTOVG, OVAAOYO
UE TLG AVAYXES OXPLPELOG KOl YPNONG LTTOAOYLOTLXWY TTOPwY. H Tpooey-
Yot optbuntinn Abomn mpémel vo tpoextabel 0To amelpooTind 6pLo,
€Tol WoTe MOl M avaAv Ty AboY] pe txavoroltixn axpifBeto. To BLBAlo
npoortabel va exbéoel Tov avayvdotn o avt) TNV LGEX TPOOSEVTLXA,
opytlovtog amd TEORANUOTO ATTAYG XIVNOYG CWUATLOWY XL PTAVOVTOG
oty Tapovoioon g pebddov Babulong memepaouévon peyébovg ot
OTOTLOTLXY] QUOLXY EVOG LOVTEAOL TTOL [ploxeTol OTNY TEPLOYY ULOG OL-
veyolg LETaPaong paong.

To BLBAlo divetor poli pe ovvodevTind LALXG Tov UToPel va Ppebel
%o ot Lotobéor Tou ﬂ To ouvodeuTind Aoyloutxd TePLEXEL OAX TOL TTPO-
Yoappato mov Tapovotéllovial oto PBLBAlo, poll pe yonotpo epyoieia
%o AVoELS LEPLXWY amtd Ta TpoPAnuata. Kébe xepaiaro ovopmAnpwve-
TOL ATTO ALOUNOCELG TTOV O AVOLYVWOTYG TTPETEL VOr AVGEL YLOL VO LTTOXTNOEL
“hands on” epmelpion GTOV ETMLOTNULOVIXO TTEOYPOAUUOTLOUG. EATTIw Twg
€Y MNOY TOVIOEL PXETA, TTWG ELVAL ATTOPALTYTO O AVOYVWOTNG YO EXTE-
Agl Tig evTOAég ToL Topovatalovtol oto PBLBAlo xatd TN OLdprELo TNG
UEAETNG TOL.

Yog €OYOUOL ULor ONULOVEYLXY EUTIELOLO ETTLOTNUOVLXOD TTOOYOOULO-
TLopoV!

Ab7va 2015.

www.physics.ntua.gr/ konstant/ComputationalPhysics/
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KEDAAAIO 1

O YroAoyioTyg

X%0TOG TOL xEPOAXLOL ovVTOV elvar vo B€oel T OepéAia yror Ty ava-
TTLEN SEELOTNTWY XPNOMG TWV VTTOAOYLOTIXWY EQYOAELWY TTOL Bt YPnoL-
LOTTOLIOOVUE OTN LEAETY TWY DTTOAOYLOTIXWY TTPOPBANUATWY TOL TOPOL-
oLélovTol oTo ETMOUEVO XEPAAOLA. AgY EXEL GXOTTH VO XAVEL TTANET XOIL ELG
B&bog mapovoioon, elvor paAAoy TpoxTiny expdbnon péow mopadety-
UETWY. AMNOOTE LTTEEPYOLY TTOAAEG TTANPELS KoL TTALIXYWYLXES TTOOOV-
oL&oeLg ToL LALXOV Tov Ba Tapovoldoovpe o TOAG PBLBAla eAebbepa
Stabéotpa 0To SLadixTuo N/xaL o PLPAo Tow ool ... EXOLY XATTOLO Ti-
unuee. 2N BBAtoypopio Bor oog doboby opreTég TPOTAOELS YLow LEAETY
oe JtopopeTixd emimeda euPdbuvorng.

Ye xdbe mepLBarioy epyaoiog evdg LTTOAOYLOTIXOD TTPOYQPALLATOG,
glvor ovayxn vo Yivouy emtAoyég. AUTEG EEQPTWVTOL OTTO TLS CUYXEXL-
UEVEG OVEYXES TOL TPOYPAUUOTOS: ATOLTNOELS oELOUNTIXNG ATTOTEAE-
OLOTIXOTNTOG, ULXPN/LEYEAN Oubdor epyaaiag, TTOAVTTAOXOTTO XWILXA,
ovayYxreg Yot ovoBaioels ... avopvnoelg amd To LEANOV.

Epeic €30 Oa StaAéEovpe vo TAPOLUE EVOL QPWUA AT TLG OVOYXEG
EVOG TPOYPAUUOTOS HE xoTevbLVoT emloTnUoVIX)/UTTOAOYLOTIXY. Evdg
TPOYQALUATOG UE UEYRAEG OAVAYHES OE EXUETAAAEVLOY] TWY LTTOAOYLOTL-
WY TTOPWY YLOL YONYOPOULS 0 pLOUNTLXOVG DTTOAOYLOUOVG KO YLOL EVEALXTY
avéhon (... ToAADY) dedopévwy. ‘Eva tétoto mteptBdAloy Tou Ttpoo@épet
eveAtEia, aflomiotio, amAdtnTa, duvatd epyoieia Yo avaAvoY dedoyé-
VOV X0 LETOYADTTLON TTOOYOQOUULATWY XAL TTOL TTPOGPEPEL GTO XENOTN TV
SLYOTOTNTO YO XAVEL ATTOBOTLXOTEQPY YPNON TWY LTTOAOYLOTLXWY TOPWY
TOU CLOTNUATOG TOL Elvo 1 OUAdO ASLTOLEYLXWY cLvoTU&TwY Unix. H
oVYYX 0V, ONUOPLATG xaL eAebbepa Stabéoturn €xdoon TEToLoL GLOTHO-
Tog elval To GNU/LinuX, uta Tpoomdbela n omolar TparypotoToLinxe

'www . gnu.org



2 KE®AAAIO 1. O YIIOAOI''YTHX

¥6omM oY €0€AOVTLXY SOLAELE EXATOUULLELWY TTEOYPOUUATLOTOY TTOYXO-
oplwg xar mov Paciotxe oty 3éa tov EAedbepov Aoyroutxol (O
KE TNV Evvola “ToauUTa”, 0AA& Ue TNV évvola NG eAebbepng Staxivnong
LWV 0T0 Aoytopixd) mouv Bepediwoe o Richard Stallmanﬁ.

H yAdooo mpoypoppotiopod mov o dtoaAéEovpe eival m Fortran.
Mepixol Adyot Yo Ty emLAoYN elval OTL 1 YAWOOO oLTY] ELVOLL TTPOGOVOL-
TOALOUEVY] OE aPLOUNTIXES EQPOEUOYES KoL YONOLLOTIOLELTAL EVPEWS AT
ETUOTNUOVES XAl UNyovixols. Elvar ortAy kot oL UETOYAWTILOTEG XAYOLY
BeATLOTOTTOINOY, TTUEOAANAOTIOLNOY] KoL SLOAVVOULATOTIOLYOY] ATTOTEAEGULO-
TXOTEPN. YTTAPYOLY TTOAAEG, XAAES ol SOXLLOOUEVES PLBALoONKES pe po-
Onuotind Aoyroutxnd amd Tig omoleg neptrég eivar eAclbepa Stabéotpeg.
duond, N YAWooo vt LOTEPEL OTY SLEXTTEQOL WO TTOADTTAOX WY SLEQYOL-
OLWY IOV €YO0VY OYEDN UE TO ASLTOLEYLXO CVOTNUO XOL TNV EMeEcpYaoio
XELLEVOL, OANG TO %EVO XOAVTTTETOL EVOXOAX UE TO CLVOLOCUO XENONG
gpYaAelwy Tov cvoTHuatog. Eniong, eivor oA otn doun g, omdTte 0
ovoryveotng dev Hor SuoxoAevTel Vo xAveL aTTAOVS LTTOAOYLOKLOVG, OO
xoL oy Ogy €XEL TPOMNYOVUEVY] EUTELPLOL TTPOYPOUOTLOMOD. TEAOG, elvar
pobnuoatixd mTpooovotoAouévn: ‘Exel amAy, xtiopéyn péoo g, XeNom
LYo SLX®Y apltipwy xot pobnuatixwy ocuvaptoswy, BLBAtobfxeg Stobé-
OLUEG YLOL DTTOAOYLOUOVG SLOPOPETLXYG aXPLBELOG KOl ATTOTEAECULOTLXO-
TeEN JLoyelplon TG LVNUNS Tov vbroAoytot). H amAdtntd tng o 7 ...
NAXLO TNG KAVEL TOLG AYTIOTOLYOVG UETOYAWTTLOTEG VOL XAVOLY TNY %O
AOTEEY drabgaiun BeATioToTOlNoY] XAl TTOUPAAANAOTTOLNOY] TOL XWOLKA OE
oVY%ELON UE OAEG TLG AAAES YAWOOEG. OL ETTLOTNUOVIXEG EQPOPUOYES OL-
vbwg xpnotpomoloby yYAwooo dounuévou (procedural) xon Gyt ovtixet-
nevootpapots (object oriented) mpoypoppatiopod. H Fortran éyet du-
VOTOTNTEG KUL OVTLXELUEVOCTOPOPOVS TTPOYPOAUUATLOUOD, dAAG cuvbwg
exel elval Lo dNpo@LAeic YAwooeg 0w ot C++/Java.

H Fortran émwg xow oL C, C++, Java elval YAWooeg Tov puetory Awttifo-
yTow oo Evay PETAYAWTTLOTH. Mior &AAY xotnyoplor YAWGGWY TTROYQOU-
patlopod eival ot eppnvevipeveg (interpreted), dmwg eivor ot perl, Basic,
awk, shell programming, Macsyma, Mathematica, Matlab, Octave, Maple,
cr. OL EQUNYVEVLTES TV YAWOOKY VTV EPUNVEVOVLY TO TTPOYPOULULO EVTOAY]
- EVTOAY. AuTd Oev ETLTPETEL TNV AVEALGY] TOL TTPOYPAUUNTOS TTOV XA~
VEL 0 UETOYAWTTLOTYG, TO OTTOL0 elvat amopaitnTo YL T BeATioTomolinoy
¢ amddoons. Ot epuNVELOUEVES YAWOOES Vol ATTAOVGTEPES OTN XOMON
(M. pe plo evtodf Inverse[A] % 1/A Ta{PVOLUE TOV OWTIGTEPOMPO EVHC
Tivoxor XATL TTOL YPELALETOL TTEPLOGATEPY] SOVAELA OE it YAWOOO OTTWG
n Fortran, C, ...), 0AA& YivovTtow omaryOpeLTixd opYES YLOw oo TTird

“www.stallman. org
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mpoPAnuata. O xpdvog TEOYPAUUATIOUOD TOVS OUWG E(VOL TTOAD ULXQO-
TEPOG XL O TTPOYPOUUUATLOTNG B TTPETtEL var eEgtdoet ay pumopel vo AVoet
T0 TPOPBANUA Tov pe TN Ponbeld Toug, TEOTOL apyioel vo oyedLalel Eva
TEOYPO L o pion YAWooo 6Ttwg 1 Fortran.

TENOG, PXETEC TG TLG EVTOAEG TOUL AELTOLPYLXOD GUOTNLATOS TTOL
O oulnTroovue ToPoxdTL, EpUNVEVOVTAL ETGL LOVO OTtO TO QAOLO tesh.
Aot elvor ploe axdpo amd Tig emiAoyég pog xot O Ba avaAdoovpe
TLG OLOPOPES LE GAANOLG PAOLOVG €TOL WOTE M TTLEOLOLAGY] VO Y] YLVEL
TOALTTAOXOTEPN OTth G00 YPELALETOL.

1.1 To Asttovpyirdé XdoTnuo

"Exete Bpebel oty xatdotoon vo 0€Aete voo Adoete €var TPOPRANUa xou
TO TTOAVSLOPNULOUEVO KOl OXPLBOTTANPWUEVO AOYLOWULXO COG TToL “PrveL
%O XOPE” VO UMY TTOPEL VoL XAVEL ALTO TTOL CPEYLXA OV TPOBAEPaTE
otL B rav avoyxoio vo yiver; H Adon os awtd 10 TEOBANUa lvo
éva TTEPLPAAAOY 6TO 0TTOL0 0L TTOAVTTAOXES dlepyaaleg va xatapepilovtol
0E OLOPOPETIXA EPYOAELO TaL OTTOLOL ETULAEYOVTOL %Ol GUYOLALOVTOL ULE
eveMELa avEAOYOL [LE TLG OLVAYXES TOV LTTOAOYLOWOD.

Aoty elval 1 Baotx] @LA0GOELO TWY AELTOLEYLXWY CLGTNUATWY TOTTOV
Unix. OgpeAtddng apyn oto cOoTNUor ovTo elval Tl Ao Tor SOULXA TOU
XOEOXTNELOTIXG elval apyelo, eite TEOxeLToL YLor OeSoUéva OE LOPOTN
XELUEVOU, ELTE EXTEAEOLLO TTPOYQPALUATO OE YADTOO UNYOYNG, ELTE OXAY-
pol dioxol, eEwTepLXég oLoxEVES, 000VES, XEPTES MOV ... Apa, TO TEWTO
TTOL TPETIEL VO XOTOVONOOLUE €lvol 1] OOWY] TOU GUOTNUATOS XEYELWY
(filesystem).

1.1.1 Filesystem

Kotopyny, oe x60e apyeio pag odnyei éva ... povordrt (path). Yrdpyouy
dvo tpdToL va Ypdupovpe éva path. To oxetind (relative) xow to amdéALTO
(absolute). Abo Topadeiypoto eivo:

bin/RungeKutta/rk.exe
/home/george/bin/RungeKutta/rk.exe

2T TTOPATIAVL %O TO SV0 LTTOPEL VO LVOUPEPOYTAL GTO [3LO apyELO, LTTO-
Pl Opwg %o og draopeTixd. EEaptator “mov eipaote”. Av “clpoote”
OTOV X TAAOYO /home/george/, THTE OVAPEPOLATTE GTO (OLO apyelo. Av
elpoote oTov XatédAoyo /home/john/ 7 /home/george/CompPhys/, TOTE




4 KE®AAAIO 1. O YIIOAOI''YTHX

OyL. XTLS TEAEVTALEG TEPLTTWOELS ot TO relative path yivetow avo-
@opA& ot apyeio

/home/ john/bin/RungeKutta/rk.exe xout
/home/george/CompPhys/bin/RungeKutta/rk.exe avtiotoryo. [ledg ta Ee-
ywpilovpe; To absolute path apyilel TAVTO OTTH TOV YOEPOXTAPO /, EVED
To relative path Oyt.

Mopoamdvw, To “clpoote” avagpépetol oc pLta H€on oto ocdoTHUA TwV
apyeiwy Tov ovopdletar “tpéywy xortdhoyog ~ (“current directory” 7
“working directory”). e xa0e Stepyooion T AELTOLEYIXG COGTNUOL OVTL-
otolel €vog povadixdg TEEYwY xotahoyos. To obotnua apyeiwy oto
Unix elvat evioio. Axdpor xot oy TOXELTOL YLow SLOYOPETIXOVS OXANPOVG
3Lo%OVG, CLOTNULATO PYELWY TTOL CLYIEOVTAL GTOY VTTOAOYLOTY LG LETK
dwxtdov, To CD/DVD, o eEwtepindg USB dioxog, ta apyelo-odnyol mov
OAAMAETTLSPOVY e To hardware (006v7, Tovtixt, modem, ....), GAcL ovo-
TOYTOL 07O (Lo Aoyixd ovotnuo opyeiwy. O xeNoTNG/SLoryeLlploTg EXEL
omoALTY eAevBepia vau T BaAet exel TOL aLTN/OG 6é7\€Lﬁ.

To filesystem ytileton mévw otn pile Tov (“root”) ooy éva avémodo
dévtpo. To abuforo Tov root eivol v /. ZEXVOVTOG ATTO TOV XOTAAOYO
root QTLEYVOLUE XATOUAOYOLS KOl LET OTOVG XATUAGYOLS VTTOXOTOAD-
Youg %x.0.x. Ké&be xatdhoyog ypetdletor vor YVwELLEL TOV YOVEIXO TOL KO-
téhoyo (“parent directory”) xow o apyeior Tov mePLéyet (xow otd owTd
UEPLXA UTTOPEL Var elvol LTTOXATAAOYOL - XOL QWTOL opyElor elvort).

O7ntwg eirmape oto Unix éxovpe tny eAevbepior va féAovpue taor apyeio
pnog 6mouv B€hovpe. Eutuywg opwe, vmapyovy Ueptxég oLBAoeLg TToL
LTTOPOVULE VO TTEPLULEVOVUE OTL T TTEPLOGOTEPX GLGTHLOTA Hor axoAov-
Bovvtoat. ‘Etot, otov xatdAoyo /home cuvniwe Bploxovpe TG TPOOWTLKES
reptoyéc (home directories) Twv ypNoTWY, 6TOV /etc T apyeion TOo-
HeTpoTOoiNoTg Acttovpyiog ovotiuotog (system configuration files), oe
XATOAGYOUS UE OVOUO bin Tl EXTEAEOLUO COYELN TWY TEOYPOULUATWY,
oe xoTaAdYoLS UE dvopa 1ib Tig BiffAtobvxeg Twv TEOYPOUUATWY.

Mepwxéc onpavtixég ovuPdocetg yio Oéoeig oo filesystem sivor 7 .
(tedeiar = 0 TPéwY xatdAoyog - current directory), ot .. (800 tedeieg =
0 “yoveindg” xatdhoyog - parent directory) xou v ~ (TeEPLOTWUEYY = TTPO-
oWTILXY TTEPLOYN XENo T - home directory). Eotw, yia mapdderypo, ot gi-
LOLOTE 0 YPNOTNG george GTOV TPEYOVTO XUTAAOYO /home/george/Music/Rock
(BA. oo |1:1]). Téte a0 Tapoxdtw paths avagépovton oto LdLo apyeio
/home/george/Doc/lyrics.doc:

*Avté Biver prow duvorty] alobnon eievbepiog, amd ™V GAAY eivor M aEyh TOL ...
x6ovs. lotopixd avtd dnulodpynoe évay TOPYo TNg BaBéA yia ovotiuoto Unix xo
OTTOTEAEDE X0 EVOLY AT TOVG XVPELOVG AGYOLS TTOU GAACL, CAPWE XOTWTEPYG TOLOTNTAG,
AELTOLEYLXE CLOTAUATO ETUXPATNOAY TNV OYopd Twy PC.
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Dirsctor
1
|
ha.me lib usrk bin etc daw war
mary george john liks bin share local man
Doc CaompPhys Mail Music bin lib
LecOl LecO2 Rock Greek Jazz

Progs Motes Problerms

Iyfue 1.1: To filesystem oto Unix. Tty xopu@y éxovpe T pila (root directory) tov
OLOTALATOG OPYELWY, TOV XaTdAoYo /. Kdbe xatdhoyog tepLéxel apyeio, LETOED Twy
OTToLwY %o LTTOXATOAGYOUS. Kdbe xatdAoyog Exet Evay xot Lovadixd YOVELXS xaTAAOYO
(parent directory) 1ov ovpPoAiletal pe . . (300 teteieg). O / éxel Yo YOVELXS X0 TGAOYO
Tov €T TOU.

../../Doc/lyrics.doc
~/Doc/lyrics.doc
~george/Doc/lyrics.doc
./../../Doc/lyrics.doc

Etodyovpe tdipa mopoxdte Tig Baotxég EVIOAEG YLO VO TTAO YOV ULO-
OTE 0TO ﬁlesystem. H evtolf cd (change directory) oaAAG&LeL Tov TpéYovTOL
XOTAAoY0, eved 1 pwd (print working directory) pog avopépet tov Tpéyo-
VT XATEAOYO:

‘> cd /usr/bin

‘Ot evtoAég o apyilovy pe > eivor evTohég oL SivovTol amd TN YOO EVTOAGDY
XOL QUOLXE O OEYLXOG YOPOXTNPOGS >  Oev elval YEPOG TNG EVTOANG. Ot YOOUES YwELS
> eivow 1o xelpevo Tov TUTTKVEL N EVTOAA oo stdout (tepportixd).
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> pwd

/usr/bin

> c¢d /usr/local/lib
> pwd
/usr/local/lib
> cd

> pwd
/home/george

> cd —

> pwd
/usr/local/lib
S>ed .. /..)/

> pwd

/usr

To dptopo g evtoAng cd sivor €va absolute 1 relative path oto omotlo
(av elvar owotd xow éxovpe Ty ddetor TEOGPROGNC) “usra@aivouus”ﬁ.
EEowpéoelg eivor vou un dobei dptopo (e oto home directory) 9 o
yopoxthpoc - (mape exel mov Pproxdpaotay mtety). H evtory) mkdir Ov-
ULOVOYEL XOLYOVPYLOUG XATOUAGYOLG, €ved 1 rmdir Tovg of3nvel av elvor
adetotl. Aoxtpaote:

> mkdir new

> mkdir new/01

> mkdir new/01/02/03

mkdir: cannot create directory ‘new/01/02/03’: No such file or
directory

> mkdir —p new/01/02/03

> rmdir new

rmdir: ‘new’: Directory not empty

> rmdir new/01/02/03

> rmdir new/01/02

> rmdir new/01

> rmdir new

[TpooéEte mwg 1 mkdir dev UTOPEEL vor dMULLOLEYNOEL XA TOAGYOLS GO
emimedo TLO XATW, €V M mkdir -p pmopel. O “SloaxdTTNG” -p aAAALEL
TOV TPOTTO ASLTOLEYLOG TNG EVTOANG OVTNG.

[No voo dobue tor TEPLEXOUEVO EVOS XATAAGYOU YOYOLLOTTOLOOUE TNV
EVTOAY] 1s:

> s
BE.eps Byz.eps Programs srBE_xyz.eps srB_xyz.eps
B.eps Bzy.eps srBd_xyz.eps srB_xy.eps

*Anhadf aAAG&LeL Tov current directory g depyooiog.
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> ls Programs
Backup rk3_Byz.f90 rk3.£90
plot—commands rk3_Bz.£90 rk3_g.£90

Me v PN EVTOATN BAETOLUE TA TTEQLEYOUEVR TOV XATUAGYOL TTOL [BPL-
OXOUAOTE, eV 0T delTepPn (TTPOoPOvVKg To apyeio Programs eivol LTTO-
XOUTAAOYOS) Tt TEPLEYOUEVOL TOV XATOAGYOL TTOL BELOVLUE GTNY EVTOAY|
oo 6ptopa. 'Evag aArog TpdTog vor SYTOLUE TNY EVTOAN Elvor

> 1s -1

total 252

-rw-r--r-- 1| george users 24284 May 1 12:08 BE.eps
-rw-r--r-- 1 george users 22024 May 1 11:53 B.eps
-rw-r--r-- 1 george users 29935 May 1 13:02 Byz.eps
-rw-r--r-- 1 george users 48708 May 1 12:41 Bzy.eps
drwxr-xr-x 4 george users 4096 May 1 23:38 Programs
-rw-r--r-- 1| george users 41224 May 1 22:56 srBd_xyz.eps
-rw-r--r-- 1 george users 23187 May 1 21:13 srBE_xyz.eps
-rw-r--r-- 1 george users 24610 May 1 20:29 srB_xy.eps
-rw-r--r-- 1 george users 23763 May 1 20:29 srB_xyz.eps

0 “Srox6mtng ” (switch) -1 xdvet Ty eVvToAf 1s va suptepLeepbel dtapo-
peTxd. Mg Sivel T Tepieydupeva Tou current directory pall (e YONOLLES
TIANPOQOPLES YLow Tow apyelor TTov TepLéyel. H mpwtn otAn €xel xwdtxo-
Tonuévec Tic &detec YpnRome Yio xéBe apyeio (BA. mapaxdtw). H debtepn
Tov apLBpd Twv cuvdéopwy (links) twy apyeiwy. H tpity To dvopa tou
ooty (user = george) otov omoio avixovy to apyeia. H tétaptn v
opado (group = users) Tov ocpxsiouﬁ. H mépmtn to péyebog tov apyeiov
oc bytes = 8 bits. O emdueveg 3 TOV YPOVO TEAELTALAG UETATPOTTYG TOV
opyetov. Kow téAog, To dvop.a tov apyeiov.

Ov adeteg mpdoPaong r, w, x elvor Adeleg mEoOoPaong yio read,
write, execute. Omotog éxel ddcta r €xel adeta vo dLafdoel xot vo
ovtLypdupet évar apyeio. Omorog €xel adeta w Umopel var LetoBaAieL to
TepLexoueva evog apyeiov. ‘OmoLog €xet ddetor x LTTOPEL Vo EXTEAEDEL EVaL
apxeio we mpdypapual. Eidixé yio Toug xotaAdyoue, Yior vor Wopet o
XONOTNG/OUABO/ROOPOG Vo “UTtEL” O EVay XUTAANOYO ILE TNV EVIOAN cd
TPETEL Vo EYeL adeta x. [t vou pmopéael vou of3noet évar apyelo TPETEL
Vo €YEL AOELOL W OTOY XATAAOYO TIOL OVVXEL.

“Evag xphotng UTopeL vou avixel o TOMESG OUADES Yo Vo SLEUXOAOVETAL 1] GUVEQ-
Yoolo pue SLoPOPETIXES OUADES YPNOTWY. Puolxd xdbe opddo popel vo €xel TTOAAOVG

XONOTES YLot LEAN.
'duoixd o av Bo UTTopETel Vo exTEAETTEL 0waTd efvor VBBV TOL XENOTY
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Ov é&deteg ywptilovtar oc tpelg opadeg: O dLtoxtnTNng ToL CoPYEiov
(user- Béoeig 2-4), n opddo (group- Béoeig 5-7) xow 0 LTOAOLTTOG K6-
opog (others-0éoeig 8-10). Tapadeiypotog xdon

“rw-r—-——-r-—-

drwx--x--x

XNy TEWTN TEPLTTWOY, 0 LOLOXTNTNG €XEL Adelo read, Write, otAAQ
Oyl execute X0l 1 OUASK/XOCUOG EXEL LOVO AdeLa read. X1y deVTEPY, O
XONOTNG €xeL Adeta read, Write, eXecute, n ouddo &dsto read xaL O
%xO0POG TLTToTH. ZTNY TELTY, 0 XENOTNG EYEL el read, Write, execute,
N opado/xO6opog adeta execute. Eidixd oty Ttpitn Bploxovpe to yopo-
xtpoe d oty TEWTN B€on oL dNAWYEL O6TL TO dPYElO ElvaL *OTAAOYOG
(directory). H mpdytn awth 0éom, btov civor “xotetAnupévn”, dnAdveL
opyeto edtxod TiTOU.
Ou &deteg TPOoPBoong oAAAlovy e TNV EVTOAY] chmod:

> chmod u+x file
> chmod og—w filel file2
> chmod a+r file

Me v TpWTn eVTOAR] 0 Wtoxthtne (u= user) maipvel (+) &detor x 67O
apyeio file. Me tn debtepn, o xbopog (o = others) xow 1 opdda (g=
group) y&vovy (-) ddeto w, eved aTtny TEiTN 6AoL (a= all) aoxTody ddeto
TpooBoong r.

TeEAELHOVOLYE TNY TTOPAYPOPO OVTY LVOPEPOVTOS UEPLXES axduoL Por-
OLXEG EVTOAEC TTOL aVOPEPOVTAL GTY OLorxeipton Twy apyeiwy. H evtoAn
cp (copy) @tiéyver avtiypopo opyeiwy:

> cp filel.£f90 file2.£90
> cp filel.f90 file2.f90 file3.f90 Programs

H mpwtn evtoA] avrtiypdpet ta dedopévar tov apyeiov filel.f90 oe
évar xovodpylo opyeto £ile2.£90, av avtd dev LTAEYEL NON, N OVTL-
xobtota to apyelo £ile2.£f90 amd Evar XOLYOVPYLO E TOL TTEQLEYOUEVOL
Tov filel.£90. H deltepn aviiypdpetl ta opyeio filel.£90 file2.£90
file3.f90 oTtov %otdAoYO Programs (ov Sev eivoit xatdAOYOC ELoTEET-
TOVYE ... TTOLPETTOVAL).

H evtony mv (move) “petaxivel” f petovopdler apyeio:
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> mv filel.f90 file2.£90
> mv filel.f90 file2.f90 file3.f90 Programs

H mpo ™) evToAT] €xEl WG ATOTEAEGULOL VOL LETOVOULAOEL TO 0pyelo filel.£90
oc file2.£90. H dedtepn evtoAn petoxivel to opyelo £ilel.£90 £ile2.£90
file3.£90 0TOV XUTAAOYO Programs.

Téoc, v eviod rm (remove) Staypéopet apyeiof. H evtods awth S¢
“xopilel xbotova”. Otav 1o opyelo SLoYPAPETOL, TO ASLTOLEYLXO OV-
otnuo Oy pumopel va to eavaépet. [lpocoyy Aotmtdy

> s

filel.f90 file2.f90 file3.f90 file4.csh
>rm filel.f90 file2.f90 file3.f90

> s

file4.csh

Tor opyelon £ilel.f90 file2.f90 file3.f90 Sev vLTEPEYOLY TLAL YL TO
AsLToLEYLXO oécmptocﬁ. Mo va elpoote o TEooexTixol UTOPOVUE Vo
YXOYOLLOTTOLYIOOVUE TOV OLoxOTtTY —i. ToTE M eVvToAn {nraet emiBeBaiwon
TOLY TNY XA TAOTOOPN:

>rm —i *

rm: remove regular file ‘filel.f90°?7 y
rm: remove regular file ‘file2.f90°7 y
rm: remove regular file ‘file3.f90°7 y
rm: remove regular file ‘filed.csh’? n
> 1s

filed4.csh

2NV TEASLTOLO YOO ATTOVTNOOUE OPYNTLXA XaiL €TOL TO ap)elo filed. csh
Ocy JLoypdQTNXE.

H evtoAq rm de Sraypdipel xatohdyovs. XpnoLULOTOOTE TNV EVTOAY
rmdir yioo 0 Stoypoupy| deLwy xaTaAdYwy. o vo Stoypadete xortoeAd-
YOUC LE TLEPLEXOUEVE XONOLULOTOLAGTE Ty evTioAd| rm -r. A.y. éotw 6L
EYOVILE OTOLG XOTaAGYOVG dirl ot dirl/dir2 to apyeio:

Yy mporypotixdtTo apopel “links” (ovvdéoetg oo filesystem piog Stopéplong-
partition) apyeiwy. ‘Eva apyeio pmopel vo éxer éva | meptoobtepa links otny (S
Stopéptom evdg filesystem. ‘Eva apyeio Bewpeitar Staypoppévo, étoav apatpebody 6Aa
Ta links Tovu.

’AuT6 de onuaiver 6t tar Sedopéva Tovg dev LTLAEYOLY TTLe 6TO dioxo... Kartopyhy
T apyelor UTOPEL vou €xovy TopaTavw omd éva link omdte elvar mpoofdaotpo amd
Toe GAAa links. Axdpor xat ov opotpebody 6Aa ta links elvar duvatév xdmotog/o vor
ovaxthoet (Lépog Tov) apyeiov pe eEetdixevpévo epyaeio.

“Eva rm -r * ot To0 Sedopéva 60C amoTEAODY LGTOPLA. ..
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./dir1
./dirl/file2.£f90
./dirl/filel.£f90
./dirl/dir2
./dirl/dir2/file3.£90

Ov evtoAég

> rm diril

rm: cannot remove ‘dirl’: Is a directory

> rm dirl/dir2

rm: cannot remove ‘dirl/dir2’: Is a directory

> rmdir diril

rmdir: dirl: Directory not empty

> rmdir diril/dir2

rmdir: dirl/dir2: Directory not empty
> rm —r dirl

Me v teAevtaio eVvTOA] OAQ T TTOPATTAVW opyElo StarypapovTol. Evo-
AAATLUE, TTEWTO. AGELALOVILE TOUG XATUAGYOVS ATTO TO OLPYELL KoL LETA
TOLG OLAYPAPOLYE KE rmdir:

cd dirl/dir2; rm file3.£f90
cd .. ; rmdir dir2

rm filel.f90 file2.£f90

cd .. ; rmdir diri

V VvV VYV

@,

Hopatnpiote 6Tt T0 M6 gpwtnuotixd (semicolon = “7) ywpilet
EVTOAEG OL OTTOLEG EXTEAOVYTOL N ULOL LETA TNV GAAY.

1.1.2 EvtolAég

Ov evtoAéc oto Unix eivat, 6mtwg elmope, apyeio pe ddeta mpooPoaong x
(execute). ‘Otov 0T Yoo EVTOADY Ypdpovpe pio TpdToon A.y.

> 1s —1 test.f90 test.dat

0 AoLOC (TO TEOYPOWLEL LE TO OTTOLO O XPNOTNG OAANAETILPA LE TO AELT.
oboTUe) TNV gpunVedEL we eEig: H mpdtoom ywpileton os AéEetg %o 1
et AéEn (1s) eppunvedetor wg evtoAn. O LTTOAOLTES TEPVAVE GTNY
EVTOAY] g Tow oplopata tng. Katd obuPooy, Aékelg mou apyilovy amd
Tov yopaxtipo - (Ay. -1, --help, --version, -03) éyovy cuvyHbwg
ewdxn) gppnveior xow ovopdlovton “Sraxdmtes” (options, switches) xow
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XAVOLYE TO TPOYQOUUO VO EXTEAELTOL E SLOPOPETLXO TPOTTO AVAAOYO
ue T ttég toug. Eidape MOn 0 Stopopd pe To TEOYPAUUO 1s TTOL
OVAAOYOL LE TO OV TO XAAOVUE ¢ “1s” M “ls -17, Tox aTmOTEAEOUOTO
TUTTOVOVTOL UE OLOPOPETLXO TPOTO.

Mo voo exteAeotel M evtoAn 1s 0 @AoLdg avalntel éva opyeio pe to
ovopa 1s ouv va €xel adeta podoBoong x. o vo xataAdBoovpe mog
viveTol 1 avolNTNoy ot TEETEL Vo eENYNOOLPE TL elvot oL UETOPBANTESG
@AoLoV xaL oL PETOPANTEG TePLfdArovTos. AuTég €xovy Evar Gvopor TToV
divetal amod ptor axoAovbio yopoxTEwy xon ot TLUES Toug Aapfdvovtot
TPOTACTOVTOS TOV YapoxTNeo $ oto dvoud toug. ‘Etol n petofAntn pe
70 6vopor PATH éxet Tipn) $PATH. Ot TLpég Twv PETOPANTOY TTEPLPdAlovTOg
tiBevtan pe TN evtord]| setenv yix Tic puetaBintéc mEELBAANOVTOC XKL
LE TNV EVTOAT set YLa TG LETAPBANTES QAOLOV:

> setenv MYVAR test—env
> set myvar = test—shell
> echo $MYVAR $myvar
test—env test—shell

Avo petafBAntéc Twy omolwy avohoBAavel o QAOLOG VO TLG 0PLOEL GWOTA
0T0 TEPLBAAAOY TOL YPNoTY elval ot PATH xaw path:

>echo $path
/usr/local/bin /usr/bin /bin /usr/X11/bin
>echo $PATH
/usr/local/bin:/usr/bin:/bin:/usr/X11/bin

BAémovpe 6t Tip Toug (ov o ypRotng Lmopsl vou oAAGEeL!) amote-
AglToL OTtd CLYLOTWOES TTOL ELVOL SLAOPOUES OTO CVO TN OPYELWY. XTNY
TEWTN TEPLTTTWON OL CLVLOTWOES YWPELLOVTOL OTTH XEVO, EVE 0T JEVTEPY
ard : (dvow-x4tw teAEin).

"Etot, emiotpépovtag oty €pwTNoy WG Peloxel 0 QAOLOS TNV EVTOAY
1s, O elvor MON Qavepd Ttwg Payver xabe ovvloToX NG TLUNG TNG
pnetaBAnTrg path peéypt va ™ Bpet. Av eiote meplepyol, SWMOTE TLG EVTOAEG

> which Is

/bin/ls

> 1s —1 /bin/ls

—rwxr—xr—x 1 root root 93560 Sep 28 2006 /bin/ls

"H evtoAf setenv ivor etdtxA yior T0 @AOLS tecsh. 1o @Aotd bash apxel vo xabopi-
OETE TNV TLUY KE évar =: TT.%. MYVAR=test-env.
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o OTTOL elvot TPOYOVES ATl To {nTovuevo apyelo eival to /bin/ls. Ay
7 OLadtxaoior ATOTOYEL, O PAOLOG BLvEL UNYLUA OQOAALOTOG. Ay TTETVYEL,
TO TTPOYPOULOL POPTWVETOL ATTO TO AELTOLEYLXO GOGTNUO. OTY] LYNUY YL
extéAeon. Ta oplopotor TEPVAVE GTNY EVTOAT, (DOTE VTN VO TOL EQULYNVED-
ocL OTTWG EYEL TTPOYPOUULOTLOTEL. TNV EVTOAT

> 1s —1 test.f90 test.dat

70 OpLtopa —1 gfvort SLaXOTTTNG TTOL EQUNVEVETAL OTTO TNV EVIOAN VO BWOEL
long listing twv apyeiwy. Ta oplopatoa test.£90 xou test.dat gpunved-
OVTaL Tl TNV EVIOAT WG Ta apyelo Tov Bt arvallnTnoet Lo vo pog S oeL
TIANPOPOPLEC.

Mio onuovtixn TANEoQopio 0Ty EPUNVELR TWY OPLOUATWY ElVaL 1
yonhon “uroiavtép” (wildcard):

> Is -1 *.f90 *.dat

O xbvel Tov QAOLO var avatTOEEL TOL LOTEPANLOL TTOLY VO, TTEQALOEL TO
oplopotor 0T TEOYPOUULO OE OTTOLASNTTOTE axoAovbio yopoxTrpwy divel
évar vTtapEyov apyelo. ‘Etotl, av 0 xatdAoyog Tov Bploxduocte TEQLEYEL
To ocp)(_sioc test.f90, testl.f90, myprog.f90, test.dat, hello.dat, 1
eVTOAN TTov Oar “del” To AettovEYLXo elval

> ls —1 myprog.f90 testl.f90 test.f90 hello.dat test.dat

AvTo ovpPaiver Yoo oTOLASNTOTE GAAT EVTOAY.

Ye %640e evtoly] ovvapTdtor N xobiepwpévn eicodog stdin (standard
input), n xabiepwpévn éEodog stdout ( standard output) xot v xobiepw-
wévn é€odoc opoAudTwy stderr (standard error). Avtéc eivar ovpfdoeig
Lo opyelor oTor OOl TO TTEOYPOULUO. UTTOPEL Vo SLoBALEL 1) VO TUTTOVEL
dedopéva. Otav 0 ypNotng SOLAEVEL O €var TEPUATIXO, OASG OL TTaPO-
Tave Bewpodvtor opyixd 4T eivol To Tspuoc'rméﬁ. AnA. pLoe evToAn TTOL
oLofaler dedopéva amd to stdin, T 0 XPNoTNG Hor T eLodiyel péow
TOU TEPUOTIXOD TUTTWVOVTAS T UE TO TTANKTPOAOYLO. Av ULlow EVTOAY] TU-
TWveL 0To stdout 1] oTo stderr, LTA TVTWYOVTOL GTO TEQUATLXO.

H Svvatdtnta mou divel peydAn svelElon oTov YENOTN VoL XELPLOTEL
TLG EVTOAEG ElVOlL 1] SLYTOTNTU ETAVAOPIGLLOD TWV TLAPOATIAVE OPYELWY.
O xpNotng Lmopel va to oploet vo eivor omotodnmote apyelo. O emavo-
opLo6g Tou stdout yivetow pe to oOUBoAo >.

"Yog Bopilovpe 6t yro to Unix ta mévto eivat opyeion.
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> 1s

filel.£f90 file2.f90 file3.f90 file4d.csh

> 1s > results

> s

filel.£f90 file2.f90 f£file3.f90 filed.csh results

2NV TEWOTN EVIOAY] BAETOLUE TOl TTEPLEYOUEVA TOV XA TAAGYOVL. 2TN OEL-
Tepn emavoopilovue To stdout va eival to apyelo results. Metd tnv
EXTEAEDY] TG EVIOAY|G TOPATYPOVUE TN SNULOLEYLO TOL oPYELOL results
TO OTOL0 TEPLEYEL ooV OEDOUEVO TA OVOUOTO TwV apyelwy filel.f90
file2.f90 file3.£90 filed.csh. Av to apyelo results dev LTEEYEL, ON-
(LovEYELTOL, OV DTTEPYEL, T TTEQLEYOUEVO TOL XAUTOOTPEPOYTOL XAL OXVTL-
xobiotavtor ord To stdout Tng evtorig. I vau emttovvdadovpe (append)
Tow 3edopéva Tov stdout 0TO TEAOG €VOS 107 LTTAPYOVTOS QPYELOL, YO~
OLUOTTOLOVE TO oVbUfoAo >. 'Etol, av petd amd TG ToEATAV® EVIOAES
EXTEAEOOVLLE

> Is >> results

TOTE TOL TTEPLEYOUEVO TOV apyelov results Oo elvor

filel.£f90 file2.f90 file3.f90 filed.csh
filel.£f90 file2.f90 f£file3.f90 filed.csh results

O emavoopltopdc tov stdin yivetor pe 10 oVuPoro <, eved Tov stderr
KE TO abuforo >&E. Yyetixa Tapodelypoto Hoe Sodpe oTNY TOEAYEOPO
®l

Eivar duvatdy to stdin/stdout pLag evioAng vo oplotel vo eivot To
stdout/stdin plog GAANG eVTOAYG. Me Tov TPOTO auTd UTTOPOVY VoL GLV-
SLOGTOVY OL AELTOVLPYIEG SLOPOPETLXWY EVIOAWY, ETAL WOATE VO TTOLPAYOLY
amoteAéopato oo Tow ool Ho ypetaldtoy vo Yodovue Evar opxeTA
TOAOTTAOXO TTROYPOULUO Yo Vo Tow Ttepovue. H Stadixaoion vty Aéyeton
“Sracwiivwon” (piping) xot ypmnotpomoteitar xvEiwg Yo T dnptovpyio
LoYLEWY PIATowWY. [Nt Tov oxoTd awtd YENoLpomoteiton to obuBoro |

> cmdl | cmd2 | ecmd3 | ... | cmdN

Me v mapandvew Tpdtaon to stdout Tng eVTOAYG cmdl yiveton stdin
™G EVTOAYG cmd2, To stdout Tng EVTOANG cmd2 yiveTtal stdin NG EVTOAYG

BTo >& woydel poévo yior To @Aotd tesh. Tua dAhoug @Aotole (bash,sh,...) Siafdote
™ oyetxn Pondeta.
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cmd3 xox. LYeTxd Topadelypoto Ho dodpe otn TaEdYEopo .

1.1.3 Avolntovrtog Bovbeia

To Unix améxtnoe ™) @NUN ASLTOLEYLXOD CLUGTAULATOS U1 QLALXOD TTPOG
Tov YpNnot. Timota dev améyel TePLOGATEQO ATTO TNV TEOYLATLXOTNTOL.
[Mopdro Tov €xet ptow opytxn) SLOXOALR, N OTTolor AVVETOL OV O XPNOTNG
neboduxd SrafBdoet xow eEaoxnbel otig Paotuég EVIOAES TOL CLOTNLOTOG,
OTN OLVEYELN, OAEC OL TTAMPOMOPLES YLOL VOL XAVEL O XPNOTNG OTIONTOTE
eivon drabéotpec onlinel.

To xAeldl yLa &vetn TAeDON o awTH To TaELdL elvat va Lébel o Y-
oG vo ypnolpomotel To ovotua Bonbelog Tov TopéxeTon eVTOg xoL
extog ovoTNUaToS. O TePLEadTEPES EVTOAEG TTOPEYOLY BaoLxég TTANPO-
QopLeg oo LOVEG TOUG. ATTO TN YOO EVTOAWY, YLo TUYOLO EVTOAY, cmd
JOXLUAOTE:

> cmd --help
> cmd -h
> cmd -help
> cmd -\?

Mo mopddetypo, dwote Ty evtoA] 1s —-help. Av eivor eQoppoy mo-
pabopxy, apyiote amd to oyeddv mdvtote dtabéoipo menu “Help”. Mn
pofnbeite va SrafPaoete...

Ac vmobéoovpe g EXOLUE AXOVOEL XATL YLOL ULOL EVTOAY] TTOL AEYETOL
printf N xaTL T€TOL0 TEAOG TTAVTWY. To TPWTOo cVoTnuo Bonbetag elvor
To man pages. Avtd eivor €éva sbotnua amtd help files Tov o avalnrodue
WE TNV EVTOAY] man:

> man printf

H evtoAy] info Sivel mepLoodtepeg TANpoQopieg o Loppn “BifAiov” ue
Baowxég duvartdtnreg Egpuiiopotog (browsing).

> info printf

OL EVTOAEC

1

“Ye avtifeon pe dAa SUOQLAY, ASLTOLEYIXE GLGTALOTO TO. OTOLoL EfvolL “UadEO
2,99
XOUTLA”.
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> man —k printf
> whatis printf

KOG TTANPOEOPOVY GTL LTTAEPYOLY XolL GAAES, TTLOAVWS OXETLLONEVES EVTO-
Aéc fprintf, fwprintf, wprintf, sprintf.... Edwxd to amotéAeopa
g Oe0TEPYS TO TTopabétovpe Yot elvor SL3oXTLXO:

> whatis printf

printf (1) — format and print data

printf (1p) — write formatted output

printf (3) — formatted output conversion

printf (3p) — print formatted output

printf [builtins] (1) — bash built—in commands, see bash<«

(1)

H debtepn othin eivoe to “tpufpa’” (section) Twvy man pages 0To 0moio
ovopépetal  evtoA. H mpdoPoon ot tunuota yivetal divovtag to oo
OPLOWLOL GTNY EVIOAT:

man 1 printf
man 1p printf
man 3 printf
man 3p printf
man bash

VV VYV YV

divel Tpdofaon otig avtioTolyeg TTANPOPOoPLES. XT0 TUNUa €va Bploxovue
70 printf wg “xoLvv EVIOAN”, 0TO TUNUO 3 WG CLYAPTNON TNG YAWOOUG
C. AN tpApata givor to 2 (evtorég drayeiplong ovoTipatog), 4, 5, 8
xAtt. I[lepinynbeite otov xatdAoyo /usr/share/man/ yLa voo OeiTe pe T
ULETLOL OOG TTEPLOGOTEQPO.

Aivovtog TNy evtoAn

> printf --help

TOLLPVOLULE TTAAL 0PXETY] TTANpOoopio. H evtoAn

> locate printf

pog SelyveL TOAAG OYETLXA opyElor 0TO abaTnua. Ol EVTOAEG

> which printf
> where printf
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pog dtvovy TAnpo@opia Yo To oL Bploxovial T aPYELO-TTPOYPAULOTO
oL exTEAOVVTOL, OTOY JlveETOL v EVTOAY] printf.

Mot &AM onpovTixyn ELXOALOL TTOL OGS TTPOTEPEPEL O PAOLOG ElvaL v
“oLUTANPWOY EVTOAWY’. MTopodpe vo ypddovue HEPOG TOL OVOUOTOG
ULOG EVTOANG XOL VO TTOLTYIOOVUE TOV GLUVOLAUGUO TTANKTOWY [Ctrl—d]ﬁ
(3. TowTdypova To TARTEO Ctrl o 10 TANXTEO d). Tdte 0 PAoLig bo
LOG CUUTANPWOEL OAES TLG EVTOAEG TwY OTTOLWY TO Ovopa opyilel pe to
YoGuuota ou éyovue %8 yoddetfd:

> pri[Ctrl—d]
printafm printf printenv printnodetest

Aoxipdiote Ay. Ty evtod x [Ctrl-d] xow Oo pébete (oyeddv) to mévto
Lo TLG EVTOAEG OLabéatpeg ato mopaupind ocbotnuo X: xterm, xeyes,
xclock, =xcalc, .

TéNog, pueydn mnyn mAnpopopLwy elvar to dtadixtvo. Google your
blues... xot o exTAoyeite TOOOL AANOL EYXOLY OLTYOANOEL LE TO TTEOBANUA
ooG.

1.2 EpyvoAsio EmcEepyaciog Ketpévov — OiA-
T

Mo v avaAvon twv dedopévwy Tov Ba Topdyovpe ypetalduaote €p-
YoAeia Tar otolor vo eteEgpyalovTol EVEALXTO Ta apyEla xeLpLévoy| | Me-
OLXA EQYOAELDL TTOL LTTOPOVY VO OTLAEOLY TEPITTAOX X XL LOYLEG PLATOO
elvol Tow TpoYpPaupoTo cat, less, head, tail, grep, sort xou awk.
Ac avapépovpe xoL Tor TEOYPAUUOT perl xaL sed YLt TOV OVaYVWOTY
TTOL EVOLOPEPETOL YO TTAOVUTIGEL TO OTTAOGTAGLO TOL, TTAPOAO 1oL de O
T TTEPLYPAPOLUE €3 AGYW YWEOUL.

Ac vroféoovpe GTL Exovpe TO dPYELO UE GESOUEVA UE OVOUOL dataﬁ
WE TOL TEPLEYOUEVOL [LLOG ATTOOMUNG TEOPIUWY %Ol TO XOGTOAGYLO TOULG:

bananas 100 pieces 1.45

“¥10 @AoL6 bash mothote éva ¥ dvo [Tabl.

*Me tov {310 TPOTO YiveTow %ol GLUTANPWOYN OVOU&TWY apEyeiwy. Tpddte LepLrmd
70 dvouo evég apYeloL 0TO dpLopa HLoG EVTOANG xo Totnote [Tabl 7 [Ctrl-d].

"Ed¢ evvoolpe apyeio TOL amoTEAOVYTOL ATt EXTUTOOLLOVS YopoxThpeg ASCII 7
UTF. Aev evwooduEe To LOPQPOTOLNUEVO 0OYELOL XELULEVOL - EYYPOUPOL - TOTTOL .odt, .doc
XATT.

*Mmopeite vo Bpeite To 0p)El0 6T0 GLYVOSELTIXG AOYLOWULXO.
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apples 325 boxes 1.18

pears 34 kilos 2.46
bread 62 kilos 0.60
ham 85 kilos 3.56
H evtoan

> cat data

OTTAQ TUTTWVEL TOL TTEPLEXOUEVD. 0TO stdout. H evtoAy malpvel Ta opyeio
omd TO OPLOUO TNG EVTIOANG M av O dofovy, To stdin xol TUTTWVYEL T
TEPLEYOUEVA TOVG 0TO stdout. APoV awTA UTOPEL Vou ETOVAOPLGTOVY, 1|
EVTOAY

> cat < data > datal

TILPVEL TO TTEPLEXOUEVDL TOV 0lpYElOL data amwd To stdin xow To TUTWVEL
0T0 stdout oL €3¢ €xeL emavaoploTel va eivor To opyelo datal. H
EVTOAN €XEL LOOSVYOUO OTTOTEAEGUOL UE TNV

> cp data datal

H evtoAn

> cat data datal > data2

TUTIOVEL TTPWTA TO TTEPLEXOUEVO TOL data xot LETE Tov datal péoo 0TO
opyelo data2.
H evtoan

> less gfortran.txt

TUTWVEL 0TO stdout Tta TePLEXOUEVX TOoL data oeAlda-oeAida. [latnote
[space] yio vo Tpoywoenoete pLoe oeAlda, [b]l yio va yvpioete iow pio
OEALDOL XOL TOL TTAVW/XATW PEAGAKLO YLOL VO TTPOYWPENOTE ULor YOO Me
[g] mate oty opyM Tov apyetov xar pe [G] oto téAog. Me [h] malpvete
Bonbetor xow pe [ql... avaywpeite (quit).

Me Tig evtorég

> head —n 1 data
bananas 100 pieces 1.45
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> tail —n 2 data

bread 62 kilos 0.60
ham 85 kilos 3.56
> tail —mn 2 data | head —mn 1
bread 62 kilos 0.60

TOLLPYOLUE TN TTPWTY YOO TOL opyelov data, TG V0 TEAELTALES %O
™y deltepn amd to TtéAog aviiotorya. I[lpooéEte mwg pe piping Twy
00 EVTOA®Y TLG GUYSLACUUE YLOL VO QTLEEOLUE TO QIATPO “TOTTWOE TN
JeVTeEEPN YPOUU Ot TO TENOG .

H evtoA] sort Tum®vel Tor TEPLEXOUEVO TOL APYELOL XUTA AVEOLONL
OLATOEN TWY YOORUWY, OTIOL 1 GUYXELOY YIVETOL YOOAXTNOO—YOOAXTHO
(6 opLBunTLxd):

> sort data
apples 325 boxes 1.18
bananas 100 pieces 1.45

bread 62 kilos 0.60
ham 85 kilos 3.56
pears 34 kilos 2.46

Mo avtiotpoen Stétakn Soxtpndote Ty evToA sort -r data. I'ta va dioc-
TAEOLUE TOL TTEPLEXOUEVOL GLYXPLVOVTAS TOLG aPLOLOVG 6TN SevTEPT OTNAN
YONOLLOTIOLOVUE ToY StaxdTtn ~k 2 (=8eltepy, 0THAN) o —n (=apLOun-
T — numerical — StéToEN):

> sort —k 2 —n data

pears 34 kilos 2.46
bread 62 kilos 0.60
ham 85 kilos 3.56

bananas 100 pieces 1.45
apples 325 boxes 1.18

Av opeMow Tov SLoxOTTN —n Ol YPOWUUES ovyxpivovTol e BAomn Toug
XOPOXTNPES TNG AEENG 0T deVTEPN OTNAY:

> sort —k 2 data
bananas 100 pieces 1.45
apples 325 boxes 1.18

pears 34 kilos 2.46
bread 62 kilos 0.60
ham 85 kilos 3.56

H tedevtaio otidn éxel aptBuode pe vmodiaotor? (b axepaiove). Ta




1.2. EPI'AAEIA EIIEEEPIAYIAY KEIMENOY — ®IATPA 19

vou Xavovpe TN OLtétaEn pe Baon v aflo tétolwy aptbudy Balovpe to
Jtoxdémn -g:

> sort —k 4 —g data

bread 62 kilos 0.60
apples 325 boxes 1.18
bananas 100 pieces 1.45
pears 34 kilos 2.46
ham 85 kilos 3.56

H evtoAn grep avollel Evor apyelo XELULEVOL YOOUUN—YOOUUY] OVOL-
{nrdvtag ploe oaxorovbio yopoxtpwy mov xovue {ntnocet. Kdabe tétota
YooK TToL Bploxel TNV TUTTWVYEL 0TO stdout:

> grep kilos data

pears 34 kilos 2.46
bread 62 kilos 0.60
ham 85 kilos 3.56

TuTtveL xabe ypopun mov éxet to “kilos”. Av O€Aovpe vo ToTtveL xabe
Yooy ov dey mepLéyetl to kilos, mpoabétovpe tov doaxdTTN ~V!

> grep —v kilos data
bananas 100 pieces 1.45
apples 325 boxes 1.18

H axorovbio yopoxtnowy mov avalntodue umopet v ivar éva regular
expression. 't va weptypadovpe TANpwg T Onpla avtd, BEAovpe pLod
BiBAlo... Mepixa Topodelypoto:

> grep "b data
bananas 100 pieces 1.45

bread 62 kilos 0.60
> grep ’0%’ data
bread 62 kilos 0.60

> grep ’'3[24]° data
apples 325 boxes 1.18
pears 34 kilos 2.46

H mpohty tumtedvel Tig ypooupée mov apxilovy omd b (ayvoei v 27
voouun), n deldtepn avtég mov tedetdvovy oe 0 (aryvoel v TEWOTY
YOO EVO 7 TELTN YOOUUES TTOL TEPLEYOLY TLS axOAoLBIES YooK TY -
pwv 32 A 34 (aryvoel v terevTaion YooUUR).
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To 7o SVYaTd OUWS EPYAAELD YLor VAALGOY ElVal TO TTROYQOLULOL awk.
2NV O OTTAY] TOL YENOY, VOAVEL TO XELUEVO TOL APYELOL YOOUUT—
Yoo ot opilet petofAntéc $1, $2, ... otig omoieg amobnxevel TV
TN TNG TEWTNG, OEVTEQEYS, ... AEENS TNG YOOUUNG. XN MeTaBAnt) $0
oamofnxeder OAN ™ YooY, EV® N KETOPBANTN NF petpdel tov optbpd
TV AEewy ot Yoouun. H petaBAnti NR petpdet tig Yoo uég Tou €xeL
eneEepyootel uéypL OTLYUNG.

"Eva mpdypoppo awk pmopel vow ypotel ot Yool un evtoAwy. Efvor

EVTOAEG TTOL TtePLxXAsiovTaL avapeoa o ayxOAeg { ... } xow exteAobvton
vioe xabe yoopun tov apyeiov. Eldixy mepimtwon amoTeAODY oL EVTOAESG
OV YPAPOVTaL Yoo 0To xataoxeVoopo BEGIN{ ... } xow END{

} mov elval eVTOAEG TTOL EXTEAOVVTOL LA QOPA TELY TN eTeEgpyooio
XOL LETE TNV ETMEEEPYUTLO TWY YOOUUWY TOL opyelov. o Topadetypo
N EVTOAY:

> awk ’{print $1,7total value= ”,$2*$4}’ data
bananas total value= 145

apples total value= 383.5

pears total value= 83.64

bread total value= 37.2

ham total value= 302.6

ToTtveL T0 £idog (1M oThAAN= $1) %o TNV oLYOALXH aEio ToL: TOGHTNTA
(21 othirn= $2) X akia povédag (41 othin= $4). AMa Topoadeiypoto
elvo

> awk ’{value += $2*$4}END{ print "Total= 7 ,value}’ data
Total= 951.94
> awk ’{av += $4}END{print “Average Price= ”,av/NR}’ data

Average Price= 1.85
> awk ’{print $242 * sin($4) + exp(—$4)}  data

2Ty TEWTY EVTOAY LTTOAOYLLOVIE TN CUYOAXY GELO TWY TTPOLOVTWY: X€
®G0e yoopp Tpoabétovpe (+=) otn petoBAnTy value TV oLVOALXT OEio
oL TTPOLGVTOG. XTo Téhog (END({ ... }) tumtdvoupe to dbpotop.o tov ovo-
OWPEEVOOUE GTO TEAOG TOL apyeilov. H dedtepy evtoA TuTtivel T péom
TN TV TLRWY. Me Tov (3to TpdTo Ttpochétovpe otn LETOPBANT) av TNV
T xédbe mTpoidvtog (21 oTthAn= $2) xal 0To TEAOG, TUTTWVOLUE TO OV-
VoA Stor Tov aptBud Twv TEotévTwy (=0p. Yooy = NR). H teAevtaio
EVTOAY xavel pLoe owbaipetn aptbuntinn mpdEn: Tomdvel To teTPdywvo
g 8e¥TEEPNG OTNANG el TO NUETOVO NG TETAPTNG KoL TTPOGHETEL TO EX-
Oetixd g -4ng oTNATG.
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OL duvatdTTeg TWV TUPATAVWL EQYAAELWY JeY eEavTAOVYTOL OE Eva
uLxpo xe@orato. Arof3dote tig man xo info pages xot 6o pédbete va tig
XAVETE Vor PNYOLY XL ... XOUPE!

1.3 Ilpoypoppotilovrog pne Tov Emacs

70 xe@dAato avtd Ho Tapovaoldoovpe Ta BepeAlddn yioe T YENON EVOS
editorf] yr Tpoypaupatious. T évay TEOYPOUUATLOT TTOL TEOYQOL-
potilel opxeTég wpeg xabe pépa, To TEPLPAANOY oL Ta epYaAElo ETTEEED-
YOoLog TOL XELUEVOL TWY EVTOAWY TEOYPOUUATLONOV xobopilovy xotd
Eval ONUOVTIXO TTOCOGTO TN GLVOALXY ...TTOLOTNT TG (WG Tov/tng. Ko
OTtWS PAETTETE ELLAOTE QPXETA TTPOOEXTIXOL OTY SLATOTWOY: A ULAGUE
YLOL TTOOYPAUUOTO. ETEEEQYOOLOG KELUEVOL UOPPOTTONUEVWY EYYPOPWY
(A.x. Open Office) ov divouv €uaocy ot EOPUO TOL XELUEVOD, OAAG
Yior eTEEEPYUOTEG ATTAOD XELLEVOL TIOL ATTOTEAE(TAL Otd oxéToug (Yw-
pic @6ppa) yopoxthpeg mov “Srofdlovton” (“printable characters” oe
avtibeon pe Toug “non printable characters”). opadeiyporta amAdy té-
Tolwy emeEepynotwy oto Linux eivor ov emeEgpyaotég gedit, vi, pico,
nano xAm mov Oa UTOPOVoE XOVELS VO YPMOLLOTIOLNOEL EVOAAOXTLXA
Yl TNV ETEEEPYUOLOL TOL AWOLXO OTA TPEOYPAULUATO TTOL TOPOVGLA-
Covpe 070 pabnuo. Me awtodg pmopel x&dmoLog eOxo Ao va emeEepYOTEL
OTTAG TTPOYPALOTO ExovTog Bootxég Asttovpyieg emekepyooiog xeLUE-
vou (editing). Yrdpyovv Aettovpyieg oe évay emeEepYooT XELLEVOL TTOUL
XAVEL TOV TPOYPOUUOTIOUG OVETOHTEPO ol Bondd otny ... LYLEWYN XxPO-
TOYTOG ROXPLA Tl EVOYANTIXE ... évtopa! A.y. M avoyvwplon omd Tov
eEMEEEQYOOTN TWY EVTOAWY TNG YAWOOOS TEOYQOULUATLONLOD, TWY UETO-
BANTOY xoL Twy SOULXKY OTOLXElWY ETLTPETEL TNV “OUopey” Topovai-
001 TOUG UE XATAAANAO YowpoTioud M/xor font, emionuaiver opdipato
6tay dev xAeivouy mopeviéoelg N oL eVvIOAég Bev UTaivouy GTO 0woTo
onuelo oto oPyelo Tov TPOYPAULOTOS XAT. 'Evog “ToAOYAwooog” xo
“TTOALLOPPLUOS” ETEEEQYOOTNG KELULEVOL UE TTOAAEG SLVATOTNTES XOLL EV-
%xOAEg YL Tov TTpoypaupoatiot) eivor o GNU Emacs editorﬂ O Emacs
elvor avorytd Aoytoptxo, dratibetar eAcibepa xon PmopEl va eyxatooto-
Oel oc Acttovpynd obotnuoa Linux, Mac xar MS Windows. O ypnotng

Peditor= mpdypappo eneEepyaoiog xeLUéEvon

“http://www.gnu.org/software/emacs/ (main site),
http://www.emacswiki.org/ (expert tips), http://en.wikipedia.org/wiki/Emacs
(general info)
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WTTOPEL var Tov Tcpoypocp.p.oc'ciosﬂ vou extelel amAég, aAA& o oVvbeteg
Asttovpyieg g apeoxelog Tov/TNG, XoUBWEG xaL vor EYEL pLow oXedOY OAO-
XANPWUEYN AAANAETISPOON UE TO AELTOLPYLXO CUGTNULOL XAL TTOAAES aLTTO
TLG EQPOPROYES ToL Pploxovtal oe avtd. O TLOo TEOXWENLEVOS XENOTNG
umopel A.y. vo emekepyootel éva apyelo oe YAwooo Fortran, vo To pe-
ToyAwttiosl xo voo o dtopbyoel pe 1t Bonbeta tov debugger divovtog
EVTOAEG pEaa amd Tov Emacs.

[Not Tov TTEOYEOULUATLOUO TTOADTTAOXWY TTROYQOUUATWY [LE TTOAAEG YL~
ALADES YOOUUILES XWX X0l TTOAVTTAOXO GUGYETLOWUO DLEPYATLLY ELVOL CU-
ynOLopévo va ypnoLpomolodvTol eEeLdxeLéva TTEQLBAAAOYTO TTPOYOOU-
LOTLOUOL. ALUTE TTPOGEYEPOLY GTOV TTPOYPOULOTLOTY] OAOXANPWUEVES AD-
OELC YLOL TOV TTROYPOUUATIONG o piar YAwooa (A.y. C++, Java xAm) ev-
OWPOTWYOVTOG O éva aTtAd interface xaw Tig AettovpYieg UETOYAWTTL-
ouov, debugging, Bonbeiog xAr. To petovéxtnuo os ot elvo 1 eEetdi-
XELOM TOL TEPLOPLLEL TNV EAsLBOEPLO TOL TPOYPAUUATIOTY] WS TTEOG TNV
emAoYY YAWooog, BLBAL0OxwY, AstTovEYIXo) CLCTAUATOS XaL cLYNOWG
gyovy axpLfég adeteg ypnons. Eivor, emtiong, SVoYENOT N LETOPOPE TWV
EQYOOLWY EVOG TTROYPOUUATIOTH OO EVOLY DTTOAOYLOTY OE EVOLY GANO %O
(PLOLXA ¥ ETEEEPYOOIOL TOV TPOYQALULOATOS ATTO SLOPOPETLXRA TEPLPAA-
Aovto tpoypoppatiopnos. H moAdTTAoxn xal eEELOLXELUEYT TTAPOULETOO-
T0lNoY Toug oLV “OEveL” TOV TPOYPUUUATIOTY XL TO TTEOYQOULUO
LE TO OLYXEXQLUEVO TTOXETO TEPLRAAAOVTOG TTROYQAUULATLOUOD.

1.3.1 KoaAovtog tov Emacs

21N YOOUUT EVIOAWDY TTANXTPOAOYNOTE:

> emacs &

[TpooEEte TOV YOPOXTNPOX & OTO TEAOG NG EVIOANG. XwEIg awTdy TO
prompt Tov PAOLOD JEV ETLOTPEPEL XAL JEV UTTOPOVUE VO SWGOLUE GAAN
EVTOA artd Tov @AoLd. Me awtdy 1 evtoly] (6mtwg o xdbe evtody] Ty
ool TEAELVOLPE e TO &) TtdeL ato “vTéPabpo” (background) SvmA.
Eexwvdel plo diepyaoio aveEdptntn amd Tov QAOLd 1 ool AsttovpYEl
OUOUOL XOL A 1 SLEQYUOLOL TOV PAOLOY TEPUATLOTEL.

Ta topamdve toxdovy dtay gxovue Tapodupiud TeptBaAroy xat Tote
o Emacs Egxtvéel oto dixd tov aveEgptnro mopabuvpo. Mmopodpe duwg

"0 Emacs eivor Yooupévog oe plor SLEAEXTO NG YADOOOS TPOYPaporttopod Lisp
mov Aéyeton Elisp. I'or Tpoypouporttopd amAay AELToLEYLDY SEV OmoLTELTOL ASTTTOME-

NS YVWON NG YAWOOOG oW TAG.
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voo Tpéyxovue Tov Emacs xot og éva amAd TepUoTiXd, €TE YLl YOYOOM
eneEepyooio xepévou eite yrott de drabétovpe mopabupind TeELBaA-
hovﬂ OAMNG LOVO XOVOOAQ. XTNV TEASLTOLO TEQITTTWOY ATAA TOPOAEL-
TTOVPLE TO & GTO TEANOG TNG EVTOANG, EVE av €YOVLIE TtopoldvpLxd TEPLPAA-
Aov o BéAovpe o Emacs va tpé€el otny xovadAa, dLvouuEe TNy EVTOAN

> emacs —nw

xat 0 Emacs 0o Eextvioetl péoo oty xovooo.

G EMACE RN N GNIIE ==1Ea

File Edit Optiens Buffers Tools Help

De @ x s EbhREeXT
| .\LZ‘

'HELP!

Save
file
Save As
Open a Open an  dialog Search for
new file e_){lstlng a string

e
GMU Emacs is one component of the GRNUYLINLK operating system.
You can do basic editing with the menu bar and scroll bar using the

Type Control-1 to begin editing. Copy text

Paste text
To quit a partially entered command, type Control-g. Cut Text
Emacs Guided Tour See httpffwww.gnu.org/software/emacs! tour!
Useful File menu items:
Exit Emacs [Or type Control-x followed by Control-c)
Recover Crashed Session Recover flles you were editing before a crash

This is GNU Emacs 22.1.1 (i486-pe-linux-gnu, GTK+ Version 2.12.9)
of 2008-05-03 on terranova, modified by Ubuntu

Copytight(C] 2007 Free Software Foundadion, Inc.

If an Emacs session crashed recently, type Meta-x recover-session RET
to recover the files you were editing.

For information about the GHU Project and its geals, type C-h C-p.

e 1.2: To mopdbvpo tov Emacs oe éva mapabupixd meptBdiiov. Gaivovtor xo
emteEnyodvtol T Paotkd xoLUTLE AELTOLEYIOG TOL.

2AuT6 propovye vo To xotahdfoovpe divovtag Ty evtoAf] echo $DISPLAY xow owv
TAPOLUE TO UNVLUN CQAALOTOS DISPLAY: Undefined variable., tote 8ev €yovpe
obVdeon pe mopabupxd TeptBdaroy (X server). AMuee, Ba mépovpe ™y TipH 0.0
localhost:10.0 xAT.
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1.3.2 AAAAemidpwvTog pe Tov Emacs

Me tov Emacs aAAnAemtidpodue pe diapopoug tpdmous. Ot “veopuytioTol
opyapLol” Bor TEOTLUNOOLY TOL XOLUTILE XOL T UEVOD TOL TTPOCQEPEL
0L CLYNDWG EYoLY SLatoHNTLXN LOPEN XKoL OVORLOTOL TTOL CLVAVTE GTOVG
TLEPLOCOTEPOVG ETEEEPYAUTTEG XELUEVOL. ANAG YLOL VOL X O|OLLOTTOLOEL XK~
velg T Tpoywenueéveg duvatdtnteg Tov Emacs elval xoAd va cuvnbioet
TLG AAAEG LOPQES XAANAETISPOONG TTOL ELVOLL OL GUYTOUEVOELS TTANXTOWY
XOL 1 EXTEAEDT EVIOAWY UE TO OVOUA TOLG ATTO TN YOO EVTOAWY TOV
Emacs, to minibufferﬁ.

ﬁ K 2 | [ Y. n&&

Fle Edit View Terminal Tabs Help
File Edit Options Buffers Tools Minibuf Help

Variables are highlighted
include.h according to Fortran-mode

COMMON / / ipot

Cursor was at line 33
and column O

/ cosGam

/ mu2,acoeff
/ NTRAP

CE
S
—~~

Name of buffer: toy.f

real*s (JIGEN), Fortran mode

Minimuffer with

*200 command

*200
*200

[SEEEEEEEy metropolis-------
real*g

M-x save-buffers-kill-emacs

Zynue 1.3: O Emacs oty xovodia. Xtny swxdva €xovpe petafel oto minibuffer mwin-
ATPOAOYWOVTOG M-x %ol €ovue YOPeL TV EVTOAY save-buffers-kill-emacs 1 omolx
Teppotiler Tov Emacs oot owoel ta petafAnbévta and v emekepyooio buffers. H
(Lo evToAy) Sivetor Laoddvopor TANXTEOAOYWYTOG C-x C-c. @alvetor n mode line oty
ormotlo, ovdpeoo o G, glvot YPoupévo To bvopo Tou apyeiov/buffer (toy.f), to mo-
60076 Tov buffer Touv eivar opatd oto ToPdBupo (6%), N Yoo %ot N GTAAY TOL
Bpioxetan to onueio Tov eneEepyalipaote (33,0) xon to editing mode mov PBpioxeton
o buffer [Fortran mode (Fortran), Abbreviation mode (Abbrev), Auto Fill mode
(Fill)].

O evtoAég oL SlvovTol e OLVTOUEVOELS ATTO TO TTAXTPOAGYLO ELVorL

®Eivow %ot 0 o amhig tpdmog ohnAentiSpaong, dtoy xorodpe tov Emacs otny
XOVOOAXL.
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OLYOLOGULOS TTANKTPWY TTOV TIATA XATTOLOG OE GUYOVAGULO ILE TA TTANATOO
Ctrl (Control key) xot Alt. Oa axorovbficovpe Ty eEvic obpBoon: Otoy
YOOPOLUE EVay CLYOVATUO TTANXTEPWY op)LlovTag Le C-, B evvoodpe GTL
To TANX TP TTOL axoAovBoldy TtaTtovyTan TawTdYPova e To Control key,
EVE av YPOAPOLPE M-, Bo evvoolpe GTL Tor TANX TP TTOL axxoAovBoLY TTo-
TLobvTol T TéYpova pe to Alt keyE"]. Mepwxéc evtoAég ovvtopevovtal
amd ptae axorovbio ad SO0 N TEPLOCOTEPOVS YOPOXTNPES. A.y. To-
tdvtog C-x C-c (A, xpotape motnuévo to Ctrl key xat towtdypova
TOTAUE TO X %o UETE xpativTog matnuévo to Ctrl key motdpe to c)
divovpe T evtor] va Byodpe amtd tov Emacs, eved Totoviog C-x 2 (SnA.
xpatdpe otnuévo to Ctrl key xor toavutdypova mTatdue To x xot PETA
apivovue o Ctrl key xat martépe to 2) S{voupe TV EVTOAA VoL XWELOTEL
70 tapdbupo tov buffer wov Bproxdpaocte oe dVo Loa Yépn.

Ot Lo ypYotpeg ovvtopedoelg eivar oL M-x (tatdype to Alt xa xpo-
TWYTAC TO TOTNUEVO TIOTAUE To x) %o M C-g. H mpddtn pog odnyel oto
minibuffer amd 6ov propodue va dwycovue pio EVTOA LE TO Gvoud TNG.
Mo Topadetypo, 3wote ™y evToAn save-buffers-kill-emacs TOU ATTAL
Bo teppatioet T ovvedpia Tov Emacs. H dedtepn eivar to “xovpmi SOS”
oL SLoxOTTEL 0TLENTOTE *4vel 0 Emacs (A.y. ov xdmolor evTOA] XOAAH-
ocL, dwoovpe Adboc evtory] xAm): TMatdvtog C-g o Emacs otopatdel
omotadNmoTe dtepyaoio xAvel xoL emloTEéel oto buffer mov epyals-
poote. Ay, av matiote xotd Adbog M-x xow Bpebeite oto minibuffer
XWELS va T0 BéAeTe, TOTNOTE C-g YLOL YO AXVPWOETE TN JLOSLYXOIO KoL
vo. emttotpédete oto buffer mov eneEepyaldoaaote.

Eiva, emiong, yonotro va opioovue ovpfacelg Tov va LTTOSNADYOLY
TL XOVOLPE UE TO TovTixt. Me Mouse-1, Mouse-2, Mouse-3 LTTOONA®-
VOUUE €val OTTAG XALX UE TO QPLOTEQO, usoaioﬁ xot Oekl xovumi avti-
ototyo. Me Drag-Mouse-1 DTTOGNAWVOLUE GTL XU TAUE TO APLOTEPO KOL-
Ut SLOPXMG XPATNUEVO %O TOVTOHY POV GEPVOLUE TO TTOVTLXL.

Avaxepoioivoovpe cvvodilovtog Toug SLYUTOLS TPOTTOVS YLO VoL Oi-
voupue piow evtoAn otov Emacs. Oswpodue Ay. TNV EVIOAN TOL OVOLYEL
évar xortvovpylo apyeto oe éva buffer:

* ATt6 To €Lx0ovidLo TToL PoLAlel HE AELXO XOPTL ETAVL OPLOTEPE 0T
YOO TWY XOVUTILWY TOU OYNULOTOG .

Tt yAwooa tov Emacs, to M- eivor to “Meta” key to omoio Ppioxeton extdg amd
7o Alt xow oto Esc (Escape key). Etnyv mepintwon avty, oc avtifeon pe 1o Alt, to
Esc 10 Totdpe T Tor xoL To oPVOLUE KoL UETE TTOTAE TOL ETTOUEVO TTANKTOO. ALTO
umopel vo elval %ol M o aTAN (oG ETLAOYY o optopéva “yald” Tepuotixd. Av xo
owTéd S SoVAEVEL — UBAAOY OTTAVLO TNV ETTOYN Log — Soxtpuaote to C-[.

* Av to TovtixtL dev éyel Leoaio xovpTi ToTduE TN PodéAa. Av Sev éxel p0déAa, ThTE
70 opLaTePd ol To JeEl xovpu Tl TV TOHYPOVAL.
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- Fila 3]

4

Visit New File... (C-x C-f)
Open File...
. - HIEIR] @
Open Directory... (c-xd) 7
Insert File... (cxi) Emacs Tutorial (C-ht)
Close Emacs Tutorial (choose language)...
Emacs FAQ (c-hcf)
Emacs News (c-hn)
Save As... (C-x C-w) Ernacs Known Problems  (c-h C-e)
m Sel] @ Send Bug Report...
Recover Crashed Session 4
) Buffers \EI Debian README
Print Buffer . Debian News
.cshre -~ fhomefkonstant/ el GEEley
Postscript Print Buffer Paste .emacs  -- fhomefkonstantf Search Documel
toyf -- jhomejkonstantftoy/ Describe G
Postscript Print Buffer (B+W) rmaire  — jhomefkanstant/ Read the Emacs Manual (c-hr)
Select Al (C-xh) *scratch* More Manuals '
_ o Find Emacs Packages (c-hp)
Split Window (Cx 2) Srerdl o *Customize Group: Emacs* *
| ok About Emacs
Replace v *Messages® *
NETOR fEaE External Packages
swirame : * W ' MNext Buffer  (C-x <C-right=>) Getting New Versions  (C-h c-d)
New Frame on Display... 3
play. Bookmarks Previous Buffer (C-x <C-left>) Copying Conditions (C-h c-c)
Select Named Buffer... (C-xb) O (EhEa
Exit Emacs (C-x C-c) Text Properties > List All Buffers (C-x C-b) Emacs Psychotherapist

o 1.4: To Booixnd pevod Tov cuvoavtéd xaveic otov Emacs oe tapoBuptxd meptBan-
Aov. BAémovpe Tig Baoixég evtoAég xal oe mopeévbeon pag vrevbuuileton n avtiotorym
ovvtéuevon TANxTEOoAOYLoL. ALy, M eVvTOAY File — Visit New File pmopeil va dobet
oTt6 TO TTANKTPOAGYLO TTANKTPOAOYWVTOG C-x C-f. XnueldoTe TG EVTOAég File — Visit
New File (dvorypa apyeiov), File—Save (eyypapy adloyddy Tou buffer oto avtiotoryo
opyelo), File—Exit Emacs (xAciotpo Emacs), File — Split Window (ywptopdc mapo-
Bvpov oto 3V0), File—New Frame (évorypo vEou TopofBpov) %ol QLOLXE TLG YVWOTEG
eVTOAEG Cut, Copy, Paste, Undo amd to Edit menu. Amé to pevod Buffers pumopodue
voo eTAéEovpe draopeTind buffers pe to meplexdueva Twv dAAWY apyeiwy oL eTe-
EepyalOpooTe. LTOUG XOLYODQYLOVG XPNOTEG CLOTHVOLUE var dovy To Emacs Tutorial
oL Read Emacs Manual oto Help menu.

* AT6 My evtOAN pevod File—Visit New File.
e A6 1M ovvtopevon TANXTPOAOYIOL C-x C-f.
e A6 evtoAn oto minibuffer: M-x find-file.

O mpiTog TPOTTOG Elvar Statb€atihog Lo TLg TTOAD Booixég eVIOAES, 0 OeL-
TEPOC VL& TTEPLOOOTEPES, 0 TPLTOC YLt Tig TePLooGTeEPEC (AAG Oyt GAeC)
XOL O TETOPTOG YLO OAEG TLG EVTOAES Tov efval dtabéatpeg yLo Stadpo-
oTLXN XENON.

1.3.3 Boaown EncsEepyacio Ketpévou

Mo vo emteEepyaotodpe Eva opyeio, o Emacs Tomobetel tor mepLeydpeva
Tov oc éva buffer. To buffer eivar éva xoppdtt g uvnung 6mov ovte-
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YoopovTor Tow TEQLEXOUEVOL EVHG apyeiov xal Oyt To (Sto To apyelo. o
VO XOTOYPOPOVY OL OAAXYEG OTa TteEPLEXOUEVa £vOG buffer mpémet vau Tig
“owoovpe”, dnA. o Emacs va ypadet to buffer miow oto apyeio. Meéypt
vou Yiver auTo To apxind apyeio uévet avémapof]. O Emacs umopet vo éyet
ovolyta ToAAG buffers to omola, dtay cuvdéovtarl pe Eva apyeto, €xovy
otd TPOETLAOYY] TO (L0 Voo TOV ocpx&:iouﬂ To 6vopa evog buffer poi-
vetow ot mode line Tov Emacs émwe @aivetar 6to oyfua [l.3. O xdxdog
eneEepyaoiog evig apyeiov ovvoiletorl ota eEng onueio:

* AwdBoopo Ty TEPLEXOUEV®WY TOL ap)eiov o éva buffer.
* AN\oryn amd Tov XeNoTn Ty TEPLEXoUévwy Tou buffer.
* Evyypapn twy dedopévwy tov buffer miow oto apyeto.

DQuoxd av To opyelo dev LTTAPYEL xo dNLLOVEYELTOL EE’ OPYNG, TO TTEWTO
Bruo TopaAeiTeTOL.

To onpeio oto 0Tol0 PELOXOUATTE VONTA RO ELOAYOVUE XELLEVO AEYE-
To “to onuelo” (point). Autéd xatadeixvoetor ard Tov dpopéa (cursor)
TTOL TUTUXA ELVAL EVOL XOUXLYO TETPOYWVOXL TTOU avaBooBﬁvsLE. Kébe
buffer éyet piow 6éom mov ovopdletor “to onuddt” (the mark) to omoio
poli pe to onueio opilet oe xdbe mopdbvpo ™y “meproyn” (the region).
Avty efvor proe vontn meptoyn) xeltpévou oe xdbe mapdabvpo dmov pmo-
POVY Vo SPAG0OLY 0oL cLYaPTHoELS ToL Emacs (A.y. omwoxomy, avTiypopy,
AANOY) XEQOAOLWY OE PG YP&upaTa, EAEYY0S opboypopioc xAT). Try
TepLoyf 1 Bétovpe opilovrag to onuadt (mark) emtAéyovtog évo onueio
oL TAUTEOAOY VTG C-SPCH] (] oto minibuffer M-x set-mark-command).
Metoxvevtoag tov dpopéa ato onueio mov HBEAovue, opilovue Ty emL-
Oopnty Teptoxh. Evoarlaxtixd pe to Drag-Mouse-1 (xpatdpe apLotepd

®Av ydoovpe pio ovvedpio Tov Emacs eival Suvotdy vor ovaxTHCOLUE LEPOG TWV
oAayedy Ttov xévape. MTopodue vo XONOLULOTIOLGOVULE TNy EVTOAN M-x recover-file
N vo avalntioovpe évo opyelo otov dloxo pe dvopoa idto pe awtd TOL CPYELOL TTOL
eneEepyoaldpoote avapeao o dVo #. A.y. to buffer Tov apyeiov file.f90 awleton
OVTOUOTA X0l TTEPLODLXE 0TO pyelo #file.f90#

AuT6 dev elvar avayxoaotixd. Mmopel o xphotng vo aldEet To dvop.o evog buffer
¥woels vo oAAGEEL To opyelo ue To omolo ovvdéstat. Emiong, av avotEovue apyeio Tov
éyovv 10 {8Lo dvopoa (A.y. index.html) wov Bpioxovtol oe SLoPoPETIXOVS XATAAGYOUC,
T6TE OWTA ovopalovTal omtd TEOETLAOYY] index.html, index.htm1<2>, index.html<3>,

*To onpeio eivor Thvta ueTaEd YoPoxTHPwY Oyt Tévw ot avtode. O dpopéag eivor
YW OTOV YopoxThoo apéows dektd amd to onueio. Kabe mapdbupo éxet éva onueio
omtdte xdbe buffer pmopel va €yxel meptoodtepa amd éva onuela, av epaviletal oe
SLopopeTixa Topdbupo.

®Hoatdpe Towtdypova To Control key xat To Space bar.
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XOLYTT, TTOVTLXLOD TTOTNUEVO KO GEQVOLUE TO TTOVTIXL) ULOPXGQPOVUE Wiok
mieptoy). To onuadt pmopel vo tebel xow pe Mouse-3 OnA. UE aTAG xALx
oL JeELO TAXTEOL ToL TovVTLXLoV (Gpa, Mouse-1 Mouse-3 opilovy pia
TepLoyy] Bétovtoc TEWTa To onuelo xot PeTd To oNuddt).

Avoiyovpe éva apyeio pe Ty evtoAy] C-x C-f xow TANXTPOAOYWVTOG
70 6voué Tov. Ay To pyelo LTTAPYEL, BAETTOLIE TOL TTEPLEXOUEVA TOL GTO
buffer mTov dnutovpyeital, aAAiwg Ttaipvovpe éva adeto buffer. Tote:

[TAonyodp.aote oto buffer pe to BeAdixta Tov TAYHTEOAOYIOL EvorA-
AoxTixd (e TLg eVToAég C-n, C-p, C-f xow C-b.

Av éyovpe TOAEG “oeAldec ” mpoywpeaue plo-plo oeAido pe Page
Up, Page Dn amtd To TANXTEOAGYLO. EvoAhoxtind, e TG EVTOAEG C-v,
M-v

Ertodyovpe xeipevo amAd TANKTPOAOYWYTOS TO.

XBNvovpe toug xopoxTNEes Tov Bploxovtal Tiow amd To onueio
1E To Backspace ol oqVTOOG OV Elvol UTPOoaTa e To Delete. Me
™V EVTOAY C-d oB7VOLPE TOY UTTPOGTLVO YOPOXTNOA.

XBNvovpe 0AOXANEYN TN YOOUY TTOL ELVAL UTTPOOTA OTtH TO OMUELO
ue C-k

Avoiyovpe pror xotvodpyto yoouuy we Enter 1 C-o.

[Iope oty 0pyN TG YOORUNG HE TO TANXTEO Home %o 0TO TEAOG
™G KE TO TANXTEO End. EvoaAdaxtixd, pe C-a xat C-e avtiotolyo.

[lape otnv apyn tov buffer pe to mANxtTpo C-Home xot oto TE-
Aog pe C-End. EvaAloxtixd, pe Tig evioAég oto minibuffer: M-x
beginning-of-buffer xou M-x end-of-buffer.

[lape o pLa ypooppun moov Bélovpe pe M-x goto-line. Xtnv TpO-
TPOTIN TNG EVTIOAYG Sivovpue tov apLtiud g yooupng mov Bérovpe
VO TTAYLE.

Avalntobue xelpevo Umpootd amd To onuelo UE TNV €VTOAN C-s.
[TAnxtpoAoyodue to xeipevo péypt va to Bpodpe. Mo va Ppodue
70 {10 xeipevo Eavd (xat Eavd) mAnxtpoAoYolue C-s GOEC POPEC
yoetootel. To (3o xavovpe pe To C-r yLor Vo vollnTOOVE XELLEVO
miow amd To onuelo.

Av 0éhovpe va ypdaovue EAANVxé, dtafalovpe tnv Hapdypopo

1.3.10. oen. B
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MoéALg teretdoovpe oOCOLUE TLG XAAXYEG TTOL XAVAUE LE TNV EVTOAY
C-s 7N amd to €xovidLo “Stoxéta’” N amd To pevoL File—Save. Emiong,
7 €vToA" oto minibuffer eivow M-x save-buffer.

1.3.4 KoBovrog xor pafBovrtog
[No o Tpoywenrévn emeEepyaaio oaxorovfodpe Tig TopaxdTw 0dNYleg:

e Undo!. TToAAég amd Tig Topaxdtew oAAoyég UTOpel va elvort xo-
TootpoPixés. O Emacs €xel emavarauPavopevo undo pe ULeEYEAN
uvnun. Hatodvrag C-/ emavelthnuuévoa mpooeyyilovpe v TEON-
YoOueYN xotdoTaoy] Tov PBoloxdpoote. EvoaAloxtixd, Le C-x u xot
o6 To pevoL Edit—Undo. Oupuilovpue 4Tt T0 C-g OTOUATAEL OTTOLOL-
onmote Asttovpyio Tov Emacs xow €10l umopel vor pog YALTWOEL
Tl LEPOG ULOG XATATTOOPYG, OV SLOXOPOVUE TO EYHANUO XUTA TV
OLAPXELOL TTOL EXTEAELTOL.

e Amoxorn xelpévou e To TtovTixt: Kdvoope xAux Mouse-1 atnv apym
TOUL %ELPEVOL TtoL BEAoLUE Vo atoxdPovpE, LETA XALx Mouse-3 GTO
TEAOG TOU XELUEVOVL. AUEoWS UETA, Evar OeVTEPO XALx Mouse-3 %ot

.. méeL (otny TpaypaTxdTyTa T0 *elpevo avtiypdpstor oto Kill
ringf] xou eivo Stabéorpo yiow emixdAMGN).

e Amoxomn xelpé€vou amd To TANXTEOAGYLo: EmiAéyovpe Tto opyLxd
onueto xar Bétovpe T0 onuddt (mark) pe C-SPC. Metaxtvodue Tov
SPOpEN OUETWG HETA TO ompelo TTov BEAovpe va BEgovpe wg TéEAOg
g mepLoys. ITAnxTpoAioyodpe C-w.

* AvTLYpOUPY] XELLEVOL LE TO TTOVTLXL: LEPVOVLE TO TTOVTiXL Drag-Mouse-1
omd TNV ey wg To TéAoc. H meproyn “putiletor”. Evarloxtind
OTTWG OTNV ATOXOTY] YWELS TO OeVTEPO XAx 0TO TEAOG: Mouse-1
oTnv 0Py xol Mouse-3 oo TEAOC.

* AvTlypoupY] XELPEVOL WE TO TTAXTEPOAOYLO: C-SPC oTtny ooy, LETO-
XLYOVUOOTE TO TEAOG TNG TTEPLOYNG KoL LETA M-w.

e EmuxdAAnon xetpévou pe 1o movtixt: 2to onpeio mov Bélovpe va
XAVOULUE TNV ELOXYWYY], TOTAUE TO UECOLO xoupmiﬂ.

* EmxOAANON KELLEVOL PLE TO TTANXTPOAGYLO: XTO onpeio TTov Béovpe
VO XAYOLUE ELOOYWYY] TTANXTPOAOYOVUE C-y

*Ag mobpe 7o clipboard tTov Emacs.
S Av Sev €yel, ™ podéAa 1| apLoTeEd %o SeEl TawTOYPOVOL.
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e EmuxdAAnon xetpévou mou eiyape avitypddet TaAadtepa: Mio e0-
XOAY] ETULAOYT €lva amd to puevod Edit—Paste from kill menu xow
eETUAEYOLUE TO xelpevo Tov Bélovpe va emixoAAoovpe. AT to
TANXTEOAGYLO OTTWG TTPLY C-y Ol AUECWS LETE M-y ETTOVELANULEVOL
UEYOL v epavLoTel TO xelpevo tov B€Aovpe.

¢ Eiooywyn oAdxAnpov apyeiov: Ay BEAovpe va etadryovpe tor tepLe-
XOUEVO EVOS OAOXAN 0L apyelov, TANXTPOAOYOVUE C-x i 07TO onueio
mov B€Aovpe vo yivel 1 etoorywyn. EvoAhoxtixd, pe v evtoAn M-x
insert-file.

e Eiooywyn oAdxAnpov buffer: Av Oélovpe vo elodyovpe tor Tte-
pteyopeva evég oAdxAnpov buffer, To xdvovue pe ™y evioAn M-x
insert-buffer.

¢ Avtixatdotoorn xetpévou: Me tny evtoA] M-x query-replace ovTi-
xofLtotodpe Stadpaotind pia axolovbio xopoxTREwY Ue Uiow GAAY.
21Ny pdTNom av B€Aovpe Vo YIVEL 1] AV TLXOTAOTOOY], ATTAVTOVUE ¥
(vow), n (6yv), q (otom). Me , (x6ppo) yivetow pio avtixatdotoon
%o oTopatdeL. Ay elpoote olyovpol 6t BéAovpe va yivouy dAeg oL
OVTLXOTOOTAOELS, EXTEAOVUE TNV EVTOA M-x replace-string.

¢ AVTIXOTAOTOON XEQPOAXLWY-ULXPWY YPoURATwY: EmtAéyovpe plio
TepLoy Tov B€Aovpe vou Yivel  aAdoy] xow exTEAOVUE Ulor atd
TLG EVTOAEG M-x upcase-region, M-x capitalize-region,
M-x downcase-region.

To Edit pevol €yel TOAAEG OO TLG TOPATAVL AELTOLEYLES YLl TOLG
VEOGUAAEXTOVG.

Timota, emiong, 0 pag eUTOSILEL Ol TTOXOTES, OLVTLYQOUPES, ETILXOA-
AMoeLg vou yivovtal amd to éva Topaupo ato dAANO axduo xoL oy TEo-
xerton yioo buffer cuvdedepéva pe drapopetind apyelo.

1.3.5 Moapabvpa

[ToANéc @opéc civor PoAxd va emekepyaldpaote To (Lo 1N drapope-
Txd opyeio oe dropopetind mtapdHvpa. To “mopdbvpo” (window) otov
Emacs avoa@épetal o dLoupopeTinég TEPLOYES TOL [OLov Ttapadvpov ue
™V évvoLa TTov divovpe oe éva Topolvpind TepLfaArov. O Emacs pmropel
vo ywploet éva opdbvpo oe €va N TeptoodTEpa Tapdbupa opLlovTio M
xabeto. MeAetnote T0 oo ot oeAida 75 oo onoio emeEnyodvTar
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ot Boowxég évvolec. Emiong, pmopel vo avolEel évor SLapopetind Tapd-
Bupo pe Ty évvora Tov TtapabvpLxod TepLBaArovtog. Tétota Topdbvpa
Aéyovrar “mhaiotx” (frames)f]. Oa xpathicovpe avti Ty oporoyio oy
ovopepodpaote otov Emacs.

¢ Tomobétnon dpopéa ot0 %€vTpo TOpabdpov xal xaboplopdg mo-
péBvpoL amd oxovmidia: C-1 (wpoogoyH: 1 6yt 1)

e Xwptopdg mopabuvpov ota dVo, optlovtia: C-x 2

¢ Xwptopdg mapdbvpov oto dVo, xdbeta: C-x 3

¢ Katdpynon twv dAlwy mopabvpwy: C-x 1

¢ Katdpynon tov tpéyovtog mopabvpov: C-x 0

e Metaxivnon Spopca o aAro Tapdbvpo: Me Mouse-1 1 C-x o

e AMNoyn peyéboug mapdbvpwy: Me to movtixt Drag-Mouse-1 oTig
OLOYWPELOTLXES YOOUUES TOLG. Me To TAMXTEOAGYLO, C-~ OAAGLEL
™y optlovtia draotaoy xow C-+ tnv xd&bety.

¢ Koawvobpylo mhaioto: C-x 5 2

e Koatdpynon mAowciov: C-x 5 0

e Metoaxivnon dpouéa o dAho Aaioto: Me to ovtixt Mouse-1 7| pe
C-x 5 o.

AvapopeTtind mapabvpa pmopeite vo €xete kol Otay o Emacs tpé-
YEL OTNY XOVOOAX, XATL TTOL UTTOPEL VoL ELVOL M LEYOAVTEPT ELAOYLO YL
TEOYWENUEVY eTteEcpyaaio xetpévou, 6Tay oc Bploxeote oc mopabvpLtxd
epLBaAAoY. Duoixd, TOTE deV UTTOPELTE VL EYETE OLAPOPETIXE TTALOLOL.

1.3.6 Apyetia xou Buffers

* Avorypo apyetov: C-x C-f M M-x find-file.

“No onuetyoovpe mwg dtoy Bélete va emeEepyooteite éva 1 meploodtepa apyeio
elval xoA6 vou owvolyete xotvodpyla TAaiolo oty (Ot cvvedpio Tov Emacs xow Oyl
vou Eextvéte xabe @opd tov Emacs amd tnv opyn. Mioe xawvodpyto Stadixocioc Emacs
TpoPdEL TOPOLS OTtd TO GOATNG GOG XL OEV ETUXOLVWYEL e piot GAAY.
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2oLpo oAoywy tou buffer o apyelo: C-x C-s 1} M-x save-buffer.
Av 6€hovpe Tavtdypova vo Byodpe amtd tov Emacs C-x C-c 1

M-x save-buffers-kill-emacs (070 pevod File—Save 7] elxovidLo
ue Stoxéta).

Xootpo aAlaywy oe buffer oe dAlo apyeto: C-x C-w N M-x write-file
(070 pevol File—Save As 1 6T0 £1x0ovidLo e Stoxéta xal LOAGPL).

Zwolpo 6Awy twv buffers ota apyeiar Touvg: C-x s 7
M-x save-some-buffers.

Y0vdeom evic buffer pe éva (dAN0) apyeio:
M-x set-visited-file—name.

Koatépynon buffer: C-x k
AMoy" buffer oto Topdbvpo Tov Bproxdpaote: C-x b

[TpoBoAn Aotag buffer: A6 to pevod Buffers 1 pe v evtoAn C-x
C-b. X1 deltepy mepimTwOoN TaTwvTag Enter dimAa oc éva buffer
70 gppaviloovpe oto Topdbvpo. YTdEYoLY EVTOAES dLayelplomng TwY
buffers mov pmopeite va Bpeite and ™ BorRbeior Tov Emacs (av
Bérete tov Spopéa 670 TOP&EOLEO CWTH TANXTEPOAOYHGTE C-h m)

Avéitnon dedopévwy amd eneEgpyaopévo buffer: Av ydoote 1
ovvedplo evog Emacs, uny ameAntileote. XNy xowvodpyLo cuvedplo
TTANXTPOAOYNOTE M-x recover-file ot axoAovbyote Tig 0dnyies.
H evtoAn M-x recover-session emoava@épel Ao tar opyelor TOL
enckepyolbooote poll.

Apyelo aopareiog: ‘Otay owlete éva buffer o éva apyeto, To Ta-
ALO opyelo yiveTol avtlypo@o ao@dAelas. Ay To opyelo Exel Gvop.o
myfile, TO ovTiYp0PO ao@areio éxet dvoua myfile . Eivow Suvartéy
VOU TTOROLETPOTIOLNOETE Tov Emacs vor xpotdel moAAég “exddoelg”
(versions) Twy oAAXLYWY TTOL XAVETE. LOG TAPATELTTOVUE GTNY TEX-

unetwon.

[TAonynon xow dpdoelg oe xataAdyovs: C-x d N} M-x dired. Mmo-
peite vo dpdoete ota apyeiot Tov xoTaAGYoL (&vorypa, dtoyPa®,
AAAOYT] OVOLLOGLOG, OVTLYPOUPY] XATT) LE TLG OVAAOYEG EVTONES (péoar
omtéd 1o Topafvpo Tov dired dWoTe TNV EVTOAN C-h m xou Stof3doTe
TN OYETLXN TEXUNELWON).
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1.3.7 Modes

Ye xabe buffer mov emioxentépaote 0 Emacs pmopel va Bploxetor oe
drapopeTixd modes (Gt éva, oAA& TOAAG). Ze SropopeTixd modes ot
OLVYTOPEVOELS TWY EVIOAWY AT TO TTANXTPOAGYLO UTTOPEL Vo ELVoil SLoLQO-
PETLXEG, O YPWUATLOUOG TwY SoULxwY GToLXelwY Tov buffer StapopeTindg
xATt. Ydpyovy major modes Tov sivar povodixég yra xébe buffer, aAAd
xoL minor modes TTOL UTTOPEL VOU GUYVTTAPYOVY OPUOVLXA Lall LE GAAES
major xot minor modes. O Emacs pumopel va Egxtva oavtédpotor pio major
xo plo v TEPLoadTEPEG Mminor modes avaAoYo UE TO OVOUO T)/xoiL TO TTE-
OLEYOUEVO TOL OPYELOL TIOL ETLOXETTTOUOOCTE. MTTOPOVUE GG oL EUELS
onté vo emtAéEovpe xow vo emtfBéArovpe Tig modes mov emibopodue pe
TLG HOTAAANAEG EVTOAEG.

Ot modes ot omoleg sivar evepyég oc éva buffer onueiwvovtor péoo
oe opévbeon ot mode line (BA. oyAuo o [L.5).

* M-x £90-mode: Mag evdtagepel Ldtaitepa ato pabnuo avtd. Apopd
opyelor pe evtoréeg otn yYAwooa Fortran xal Tow 7o ypNOLUOL YO
POXTNELOTLXA TLG Elvat 1 ToTtoBETNomn Tov SpouEa GTO HATAAANAO
oNuel0 TUTWYTAG TO TANXTEO TAB, 0 YPWUATIOUOS TWY EVTOAWY XOL
TWY UETUBANTOY, 1 avoryvoELon Twy OOULX®Y GTOLYEIWY TOL TTPO-
yodupotog (subroutines, if, do loops, comments, statement labels
*ATD). Miow GAAY] evdiapépovon Asttovpyio eivol vo TTépeL Tl EVTO-
Aég oG ONOXANEYG TTEPLOYNS *oL var Tig xGvel oydAia (comments)
OMA. avevepYEG.

* M-x c-mode: [t ¥ yoappévo oty YAwooo C. Avéhoyeg modes
Yo YAWooeg Tpoypoppatiopol efval ot java-mode, perl-mode, awk-
mode, python-mode, makefile-mode, octave-mode, mathematica-mode
%o AAAEC.

e M-x latex-mode: I'tax Ty emeEepyaoia apyeiwy oL €xovy xelpevo
oec ISTEX.

* M-x text-mode: It v emeEepyaoio amAdy (.txt) apyeiwy xet-
KLévou.

® M-x fundamental-mode: H Boowxn mode, étay dev vmapyel xoA)-
TEON. .

Minor modes mov TtapovOLALoVY EVILOPEPOY ELvaL OL:

® M-x auto-fill-mode: Otav plow yoopun yivetor moAD poxpLd, tnv
x6fBel avTépoTa. LyeTixn elval 1 evToAq M-x fill-paragraph.
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® M-x overwrite-mode: AVT{ Vo ELOAYOVTOL Ol YXOOXTNPES OVAUEC
OTOUG VTTAPYOVTEG, YOOPOVTOL OTTO TTAVWL TOLG. AlVOVTOG TNV EVTOAN
Eova, aAAALOVILE OTYY TTPONYOVUEYY] XOTAOTOO).

® M-x read-only mode: ‘Otayv O€Aovpe Vo ETLOXEQPTOVUE EVaL TTOADTLULO
opyeto mov e B€hovpe va aAAdEovpe xotd Adbog tor TEPLEXOUEVAL
Tov, punaivovtoag os oty ™ mode o Emacs amayopedet T oAAo-
YE€G. AvTé UTTOEEL Vo YIVEL aVOlYOVTaG EVa OPYELO LE TNV EVTOAT C-x
C-r (M-x find-file-read-only) 7/xot va evaAAdooovpe TN mode
KE TNV EVTOAY] C-x C-q (M-x toggle-read-only). BAéme oynuo ,
7o buffer jack.c mov onpeldvetor oto mode line pe %%. Kévovtog
XAX IOV OTA %, UTTOPOVUE YOI XOTOOYOVUE/ETTOVOPEPOVILE TNV
read-only mode.

® M-x flyspell-mode: Apeocog €Aeyyog opboypapiog.

® M-x font-lock-mode: Xpwuattopds Soutxwy oTolyxelwy tou buffer.
Sovhbwg elvar v TPoETLAOYY, av OyL, TNV evepyormotovpe (R tnv
OUTCEVEQYOTTOLOVIE) [LE OUTHY TNV EVTOAY.

Ye mopabovpxd TePLBdAlov €xovue T dLVATOTNTO Vo ETTLAEEOLILE
modes amd Ty mode line. Me t0 Mouse-3 avw oTto dvop.o ptog mode
pog divovtor emthoyég yrow Ty (armevepyomoinon minor modes. Me to
Mouse-1 propodpe vo (am)evepyomorioovpe tny read-only mode xévo-
VIO XA QELOTERPG 6T %% 7 :—— avTtioTouya. BAéme oyhua [.5.

1.3.8 Bonbfeiax otov Emacs

O Emacs €xet ToAD AemtTopepy] online TexpumnElwoy. XToug VEOUS PN OTES
ovoTHveTOL Vo axolovbnoovy Tig od7yleg oto emacs tutorial to omotlo
EXTIOLOEVEL TOV YPNOTN OTLS PAOLXES EVTOAEG YPNOMG %ol ETEEEPYUTLOG
xetuévou. Auto yivetor ue v evtoA] C-h t 1 amtd to pevod Help—Emacs
Tutorial. Agebeite otig 0dnyleg o eivor ... Stoaoxedaotixd. H man
page tou (evTOA] man emacs) €YEL GUVOTITLXES TIANPOPOPLES, XVPIWS YLow
Tov TPOT0 ToL XaAsiTar 0 Emacs amd 1 YOOoUUY EVTOAGY.

TToAG exteviic Texunpinaom Poioxeton otic info pagesf]. H ypvion tov
info eivorl xe@aioto BiBAiov amd povn tng, oAAé oto Topabvpixd Te-
otpéarroy tov Emacs eivor oyetixd amAi. Me v evtody] C-h r (pevod

¥ Ay mpotpbre éyypapo—PLBiio oe popey] PDF emtoxepreite v totooeAido Tov
Emacs www.gnu.org/software/emacs/ xot emtAéEte Documentation. Autég 0 oV¥vde-
olog THPo elval 0 www.gnu.org/software/emacs/manual/emacs.html amwd émov pmo-
pelte vo xotePdaoete to eYyeLpidto xpMong twv 600 Tepimtov GeAidwY!
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Help—Read the Emacs Manual) avoiyovpe amevfeiag ™ oeAida Tov
Emacs. ITatwvroag too mAnxtpo SPC xaw Backspace dtafdlovpe v tex-
unplwon oeAldo—oeAido. AAAG ato info €yovpe vTEPOLYIETOLG GTTIWG
oty TAONYNoN oTo StadixTtvo. Me Mouse-1 emtAéyete €voy GOVEEGUO
%o pe tor BeAdxtor oTar eLxovidta UTTOPELTE Vo TTATE GTOV TTPONYOVUE-
VO/ETOUEVO GUVIECUO 0TS %ot 0Ty TTEONYoVuevy, Béon mov eloaoTe.
Motwvrag TAnxta, divete evtoAég oto info, Ay moatdvtog d Pploxe-
OTE OTOV XEVTOLXO XoTAAoYO Tou info xaw pmopeite vo Seite dAeg Tig
EQOPPOYEC TTOL éxovy info Texpunpiwon. Me Tty evtody g (info) (mAn-
XTPOAOYNOTE TOLG YAPAKTAPES OTWG Toug BAETeTE PE Tig TtapevBéoeLe)
Bploxeote oty texunpiwon tov info xotl exel pmopeite va pabete ™y
TEOYWENUEVY XENON TNG YLt Vo SLoPBELETE ATTOTEASOUATIXG TNY TEXUY-
Olwom TWY EQAPUOYWV.

O Emacs eivor Sounuévog drotalntixd xow @LALXA TPOg Tov YPNoTY.
To teprocbdtepa Oo Tar péilbete oyt amd mpooexTLX LEAETN TOL EYYELEL-
LoV YENOMG, AAAG OTTO To (BLOL TOL OVOULOTOL TWY EVIOAWY XL TN CUVO-
XY TEXUNELWoN Toug. OAeg oL evtoAég Tov Emacs amoteAodvtal amd
0AOXANPES AEEELS TTOL YWPELLoVTOL HE Evar — TTOL OXEDOY OYNULOTILOVY TTAN-
QELG TTPOTAOELG.

* Auto completion evtoAwv: Ot EVTOAEG AV TOGLUTIANPWYOYTAL GTO
minibuffer TatdvTag o TAYxTEo TAB. 't Topdderypo, petofeite
oto minibuffer TAnxTpoAoYWVTOG M-X. [IANYTPOAOYNIOTE A.Y. capi [TAB]
XOL ] EVTOAY] CUUTIANPWYETOL o capitalize-. [latwvtog to [TAB]
OAAY pLoe @opd avolyet éva buffer pe tic Suvatég emtAoyég:
capitalize-region xot capitalize-word. [TAnxtpoAoyfote r [TAB]
XOUL 7] EVTOAY] COUTTANPWVETOL 0T LovodLxY] capitalize-region. ['a
va deite dAeg Mg evtorég mouv apyilovy amd s (... TTOANEQ), TTAY-
xTpoAoYNote M-x s[TAB] [TAB]. EmiAéEte pe to movtixt to buffer
*Completions* xo TAonynbeite otig Suvatdtnres. Ao To OVOUATOL
TWY eVTOAWY Do tapeTe LO€eg. Av €xete ypbVOo, TAUTPOAOYNOTE M-X
[TAB] [TAB] xot 6Aeg ou drabéotpeg evtorég Oa eivar oo ... buffer
ooc!

e Texunpiwon ocvvtopedoewy TANxTEPOAOYiOL: Ay Egpete T xdveL
N evtoAn C-s; Kavéva mpofAnua... IIAnxtporoynote C-h k xou
UETE C-s. AVTIOTPOQO, EEXAOATE [LE TTOLOL TTAXTOOL GUVTOUEVETAL 1)
eVTOAY] save-buffer; [IAnxtporoyNote C-h W O LETA TNV EVTOAN.

* Texunpilwon ovvoaptiocwy: Wayvete pla evtoAn AY. save-xdATt-
Tov-Egyaoa; [TAetporoyote C-h f xow petd save-[TAB] va Seite
Tl emlAoYEC. Me Mouse-2 eTAEETE TNV EVTOAN TTOL COG EVOLOUPEPEL
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A TANXTEOAOY RO TE/oLUTANPWGTE pe [TAB] To LTTOAOLTTO bvopa (..
save-buffers-kill-emacs) %ot 070 buffer *Help* O Stofdoste TV
TEXUNPELWOY] TNG EVTOANG.

Texpnplwon petofAntddv: Me C-h v pmopeite va pabete tny TLpn
%ol ™ Asttovpyior Twy PeTaBAnTdY otov Emacs.

Texunplworn apropos: Asv Bupdote axplfug to dvouo g €vto-
Mg; Kawvévor tpoBanuo... IIAnxtporoyfiote C-h a xow peoe AEEN (A.y.
save) xou Qo deite dAeg Tig eVTOAéC TTOL TEEPLEYOLY TN AEEM aWLTH.
[Teptoodtepeg TANPOopieg Hor épete pe C-h d

Texpunplwon modes: IIAnxtporoywvtog C-h m péoo amd €va buffer
TOLPVETE TTANPOPOPLES YLow TG modes 7oL elval EVEQYOTTOLNUEVEG
vtoe To buffer. Oo Seite exel Tig eLOLXEG EVTOAEG TTOL BEVOVTOL UE TLG
OLVYTOWULEVTELS TTAXTPOAOYLOL.

Texpnpiwon info: C-h i

Eeydoate o ToaTavw N 0éAete va pabete xo dAle; [TAnxtpo-
Aoyfote C-h 7 xo mAomynbeite otig emAOYEG TTOL cag dlvovTadl.

1.3.9 Ilapapetporoinoyn tov Emacs

O Emacs €yet duvatdtnta mTopapetpomoinong os omotodnmote [Babog:
AT Ty oAy oOVEEDY] TANUTOWY E EVTOAEG TTOL B€AOLUE VO GLYTOUED-
OOLLE UEYOL TOV TTROYPOUUOTLOUO TTOADTTAOXWY AELTOVPYLWY 0T YAWOTO
Elisp. O mto dtadedopévog Tpdmog YLow Tov UEGO XPNOTN EVOL YO ELOAYEL
TLG XATAAANAES EVTOAEG OTO OPYELO ~/.emacs OTNY TTPOOWTLXY] TOV TE-
otoxn. O Emacs Siof3aler xot exteAel TLg EVTOAEG OVUTEG TTPLY EEXLVY|OEL.
[Mopddetypo evog tétolov apyelov Ue eVOELXTIXES AstTovEYiES elval TO
TOLPOXATW:

’

Define F1 key to save the buffer

(global-set-key [f1] >save-buffer)

’

Define Control—-c s to save the buffer

(global-set-key "\C—cs” ’save-buffer)

’

Define Meta—s (Alt—s) to interactively search forward

(global-set-key "\M-s” ’isearch-forward)

; Define M—x is to interactively search forward
(defalias ‘is ’isearch-forward)

; Define M—x fm to set fortran—mode for the buffer
(defun fm() (interactive) (£90-mode))

’

Define M—x sign to sign my name
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‘(defun sign() (interactive) (insert “K. N. Anagnostopoulos”)) ‘

2TOL TTEPLEYOUEVOL TOV TTUPATIAVE COYELOV TOL EAANYLAA EQWTNUXTIXA ;
0pLCovY TO LTTOAOLTIO TNG YOAUUNG VO ELVOIL OYOALOL, TOL OTTOLOL ELVOLL YLOL [LOG
xo oryvoovvton (dev epunvedovtor). O TpwTeg TEELS EVTOAEC dEopedovy
Too TANXTPA F1, C-c s %ot M-s 0 OUYXEXPLUEVES CUVOPTNOELG-EVTOAECG.
H emdpevn deiyver modg vor opioovpe Ppeudwvopo (alias) prog evtoifg
TTOL Y PVNOLLOTTOLOVUE cuyva. Ot Tedevtaieg dVo 0pilovy BV TOAD OTTAEG
ovvaptnoelg (fm) xot (sign) TOL UTOPOVUE Vo TLG XOAECOVUE AT TO
minibuffer émwg avapépetor oto oxeTINd oYOALL.

[Na teptoodtepa Tapadetypato avalntiote oto Google: “emacs .emacs
file” v v Sette T crpyelor TOL KENOLUOTTOLOVY AAAOL YPNOTEG.

Emiorng, elvor duvatdy va mopopetporotoete tov Emacs amd to pe-
voV Options — Customize Emacs.

[No ™ oe Bdbog expdbnon tng yYAwooog Elisp coag moapoaméumovue
oto Emacs Lisp Reference Manual otn dtevBuvon
www.gnu.org/software/emacs/manual/elisp.html

1.3.10 EAAnvixé otov Emacs

Me moAAY] ouvTOULO: TTEPLYPAPOLUE TG YIVETOL VO ETEEEPYATTOVUE OLQ-
YeLow e EAANYLXOVG YopoxTNEes. Edw o xpNnotng mpémet vo tpoodloplost
o oL eEAMAnvLxol yopaxtneeg o avaroapiotavtor amd Toug 8-bit yopoxtn-
PEC TOL GLGTALXTOC 1508859-7F] % amd Tove mo SradeSopévoue 16-bit
Unicode yopaxtnpec.

[No va pmopéoovpe va dtaffacovue apyeio pe yopoxtipeg Unicode
mpénel 0 Emacs oe éva mapabupixd mepltBdArov va Eextvnoel pe pio
®OTEMAY, Yooppotooetpd Unicode (UTF)f]. Av awté Sev eivar v mtpo-
eTLAOYY], ETULAEYOLUE epelc pia Ypocptptoc’cooapo’ﬂ. Mo emiAoyy] diveton
ard TV ToPoxd&Tw evToly] (o yapoxthpoag \ cvveyilel Ty EVTOAR oty
ETIOUEYT] YOOUWY], EOELG UTTOPEITE Vo T Yp&eTe oe piot yoouun):

> emacs —fn \
—misc—fixed—medium—r—normal ——18—-120—100—100—c—90—is010646—1 &

¥XpHotpol oe Tpoypdupate Omwe To ITEXue T ye¥on tov Babel.

¥ Av xorodpe tov Emacs oty xovodra, Oo mpémet  xovodAa var eppavilel yopo-
xtNpe¢ Unicode

%Me tnv evtory x1sfonts | grep is010646 |less BAémovpe Tig Stabéotpeg Yooupor-
TooeLpég Unicode, eved pe Ty evtoAn x1sfonts | grep iso8859-7|less Tig dtabéaotpeg
eAMLxég 8-bit Ypoupotooetpég ISO8859-7.
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2T CUYEYELR, WTTOPOVUE VO ELOAYOVUE EAANYLXOVS YOPOXTNPES YO OL-
LOTTOLWOYTOG TNV AAaY? TN mebddov TAnxtpoAoyiov Tov TtapofupLxod
mtepLBdAhovtog (A.y. TANxTEOAOYWYTOC Alt-Shift) dmtwe %o og omoLo-
dMToTe GANN e@appoYY]. Evodhoxtixd (ov A.y. dev eipoote oc UTF mept-
B&Arov) pe v evtoAf C-\ (M-x toggle-input-method) o eLodyovtog
—uoévo TNy TEWTN Popd — “‘greek” oto minibuffer evaAAdooovue amd
OYYALXG OE EAANYLXA.

[N Toug 8-bit yopaxtpeg TOToL ISO8859-7 xohodpe tov Emacs pe
™V oVEAOYT YooLaTooelpd. Mio emtiAoyn elvor

> emacs —fn \
—misc—fixed—medium—r—normal ——18—120—100—100—c—90—is08859—-7 &

AoV avotEovpe 10 apyeto mov embopodue oe éva buffer, pumropodue
omd To pevol vo StaAéEovpe mepLBdArov YAwooog Options -> Mule
(Multilingual environment) —> Set Language Environment —-> Greek (4
oto minibuffer M-x set-language-environment) xot emtAéyovpe uébodo
ELOOYWYNG XOPOXTNPWY Options -> Mule (Multilingual environment)
-> Select Input Method-> ~“greek'' (¥ oto minibuffer

M-x toggle-input-method). X7 GUVEYELA, LE TN GLYTORELGT EVTOARG C-\
EVOAALGOOVUE OTTO OYYAXO OE EAANYLXA.

1.4 H TI'Adoooa Ilpoypoppotiopod: Fortran

2Ty Topaypopo ot Hor avaEPOLIE TOL ATTOADTWG ATTOEALTYTOL TTOV
YOELAleTOL VO EEPETE TTPOXELUEVOL VO OPYLOETE VO YOAPETE XOL VO TOE-
XETE TEOYPAUUOTA 0 YAWooa Fortran. Asy TEOXELTAL YLl GUOTNUOTLXY
expabnon g YAwooog, oG yior it TTOOXTLXY] TTPOOEYYLON UECW TTO-
padelyudtwy. O avoyvwotng evbappdvetor vor avatpéEet oty BiffAtoypoa-
oio [9,10,11] yioe TEPLOTOTEPESG AETTTOUEPELEG.

Mo vou wpeAnbel o/ ovoryvodotng/Toltor omd To XEQPAAXLO OVTO TTPE-
TEL ATTOPAUTNTO VO YOOUPEL TOL TEROYQPOULOTOL XOAL VO TOL EXTEAEL GTOY
UTTOAOYLOTY TOL/TYG.

1.41 To Xtotyetwon

To TPWTO TEOYPAUUO TTOL YOAPEL XAVELS OE [LOL XOLYOVPYLO YAWOOTO
n/xaL vIToAOYLOTLXO TtePLBAAAoY, eivor éva “Hello World” mpdypoppa, to
0Tol0 OTTAG TUTTWVEL 0T0 stdout o T ™ YE&on. Katagpépvovtag va det
™ PEAOY AVTN TUTIWUEVY, EYEL XAVEL TN ULOY] SOVAELA TTOL YPELALETOL
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Yt Vo TEOYPOoUUaTioEL 0TO TeEPLBAAAOY avuTd. To gv Adyw TEOYPOUUO
oe Fortran to ypdpovue os éva apyelo hello.£90 wg eEng:

program hello

!print a message to the world:
P g
print *, ’Hello World!’ !this is a comment

end program hello

Ov evtoAég otn Fortran eivor axoArovbicg yopoxtpwy mov ypdpovue
omd ™y 1n péxpt xow ™y 1327 otiAn. Kdabe yoauun opyiCet plo xou-
vovpYLe eVvTOMP] %o umopodue oe pio Yoouus vo Yoadpovpe TepLocd-
TePEG OO iot EVTOAEG YWEILOVTAS TG HE évar EAANVLXG EpWTNUoTxd (;
- semicolon). Av pto oepd apyiler pe ! (Bowpootixd), oavt) 1 ocLpd
oyvoeitol xow pmopel vo yonotpomowndel yio oxoAlo Tov emeEnyody xon
TEXUNELWOVOLY TO TEOYOPOUUO. AV o oetpd €xel Bowpuootind os x&mToLo
OTNAY, OTLONTTOTE UETA TO DoLUAOTIXG OYVOEITOL XOL [LTTOPEL Vo P OL-
pomownBel yrow oyohowoud (e€opeitor t0 Bowpaotind péoo oe Lové 7
OLTTAG eLoaywYwxd, omov exel Oewpeitor 6Tl elvor LEPOG TOL XELUEVOL
prag oxorovbiog xopoxThpwy 6w Ay. oto 'Hello World!'). H ow-
OTN XL ETAPXNG TEXUNELWOY EVOG TTPOYPAUUATOS EIVOL OTTOEOLTNTN YL
TPOYQAULUATO TTOL OYESLALETE, WOTE VO LTTOPOVY Vo Ypnotpomolnbody
ETTAVELANUUEVA, YO cLVTNENHOLY o Vo eTtexTalody amd opddo TOAADY
TPOYQOULUATLOTWY XOL YO ELVOL LEYOXADTEQX OTTO LEQLUES YOOUUES X~
owoa. H 18éa mou eiyate onuepa Oa cog @oavialel ayvwotn petéd amd
Alyeg €BOouddeg xot o xpdvog mov Ho xotavoAwoste Yo vor 8Lopfd-
OETE, VA BEATLWOOETE %ol YO EENYNOETE GTOVEG AAAOVG OLTO TTOL KAVALTE,
0o elvar olyovpo TepLaadtepog amd To Ypdvo Tov Oor EodEdeTe Yo vor
OLYYPOUPETE pLor XOAY] XOL COLPY) TEXUNELWON TOL TTPOYPALUOATOS GOG.

H xpLta eioodog oe éva mpodypoppa xaboplletal amd Ty VIO
program name OTOUL name glvot 6,T. O€Aovpe, apxel vo va opyilel amd
Yoappa A-Z 1M a-z, va amwoteleitol amd To TOAD 31 oApoptOpmnTinodg
yopoxtipeg o to _ (underscore). To TEAOG TOL TPOYPQULATOS, OTTWG
xoL x4&0e o TodvVOUYS EVOTNTOS TOL TPOYEGUUaTog (LTTopOoLTivES, CL-
vaptioete), xobopiletor amd v evtoAy end oTtnv omoia TPoohHéTovyue
X0l TO Gvopa g evotnrag mov xAsivet (€3¢ end program hello).

2NV TETOPTN YooY elvor To “Covpi”: H evtoA print eivol o oetAov-
OTEPOG TPOTTOG VO TUTTWOOLUE XATL 0TO stdout. [IpooéEte To “*,” TOUL

“Miow peydAn €VTOAY] LTOPEL Vo GUVEYLOTEL OE ETOUEVY YOO, OTwe Bo wodpe
TOPOXATW, BALoVTOg GTO TENOG TNG YOORWUNG éva & xal cLVEXLLOVTUG OTNY ETTOUEVY.
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elvot LEPOG TOL GLYTOXTLXOD XU YLOLXA JEY TUTTWVETAL... ['tar T Fortran
T XEQOAXLO/ULXOE YoaUpoTo Elval LoodVvopo xal Ho popodoope vo
Yooovpe PRINT, Print, .... H @pdorn mov OéAovue va tumtwoovpe
elvorl pLoe axolovbion YopoxTEwWY TOL TEPLXAELETOL ATTO LOVE ] OLTTAG
etooywywxd ('Hello World!' ¥ "Hello World!").

[MNo va TpEEeL TO TTPOYQOLUOL, TTPETEL YO LETAPEOOTEL OE YAWOOO (A7)
yovng. Ty SovAetd ot Ty ovahopBdver o petaylwttiotyg (compiler).
Ye xabe oboTNUO TO TTEOYPOLLA OV TO LTTOPEL VO EYEL SLOPOPETLXO OVOULOL
N AXOUOL XOL O TCPOYPOUULOTLOTYG YO EXEL TTEPLOCGOTEPES Ao [iat ETTLAO-
Yég. IlpémeL va evnuepwbeite amd Tov SLoyELPLOTY] TOL GLGTNUATOG 1] T
oxetxd eyyetpidta. Tomxd ovopota T€TOLWY TEOYPUUUATWY elvar 90,
ifort, gfortran, .... H mpdtn pog dovAetd eivor vor peAetrioovpe pe mpo-
ooyn to eyyeLpldia ypononeg. Exel pabaivovue mwg va ypnotpomotnoovpe
TLG SLYVATOTNTES TOL UE TOV XAADTEPO TPOTIO YL TO OLXO LOG TTOOYQOULILOL
(A.x. BeAttotomoinoy - optimization)

10 Owx6 pog cvotnua Bo yonotpomotnoovue Tov gf ortranﬁ. H evton
mov Bo dhoovpe YLor TN PETAYAWTTLON ElvaLL

> gfortran hello.f90 —o hello

O JdroxdmTng -0 0pllel 0 PETUYAWTTIOUEVOS XWOLXOS VO YOOPTEL GTO
opyelo hello. Av 7 PETOYA®OTTLON €lvol ETLTUYNG, TOTE TO TEOYOAULO
TEEYEL LE TNV EVTOAN:

> ./hello
Hello world!

0Touv To ./ To BAAopE Yiow Vo TPOGBLOPLCOLIE PNTE TG EXTEAOVUE TO
TEOYQOULUO TTOL TEPLEYETAL GTO aPYeLo hello xot ToU PploxeTal oTov
Tpéyovta xatdroyo ().

Acg doxLpdoovpe THEO VO XAYOLPE EVay OTTAG LTTOAOYLOWO, TNV TE-
OLLETPO xo TO eUPaddy evdg xUxAov axtivog R. o Tov Adyo awtd Ho
XOELLOTOVUE VO Y PNOLLOTIOLYOOVE UETAPBANTEG TOTTOL REAL. XT0 arpyeio
area_01.f90 TANxTPOAOYOLUE

program circle_area

#0 petoyAwtTiotig auTdg eivor eEAeBEEO Aoyloptxd xot eivan Stadéotpog Yo GAa To
ONUOPLAY AettovpYxd ovoTiuoTo. Asite oto oVvdeopo http://gec. gnu.org/fortran/

¥Qupilovpe 0TOY AYOYVWOTN OTL YoOoRUES oL apyilovy pe > elval evtoAég mov
divovpe ot Yoo evToAny. OTIdNToTE GAAO glvol output TOL TEOYEPEUULATOS.
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PI = 3.14159265358979

R = 4.0
print *,’Perimeter= ’,2.0*PI*R
print *,’Area= P PI*R**2

end program circle_area

2T0 TOPOTAYVW TEOYPOUUO 0pLOAUE TLG TLULES TwY VO HETUPANTWY R,
PI ot 30 ot 4n yoaupn. To 6t ot petofAntég eivar tomov REAL xabo-
otletor amd T0 6vopo g petaBAntig. H Fortran €yst implicit rules yio
voo To xabopilet. Zoppwvo pe avtols, LETUPANTES TTOL TO GVOUE TOLG
apyilet and i, j, k, 1, m, n eivow tOTOL INTEGER (oxépotor), eved
x0Be dAAn elvor TOTTOL REAL. AAAory"] yivetow Lévo oy SMAWOOLEE PNTE
ToY TUTTO pLog LETOPANTYG OTtwg B SetEovpe ocpyé'cspoﬂ. Xy 57 xow 67
YOO XAYOLPE TOV LTTOAOYLOWO 2R %o mR? xoatevbeiov oto dpLopa
™G €VTOANG print. Ot TteAeoTég TOAMATAAGLOGUOD X0 SVvoung eivor
* xou ** ovtiotolyo. [lpoogEte otL otig otolbepég 2.0 xow 4.0 BdAope
ONTA TNV LTOSLAGTOAT. Av TG TapaAeihovpe, oL otabepéc eivar TdTOL
INTEGER xott, oy Oev elvat outo o Tporypotind O€Aovpe, To amotéAcopa
WUTTOPEL VO [LOG ... xaranhﬁﬁstﬂ. Av vmofggovpe 4Tt T0 TPHYPAULO ElvaL
amobnxevpévo oto apyeto area_01.£90, Ol EVTOAEG UETAYAWTTLOMOD XOiL
EXTEAEOYG TOL TTPOYPALUOTOG ELVOLL

> gfortran area_01.f90 —o area

> ./area
Perimeter= 25.13274
Area= 50.26548

Acg Soxtpbioovpe twpa pLoe emavoioBovopeyn depyooio. Ag xdé-
VOUUE TOY TIOPATIAV® LTOAOYLOUO YLt 10 StapopeTinodg xOXAOLG OXTL-
vog R; = 1.28+4,i=1,...,10. Tig axtiveg o Tig amobnxedoovpe oe Eva
array R(10) tomov REAL. To apyelo area_02.£90:

program circle_area
dimension R(10)

PI = 3.14159265358979
R(1) = 2.28

do i=2,10

R(i) = R(i—1) + 1.0

“Mmopobpe vor AMBGEOLUE TOUC XAVOVEC GLTOVC E TNV EVTOAY implicit.
“Aonpéote TV EVTOAY print *, 2.0/4.0, 2/4 070 TOEOATEV® TEOYOOULLLOL.
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enddo
do i = 1,10
perimeter = 2*PI*R(i)
area = PI*R(1i)**2
print *,i,’) R= ",R(i),’ perimeter= ’,perimeter
print *,i,’) R= *,R(i),’ area = ’  area
enddo
end program circle_area

H evtoAv dimension R(10) optlet éva povodiaatato array pe 10 otolyeto.
Me tov 1pémo awtd ot Fortran, ta otoyelon Twy arrays avo@EpovroL
pe éva deixtn mov alpver TLpéc amd 1 péyptl To whxog tou array (e8¢
10). Apoa R(4) givor T0 tétatpto otoLyeio Tov R.

MetaEd Ty eVTOAWY

do i = 2, 10

enddo

TLEQLEYOVTOL EVTOAEG TTOU EXTEAOVVTOL ETTAVOANTITLXA [LE TNV OXEQULOL LE-
ToATH i vo adpver Ty amé 2 éwc 10 pe Phua 1f]. H evtoan

R(i) = R(i—1) + 1.0

optlel ™y axtivo pe deixtn i vo glvor xota 1 peyoddtepn omd ™y
TTEONYOVNEYY. T'ar vau elvor owat N emaywyy Do TEETeL va oploovpe
™y TN g R(1), oy apytoest to do loop. Meta amd avt) tny eEfynon,
vopilw Twg pmopel edxoAa vo Yivel xotovontd Tl yivetar 0to 3eHTEPO
do loop TOL TPOYEL&ULaTOS. O avayvwotng Bo meEnel va doxtpdoet To
TOPATIAV® TTEOYPOLULOL XOL VO TEELDAUUATLOTEL XAVOVTOG LLUXOQOOAAXYEC.

Ac petatpédovpe TP TO TOPATIEVEL TEOYPOUUR, ETOL WOTE O Y-
oG Vo Slvel SLodpaoTIXG TLG OXTIVEG TOU XOXAOUL, TO TEOYQOUUO VO
vTtoOAOYI el TG axTiveg xo T eUPadd ko OTN CUVEXELD, VO YOLPEL TO
oToTEAEOUATO OE €Vl oPYELD. Apa, TO TTPOYPOLLOL TUPETIEL YO TTALPEL (OG
input amd Tov xeNoTN T LETPX TwY axTivwy R; i =1,...,10. T'pdeovue
oto opyelo area_03.£90:

‘ program circle_area

“To BAuo. umopet va oMdiEer Ay. do i=0,12,4 TEéyer yioe i=0,4,8,12 xou 7 do
i=10,6,-2 vyl 1=10,8,6 avtioToLyo.
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implicit none

integer ,parameter 11 N=10

real ,parameter 11 PI=3.141593
real ,dimension(N) :: R

real :: area,perimeter
integer 58

do i=1,N

]

print*, Enter radius of circle:

read *, R(i)

print*,’i= ’,i,” R(i)= ’,R(3i)
enddo

open (UNIT=13,FILE="AREA.DAT")

do i = 1,N
perimeter = 2*PI*R(i)
area = PI*R(1i)**2
write(13.*)i,’) R= ° ,R(i),’ area= ’,area,&
perimeter= ’ ,perimeter
enddo
close (13)

end program circle_area

[Mapoatnonote twpo 6Tl N TEWTN EVTOAY TTov divovpe elval v implicit
none. Autd dAvvel ot de HBEAoLE v ypnotpoTotoovue Toug implicit
xowvoveg tng Fortran, oAA& Oélovpe vor voypedoovue Tov €AVTO oG
vou SnAoeL pNTa xabe PETOPANTY] TOL TEOYEAUUOTOS. AVTO oMUOLvEL
Tws Oo pog mhpel Alyo TopaTmave ¥EOV0 Vo TANXTEOAOYY|OOVUE TOLG
0PLOWOVG, OAAG T0g LTTOCYOUOL OTL VTOG O XOTTOG OEV CUYXPLVETOL LE
TimoTo e Tov TOVOo va Bpel XATTOLOG SVOKROAD GOAALXTO GTO TTOOY QOO
TT0V OPelAovToL o€ PLxPa opboypa@ixd A&y oTar ovop.oTor TV LETOBAN-
'to’)vﬁ. Oa axorovbnoovpe oL TNV TEOXTLXY GE OAOXANPO TO PBLBALO.

Metd amd auTh TV evtoAy] axohovbody or dniwoceig (declarations)
Ty petafBAntoy. O petofAntég N, i OnAdvovtolr wg integer, eved oL
PI, area, perimeter, R(N) wg real. Ot N, PI SnAcvovtor vor glvor
Topdpetpol (parameter) Twv omolwy N TR dev Uropel vaw ahAGEeL ot
00Y] TOL TTPOYPAULATOG.

Meté tig dnAwoeLg TwY PLETAPANTWY ocxoAovBoVy oL exTEAETLLEG EVTO-
Aég. To mpwTo do loop dev €xeL TITTOTO XOLYOVPYLO EXTOG ATTO TNV EVIOAT

“Toto 1 Saopd 670 dvopa g LeTafBANTyc pll amd Ty pll;
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read *, R(i)

Me v evtoAy] awtn SrafBalovpe amd to stdin Ty TLUN NG LETABANTNG
R(1). O xpNotng TEETEL Yo TNV TANKTPOAOYNOEL OTO TEQUOTIXO XL VO
TTNoEL T0 TTANXTPOo [Enter]. Mmopolue pe tnv idtar evtoAn read vo
dtafdioovpe TeEPLoodTEPES Ot Uio LETOAPBANTES.

[Noa vo Totdoovpe dedopéva oe Eva oPYELO, TTPETIEL VAL GUYGEGOVLE TO
Ovop.o Tov opyelov Pe éva UNIT ToU avTLOTOLYEL OE EVOY aXEQOLO [LE TLUN
uéoo oe koo GpLa oL xadopilovtar amd o cbatnuaf]. H cbvdeon
oTY] YLVETOL UE TNV EVIOAY] open Ol RETE UTTOPOVUE VO YOOUPOLUE UE
™Y EVTOAY write (unit_number,*) .. ﬁ ‘Otav teretdoovpe, xAsivovpe To
0PYELO E TNV EVTOAN close %ot UTOPOVUE Yo ouvd€oovpe UNIT pe (Lo
opLbud oe dAho apyeio. H Aoyixn pon slvar dnAodv

0pen(UNIT=13 ,FILE="AREA.DAT’)
write (13 ,%)

close (13)

To 6vop.oe Tov apyeiov xabopiletar otd To dpLopo FILE="'AREA.DAT' T7g
EVTOANG open %ot €31 1 SLOPOPOTOLNCT OTO XEQPOAXLX 1| TOL LLXOE YOO~
poto Sivel Staopetixd apyeia. To dptopo FILE='path' pwmwopel va tapeL
omotodmote path amd to odoTU TV OEYElWY.

To teAevTaio TOL TAEATNEOVE ELVOL 1 YOOUUN

write(13.,*)i,’) R= > R(i),’ area= ’ ,area,&
" perimeter= ' ,perimeter

oL oG OelyVeEL TG Vo CLUVEYLLOVUE WLOL LOXOLA EVTOAY] OTNY ETTOUEVY]
Yoo Apxel va BAAOLUE TO YOPOXTNEO & OTO TEAOG TNG YOOUUNG oL
N EMOUEYN Yoo Bewpeltar cuvéyeta TG TEONYOLUEVNS. ALTO UTTOPEL
vo yiver péyot 39 @opéc.

To emdpevo Bripa eivor va pélbouvpe g vo xwpilovpe To TEOYOAUUE
KOG O AOYLXAL SLOPOPETLXES DLOOLXATLES OL OTTOLEG [LTTOPEL VO ETTAVOLAOLL-
Bévovtor TOAES QPOPEG 0TO TPOHYPAUUA pog. Oo detEovpe T Sradixo-
ot g vropovTivag (subroutine) opilovtog Tov LITOAOYLOUG ToL EUBo-
J00 %ol TNG MEPLPEPELOG TOL XOXAOL Vo Yyivetor omtd Tnv subroutine

“Mmopeite pe ao@dieta va yprotponorioete and 10-99. Ewduxd, to 5 elvor to stdin,
70 6 70 stdout xot To 0 TO stderr.
®Aoxipdiote T YiveTton, av Ypddete o éva UNIT ywpic va éxete avoikel éva apyefo...
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area_of_circle. Opiote Tt Ypd@ovpe péoa oto apyelo area_04.f90:

program circle_area

implicit none

integer , parameter 11 N=10

real ,parameter 11 P=3.141593
real ,dimension(N):: R

real :: area,perimeter
integer 38 4

do i=1,N

[}

print*,’Enter radius of circle:

read *, R(i)

print*, i= ",i,” R(i)= " ,R(i)
enddo

open (UNIT=13,FILE="AREA.DAT")

do i = 1,N
call area_of_circle(R(i) ,perimeter,area)
write(13,*)i,’) R= *,R(i),  area= ’,area.&
’ perimeter= ’ ,perimeter
enddo
close (13)

end program circle_area

subroutine area_ of circle(R,L,A)
implicit none

real :: R,L,A

real ,parameter :: PI = 3.141593 , PI2 = 2.0*PI
L= PI2*R

A= PI*R*R

return

end subroutine area_of_circle

Ov dAAatYEg TTOL XEVOPE QPOPOVY XATOPYNY TO %xVPELWS TTEOYEOUUa. Ot
UTTOAOYLOWOL TNG TEPLULETEOL XoL TOL eUPodod avixataoTdbnxoay omd
™ YOO

‘ call area_of_circle(R(i),perimeter, area)
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H evtoAq call xdvel avtd mov Aéel: xodel T Sradixaocio Tov opile-
TaL oty vmopovuTivae area_of circle. Ta (R(i),perimeter,area) ei-
vou Tor oplopota TG bTopovtivas. To R(1) elvor petofAnTy eLod6dov 1
ool ToPEYEL OEDOUEVOL YLOL VO XAVEL TOV LTTOAOYLOUO 7| LTTOPOLTIVAL.
Ov perimeter,area eival ov LeTaBAnTég €EOGS0L OTLG OTTOLEG XATE TNV
€E000 TNng M vopovuTiva aobnxedel T aoteAéopata. O TPoypaULO-
TLOTNG TNG VTTOPOLTIVAG TIPETEL VoL OGS OWOEL COPELS 0dNYLES YLoL TLG
LETUPANTES €L0OB0V/EEAGSOL ETAL OTE VO YPNOLULOTIOLICOVUE CWOTA TNV
VTTOPOLTLVAL.
H vropoutiva mpoypoppotiletor avépeoo ot ONAWOELS

subroutine area of circle(R,L,A)

end subroutine area_of_circle

Ta oplopata R,L, A opilovtor 6Ty LTTOPOLTIVOL XOL T OVOUATE TOLG DEV
elvoll avoryxaoTind va elvol To (0L UE OV TA TTOL Y PYOLLOTTOLOVULE YLOL YOU
XOAECOLUE TNV LTTOPOLTIVOL. ANAWvovTOL PNTE UE TG ONAWOELS real
R,L,A. Ou petofBAntéc epvovy by reference 1o omolo oe amtAd eAANVLXE
ONUALVEL TTWS OTTOLASNTTOTE OAAXYY] OTLG TUULEG TOVG UETOL GTYY VTTOPOL-
Tiva, dAAGLEL XOL TLG VTG TOLXES TLUES OTO TTROYQOULUO TTOL TNV XAAECE.
Apa pe Tig evtoAég L= PI2*R, A= PI*R*R metuyaivouue owtd mov O€-
Aovueg, ONA. Vo ETLOTPEPOLUE GTO XPNOTY TNG LTTOPOVTLVAG TNY TTEPLUETPO
%o To eUPaddy xOxAov axtivog R. TEAOG pe TNy EVTOAN return emLOTEE-
(POLPLE TOY EAEYYO OTO TPOYPOULO TTOV XAAECE TNV LTOPoLTive. Ot pe-
TaPAnTég - TopapeTpol PI, PI2 eival “iOtwTixég ” tng area_of circle
xow Ogv “oaivovtol” amd 1o xvplwg Tedypoppe. To idto xow ov peto-
BAnTég Tov xLPiwe TPoypPdppatog (i, N,...) dev eivor YVwoTég oTny
LTTOPOLTLVAL.

TEAog ag dTOLE YWPELG TTOAAG AdYLOL XL EVa TTPOYPOLUA trionymo . £90
TT0L LTTOAOYLLEL TLG PLLEC EVOG TELWYVLOUL:

Program to compute roots of a 2nd order polynomial
Tasks: Input from user,logical statements,

use of functions, stop

Accuracy in floating point arithmetic

e.g. IF(x.eq.0.0)

Tests: a,b,ec=1 2 3 D= -8
a,b,c= 1 -8 16 D= 0 xi1= 4
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,b,c= —1 -2 D= 9. x1= 2. x2= —1.
b

! a 1

! a,b,c= 2.3 —2.99 —16.422 x1= 3.4 x2= —2.1

! But: 6.8(x—4.3)**2 = 6.8 x**2 —58.48*%x+125.732

! a,b,c= 6.8 —58.48 125.73199

! D= 0.000204147349 x1= 4.30105066 x2= 4.29894924
|

|

a,b,c= 6.8 —58.48 125.732, D= —0.000210891725 < 0!!

program trionymo
implicit none

real :: a,b,c,D
real :: x1,x2
real :: Discriminant

)

print*,’Enter a.,b,c:
read *,a,b,c

! Test if we have a well defined polynomial of 2nd degree:
if( a .eq. 0.0) stop ’“trionymo: a=0’

! Compute the discriminant (= diakrinousa)
D = Discriminant(a,b,c)
print *, ’Discriminant: D= ’,D

! Compute the roots in each case: D>0, D=0, DO (no roots)
if(D .gt. 0.0 )then
call roots(a,b,c,xl,x2)

print *,’Roots: x1= ’,x1,’ x2= ’ ,x2
else if (D .eq. 0.0) then

call roots(a,b,c,xl,x2)

print *,’Double Root: x1= ’ x1

else

print *,’No real roots’

endif

end program trionymo

47

This is the function that computes the discriminant
A function returns a value. This value is assigned with the

Discriminant = <value>
i.e. we simply assign anywhere in the program a variable with
the name of the function.

!
!
!
! statement:
!
!
!
!

real function Discriminant(a,b,c)
implicit none
real :: a,b.,c

Discriminant = b**2 — 4.0 * a * ¢
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end function Discriminant
'

! The subroutine that computes the roots.
!

subroutine roots(a,b,c,xl,x2)
implicit none

real :: a,b,c
real :: x1,x2
real :: D, Discriminant

if(a .eq. 0.0) stop ’roots: a=0’

D = Discriminant(a,b,c)
if(D.ge.0.0)then
D = sqrt(D)
else
print *,’roots: Sorry, cannot compute roots, D<O=’,D
stop
endif
x1 = (=b + D)/(2.0*a)

x2 (—b — D)/(2.0*a)

end subroutine roots

To mpbypopo {ntdiet Tovg GLYTEAEGTEG TOL TELWVVBROL az’+br+c. EAéy-
YEL oy elvort XA 0pLoUEVO a # 0 XoiL oY YL, CTOUOTEEL TO TTOOYPOULUOL [LE
TNV EVTOAY] stop. 2T cLVEYELR, LTTOAOYILEL TN SLtoxpivovoo (discriminant)
D = b? — 4ac xoAdvToC T oLVEETNoY Discriminant(a,b,c). H cuvdp-
tnon (function) Stopéper amd T subroutine oto 6Tl xOAEiTOL OTTEL-
Oeiog (ywpic Ty evtoAy] call) xow eTLOTEEPEL ULow TLUA TG OTOLoC O
TOTTOC TTPETEL Vaor dNAwBEel Ot omoLadVitote dAAY petoAnt (real
Discriminant). X717 ovvéyeLa, EEXwEILOVUE TIC YVWOTEC TTEQLTTTWOELS UE
™) doum

if(D .gt. 0.0 )then
else if (D .eq. 0.0) then
else

endif
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OTOL TTOPATNPOVIE XaL TOLG TEAEOTEG oUyxpLong .gt. (greater than-
Ve TEG LeYahhTEEO) *at .eq. (equal-ico)f.

Mo ™ ovvéptnon Discriminant wpEEmet v dnAwbel L TOTOL TLUN
emtotEéel (3 real), xab®C xaL 0 TOTOC TWY OPLOUATWY TNG OTUWE KoL
Yt T subroutine. H tiun ov emiotpépet xabopiletor tomobetyvtog
oc pLo LETaBANTA pe dvopa (BLo E OVTO TNG GLVAPTNOYG:

real function Discriminant(a,b,c)
Discriminant = b**2 — 4.0 * a * ¢

end function Discriminant

1.4.2 Mepixéc AeTTONEPELEG

Ty ToEaYpo@o vt UTTOPELTE VL TNV OLYVONOETE TNV TRWTY POPA TTOV
SLafalete aLTO TO XEPAAXLO. XXOTOG ELVOL TTEPLGTATEPO VO Y PNOLULEDOEL
ooy ovoQopd, 6tay Bo Exete amopleg oTo ETOUEVX XEQPEAOLO.
EEXLVAUE OVAPEPOVTOS KOl AAANOVG EVOLOPEPOVTES TOTTOVG LETOBAY-
TOY. ZTO TOPOXATW TTEOYPOULLLOL SEIYVOVUE TG VOL YONOLLOTIOLY|OETE E-
TaBAnTég TOTTOL CHARACTER, TTporyportixols OLTANG axpifetog REAL(8) xou
uLyodixodg optpode povig COMPLEX xow dLmtAng axpifetog COMPLEX (8):

program f£90_vars
implicit none

character(100) :: string

real (4) 28 x !single precision, same as real :: x
real (8) :: x8 l!equivalent to: double precision x8
'real(16) :: x16 !may not be supported by all compilers
!Complex Numbers:

complex(4) :: z !'single precision, same as complex :: z
complex(8) :: z8 !double precision

!A string: a character array:

string = ’Hello World!’ !string smaller size, leaves blanks
ITRIM: trim blanks

print *,’A string ::’, string, ’:: ,TRIM(string), ::’

print *,’join them:: ’, string // string ,’::’

“Topbpolor tereotéc etvar . 1t., .ge., .le. (UxpdTepO, LEYOADTEQO ¥ (0O, (LixEO-

TePO 1 {00) %ow .ne., .and., .or. (un tGo, AoyLxd %o, AoYLxo 7))
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print *,’join them::’, TRIM(string) // TRIM(string), ::’

!Reals with increasing accuracy: Determine PI=3.14159...

x = 4.0 *atan(1.0 )

!Use D for double precision exponent

x8 4.0D0*atan (1.0D0)

!Use Q for quadriple precision exponent

'x16 = 4.0Q0*atan (1.0Q0)

print *,’x4= ’,x,’ x8= ’,x8 !,’ x16= ’,x16

print *,’x4: ’,range(x ),precision(x ) ,EPSILON(x ),&
TINY(x ) ,HUGE(x )

print *,’x8: ’,range(x8),precision(x8) ,EPSILON(x8),&
TINY (x8) ,HUGE(x8)

!Complex numbers: single precision

z = (2.0,1.0)*cexp((3.0,-1.0))

print *,’z= ’,z,’ Re(z)= ’ ,REAL(z),’ Im(z)= ’,MAG(z).&
* lzl= > ,ABS(z),’ z*= ’,CONJG(z)

!Complex numbers: double precision

z8 = (2.0D0,1.0D0)*cdexp ((3.0D0,—1.0D0))

print *,’z= ’,z8,  Re(z)= ’,DBLE(z8),’ Im(z)= ’,DIMAG(z8).&
" lzl= 7 ,CDABS(z8) .,  =z*= ’ ,DCONJG(z8)

print *,’z4: ’,range(z ),precision(z )

print *,’z8: ’,range(z8),precision(z8)

end program f90_vars

To onueia TOL TTEETEL VO TTPOGEEOVLUE GTO TTAPATIAVEL TTEOYPOULUO ELVOLL:

* O aptBudc K otn OMAworn REAL(K) :: x bTTOINAWVEL TOV 0Pl Twv
bytes ov ypnolpomotodvtor yior Ty amobixevon tng UETABANTNG
x. 't K=4 €yovpe petafAntég povng axpifeiag, yioo K=8 SLttAng xo
Lo K=16 tetpaming axpifetog. H teAevtalio duvatdtnto dev Tpo-
opépeTol o OAEG TLg TTAXTQOpUES. ['ar Tig dNnAwoelg COMPLEX (K)

z, T0 K ovoupEpeTal otny oxpifeELor TOL TEAYUATIXOD XL QAVTOGTL-
%00 U€poug Tov zZ[|.

¢ Otav ypnorpomorodue otabepéc otic petaAntéc SLTANg axpifBetoc,
Balovpe mavto Tov exbétn, €otw xow av eival 0. O exbétng vmo-
ONAWVeTOL UE TO YOO D avti Tov E ToL YONOLLOTTOLEITOL YLl TLG
petofBAnTtéc REAL. AAALWG, M otabepd xaver Ty emtbountn oxpifeto.

““Mov# oxpifeto onuoaiver yovtowxd 7 onpovtixd Pneio xor téEetg peyéboug amod
10738 — 1038, Aumy) axpifetor onuadver xovtowxd 16-17 onuavtixd Ppneio xow téEelg
ueyéboug améd 107398 — 10308, MMopatnerote mC TaipvoLue aLTEC T TANEOPOPLES
oTté TLG CUVUPTNOELG range, precision, tiny, huge.
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¢ Ou ovvaptnoelg Yoo peTofSANTéS dLTTANG axplfBetag, cuynbwg, Toip-
vouv éva éEtpar D 6to Gvop.d toug (exp—dexp, ABS—DABS), v oL
avtioTolyeg yrar pLyadixodg évo é€tpor C (DABS—CABS, exp—cexp
*AT0). TPEETE TO TTPOYPOULULOL KO TTOOATNEHOTE TNV OWENUEVT oexi-
Betor LTTOAOYLOROD TOL T %o TOL 2z = (2 + i)e* ™" YENOLLOTTOLWYTOC
LETOPANTES DLTTAYG axplfeLoc.

* Ot petafBAntéc tomov CHARACTER OnAwvovtor pe to péyebdg toug,
edw 100 yopoxtpeg Balovtag CHARACTER(100). Ay mepdoovue T0
OPLO OTO, OL TTHLPOTIAVE YOPAXTNPES ... XOBOoVTOL.

* Otav B€tovpe petaBAntég Tvmov CHARACTER e To =, avTég Yeprilovy
omd Tor pLoTEPS TPOS Tar kL. OL LTTOAOLTTOL YAPAKTNPES UEXOL
T0 TéNOG NG UETOPANTNG O€TovTon vor lval 0 %xEVOG YOEAXTNOOG
(blank).

e ‘Otav tumtdveton pio petofAnT) THov CHARACTER, TuTteivovTol oot
Ol YOPOXTNPES TNG, CUUTEQLAOUBOAVOUEVY KL TWY XOUTOANKTLXWY
xevoy (blanks). Me T ouvdptnon TRIM, Tol XUTOANKTIXG XEVE KO-
Bovtar. Ilopatnpnote mwg tumvetor To 'Hello World!' oto mo-
POTTAV® TTEOYOOUULC. ..

e O teAeotg // evidvel dVo petafAntég n/xat otabepéc titov CHARACTER.
[Mopatnpnote mog emdpd 1 ovvapton TRIM GTa ATOTEAECUATO
TOU TTAPATIAVL TTPOYOALLATOG.

"Evae dAAo onuovtind otolyelo g YAWooog Tov TapaAslPope oty
TTPOMYOVLEYY] TTHOAYQOLPO ELVOL 1] XOLYY] YPNON LETUPANTWOY oTtd SLopOopE-
TLXA PEPT TOL TPOYPAULOTOS. Mia petoffAnT Tov opiletol o évar LTTO-
Tpdypoppo (main program, subroutine, function) eivo Tomixy xow dto-
(POPETIXA VTTOTTPOYPAUUOTO OEV LTTOPOVY VO EXOLY TPOCBaoY G LY.
[N vo atoxtnoovpe mTpdofaom o xovd onueto g wynung 6mov amobn-
XEVOVYE TLG TULES TWY UETABANTWY, YONOLULOTTOLOVUE TNV EVTOAY} COMMON.
Agite TO TOPOXATW TAPADELYLOL:

!

program f90_common

implicit none

real :: k1=1.0,k2=1.0,k3=1.0
common /CONSTANTS/k1,k2

print *,’main: ki= ’ k1,’ k2= ’ k2,’ k3= ’ k3
call s1 !prints k1 and k2 but not k3
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call s2 !changes the value of k2 but not k3
print *,’main: ki= ’ k1,’ k2= ’ ,k2,’ k3= ’ k3

end program f90_common
!

subroutine s1()
implicit none
real ki1,k2,k3
common /CONSTANTS/k1,k2

print *,’st1: ki= ’,k1,’ k2= ’ k2, k3= ’ k3
end subroutine si
'

subroutine s2()
implicit none
real ki1,k2,k3
common /CONSTANTS/k1,k2

k2 2.0
k3 2.0
end subroutine s2

To COMMON block €3¢ €xet to dvopor CONSTANTS %ot UTTOPOVUE VO OLVOUPE-
PouaoTE 08 OWTO OO OTTOLAINTTOTE LTTOPOVTIVAL 1] CUYAPTYNOY TOL TTPO-
YOAUUOTOG. ZTNY TEOYUATIXOTNTO, OELYVEL OE EVO CUYXEXQLUEVO ONUELD
™G UYNUNG %ot €16 GEGUEVOVIE TOV YWPEO YLt dVO UETAPBANTEG TOTTOL
REAL 7t k1, k2. O petofAntég autég dofalovtor xor aAA&lovy TLLES
oo TLG LTTOPOLTLVES S1 XL 52, VK N k3 TPOAO TTOL €YEL XOLVO OVOpUO
%Ol 0TO XVPLO TTPOYPOUULOL XOL OTLS DTTOPOVTIVES, OVAPEPETAL TE OLOPO-
PETXEG LETUPANTEG *bbe opd. To Tpdypoppor TUTTWVEL:

main: ki= 1.000000 k2= 1.000000 k3= 1.000000
sl: ki= 1.000000 k2= 1.000000 k3= —2.8117745E-05
main: kl= 1.000000 k2= 2.000000 k3= 1.000000

‘Eva améd to adVvopor onueior g Fortran eivow 1 mepLoptopévn du-
voTtdTTa vou YeLpLotodpe evétxto to Input/Output (I/0). Tia Tov Adyo
outé Ho yponotpomolnoovpe dAAa Tpoypdupato OTtwsg awk, perl 1 TEo-
Yooppoato otn YAwooo C. Axdpo Opwg xatl 1 Fortran €yel YeLptopd Tou
I/O, ocAA& GvTOg ETLOTNUOVIXE TTPOCGAVATOALGUEYY, OVTOG OLPOPBL HVPLWG
™y axpifeta mopovoioong Twy aptbuwy. Av éxete va yetptobeite xel-
ULEVO ME TOAVTAOXO TEPOTO, XOAVTEQO Vo OLOAEETE ULa GAAY] YAWOOO
TEOYQOULUATLONOD... MEYpL OTLYUNG OL LUOVEG EVTOAEG (POPUA TTOL YON-
owpomooope yioe I/0 eivarl oL TpoxobopLlopeéveg YPNoLLOTTOLOYTOG TO *,
AX. print *, read *, write( ,*). AANA& T0 * pumopel vor avtixatootabdel
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UE EVTOAEG QOPULE COUPWYO UE TO TTOPAXATE TTORASELYLO:

program f90_formatl
implicit none

integer i
real e
real , dimension(10) :: a
real (8) :: x8
i 123456

X 2.0 *atan2(1.0,0.0)

print ’(A5,16 ,F12.7)°,’x,i= ’,i,x

x8 = 2.0D0*atan2(1.0D0,0.0D0)

write (6, (F18.16 ,E24.17 ,G24.17 ,G24.17) ) x8,x8,&
1.0D15*x8,1.0D18*x8

write (6, (3F20.16)°) x8,x8/2.0,cos(x8)

write (6, (200F12.6) *)(a(i), i=1,10)

end program f90_formatl

[Tpooékre tic topevheoelg péoa ota etooywyixd: (A5,16,F12.7) elvon
EVTOAY] (POPUE YLo. TNV €VTOAY print xo Olvel odnyleg yiow Tnv €xTO-
TWOY TOLWY LETUPANTOY: A elvar yioo CHARACTER, I vyt INTEGER %o F yto
REAL. Ot aptOpol apéowe LeTA TO YOAUUO DTTOSAWYOLY TOY oEPLOLS TwY
XOEoXTNPWY ToL Bor ypnotpomotnfody yio v extiTTwor. Ilpocoyn! Av
Oev eivorl opxetég oL Béoelg extiTTwOoNG, N Fortran Oo apvnbel va xa-
VEL TNY EXTOTTWON Xl O TUTTWOoEL YLar OELPd o *, T XOTEPEALO TOV
tpopovf]. Ko otic 0éoeic awtéc mpémet vor suywnohoyicete Tov aptdué
TWY OEXASLXWY PNPLLY, TNY DTOSLAGTOAY], TO TEOCNUO, Ta PNPlo xoL TO
TEOoNUO ToL exBETN... My elote ToLyxovyndeg AoLtmtdy, dWoTE ATAETO
XWEO %o Lol vor oo YeetaoTel... Ede A5 umtodnAwver CHARACTER Ttov
O Tutwbel oe 5 BEoelg youpoaxtpwy, 16 INTEGER 6 O€ocwvy ot F12 REAL
12 yopoxtpwy. Metd Tty vTOSLAGTOAY 670 F12.7 LTOINAWYOLUE TTOOX
dexadxa Pnela HEAovpE Vo TUTWOHOOY.

Xty evioA] @opud (F18.16,E24.17,G24.17,G24.17) divoope 0d7-
Yieg Yo TNY eXTOTTWON ULog LETOPANTNG OLTANG oxpifetag. Xty xoAl-
TePN TEPITTWOY €xovpe TePLToL 16 dexadixd Pnela axpifeiog omdte
dev éxeL VOMUa Vo XPOTAUE TTopoTtave (o évay LTTOAOYLOUG, cLYHOWS
yévoovpe axpifeto). Me tny evtory F 0éAer mpoooyh: Av ypetaotel ex-
0étng v Ty avaroapaotaoy, o aptbpuds de Ho ToTwbhel ko cuVNBLg
TO ATTOPEVYOLUE, EXTOG oy elpaate alyovpol 6Tl e ypetaletol exbétng.
H emhoyn E ypdpet tov aplbpd TavTor 0 EMLOTNLOVLXY] LOPPY] LE EX-

#¥xe@reite petd amd évay emimovo LTOAOYLOUO Vo TTéTE vo deite Tal TTOALTTOBY T
OTTOTEAEGLLOTA [LOVO YLOL VOL AVOXOADPETE GTL XGvarte AGDOg GTNY EVIOAY TOL POPUA...
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0. H emroyn G ypdper tov aptbud ywplic exbéty, av de ypetaletal,
xor pe exbémn av ypetdletar. Ov aptbuol Exovy tny (St €vvolar OTtwg
XOL TOLY. XTNV EVIOAY Qopud (3F20.16) Jdeiyvovpe g Sivouue Eva
TOAMATAAOLOGTIXO TTHEAYOVTO 3 TNV EXTOTTWOY Twv REAL*8. Ko otny
TeEAevTOLO, OELYVOLUE TG YO TUTTWVOLUE EVar LEYEAO OLévuoua o pio
Yooupn: write (6, ' (200F12.6) ') (a(i), i=1,10). O TOAAATTAAGLOGTLXOG
TOEAYOVTOG UTTOPEL Vo elval LeYoADTEQOS amtd awTdy Tov Oar ypNoLpo-
rotfioovpe. To mpdypoppo Tomtver (tn SebTepn Yoo TN SLTTADOUE
Lo VoL oiveTon):

x,i= 123456 3.1415927
3.1415926535897931 0.31415926535897931E+01 3141592653589793.0
0.31415926535897933E+19
3.1415926535897931 1.5707963267948966 —1.0000000000000000
0.000000 0.000000 0.000000

Ov evtoAég opué LToPoLY Vo LOLPALOVTOL UE ... TTOPXTTOUTES. Ay
pLoe evtoA] opytlet pe évay optbpd 1-99999, o aptbpdc avtdg ivor pio
“eTixéta” oty €VToAr Tov axolovel (labeled statement). Av 7 evtoAy
ot elvor evtoAn FORMAT, tdte pmopodpe vo avopepbodpe oe avt e
Tov oplbpd g amd Tig evtoAég PRINT, WRITE xow READ. 'Etol, TOAAEG
EVTOAEG I/0 WITOPOVY Vo YENOLLOTTOLOVY TNV (Otox eVTOAY, FORMAT, av Tu-
TWYOLY PE TOY (OLo TPOTO. To TOEOXATW TEOYPOUUO XAVEL OXELBWG
0,TL X0l TO TIOPOTIAVL UE TN LOVY SLtapopa 6Tl yonaotpomotodpe labeled
statements xoil evToAég FORMAT:

program f90_format2
implicit none
integer i
real x, a(10)
real*8 x8

123456

x 2.0 *atan2(1.0.,0.0)

print 100,’x.i= ’,i,x

x8 = 2.0D0*atan2(1.0D0,0.0D0)

write(6,123) x8,x8,&
1.0D15*x8,1.0D18*x8

write (6,4444) x8,x8/2.0,cos(x8)

write(6,9999)(a(i), i=1,10)

100 FORMAT(A5,1I6,F12.7)

123 FORMAT(F18.16 ,E24.17,G24.17,G24.17)

4444 FORMAT(3F20.16)

9999 FORMAT(200F12.6)

i
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‘ end program £90_format?2

|

TéNog, o/n avoyvwotng/toto Bo Tpémel va peAetnoet tig dtabéotpeg
ouvoThoelc ¢ Fortran (intrinsic functions) mov divovtor otov Ilivoxo

NG OEALSOG @

1.4.3 Xeptopog Twv arrays

Try ToPaYpo@o av T UTTOPELTE VL TNV OLYVONOETE TNV TRWTY POPA TTOV
Stafalete awTd TO XEPOAAOLO. O oaGg QPavel YPNoLUN 0PYOTEQO.

To arrays eivat €vog TPOTOS VOU AVOUPEPOUAOTE OE UL GLCTOLYLOL TL-
LY CUYXEXPLLEYOL TOTTOL TV elvot aobnxevuéveg otn pynun. OL TLpég
7 OTOLYXELO TWV arrays ovoupeéPovTol UE Toug OixTEG OL oToloL TalPVOLY
ox€paleg TLUEG LEoa ae xamola opLa. Mo Topddetypo

ACL), A(2), ... , A(10)

OVOPEPETOL OTLG OEXO ETILTPETTOUEVEG real TLEg evOg array Tov €xeL On-
Awbel wg real, dimension(10) :: A. Ou deixteg umopel va elvar oxé-
POULEG EXPOAOELS, OTTWG

A(i), B(2*i+3), C(INT(x+y(j)))

OTTOL OTNY TEASVTALA YPNOLULOTTOLOVUE TNV AXEPOLA TLUN TNG CLVAPTNONG
INT(x). Ilopatnpnote 6Tt T oTOLYELO TWV arrays xol oL TULES CLVUPTY-
OEWY YPNOLULOTTOLOVY (3oL TOTTOL ToPeVOETeLS xaL YLa vou xoTaA&PeL O
UETOYAWTTLOTYG T SLoupopd How TTpETeL vor xOLTAEEL TLG ONAWTELS TWY OVO-
wétwy Toug. OL INAWOELS TWY arrays YivovTol [LE TOV TTOPOXATL TPOTO:

real , dimension(10) a,b

real , dimension(20) :: c.d
optlel Tax arrays a, b, c, d pe otowxefor a(l) ... a(10),b(1) ... b(10),
c(1) ... c(20) »xow d(1) ... d(20) mov elvor TOTOL real. loodVvopa

B pmopodoay vo opLtoToly pe TN INAWOY

real :: a(10), b(10), c(20), d(20)

U

20

integer , parameter :: n1 = 10, n2
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real , dimension(n1) :: a, c(n2)
real :: b(n1l), d(n2)

XNy TEASLTOLOL LOPYPY], YPNOLULOTIOLNOOUE TG oTabepég nl, n2 yio TLg
ONAWOELG X0l DELYVOLUE TG VO XAYOLUE ONAWOELS arrays He SLOQPOPETLN
ExTOoN. TTNY TAPATIEVL LOPYY, TO xaTtdTeEo dpto (lower bound) Twv
arrays eivot 1o 1 xow to avetepo dpto (upper bound) 10 yio T a, b xoun
20 o Tt ¢, d. Ta 6pLtor L TE UTTOPOVPE VO TOL TTPOOILOPLOOVUE PNTA.
"Etot, ot dnAvoeLg

integer , parameter :: n1 = 10, n2 = 20

real , dimension (0:n1) 2 a

real , dimension(—n1:n2) :: ¢
optlovy 7o array a pe 11 ttpég a(0) ... a(10) xou To array c pe 31 TLpég
c(-10) c(-9) ... c(-1) c(0) c(1) ... c(20).

To Topartéve arrays €xovy poévo pio dtdotoon (“Siavdopata’). Mmo-
POVUE OUWG YO OPLOOLUE %O arrays UE TEPLOTOTEPES AT Ulo SLoOTA-
oeLg TPoaBéTovTac mepLoadTEPOLE Seixtec 6o dvoua Tou arrayf]. ‘Etot,
N ONAwon

integer , dimension(2,2) i oa

OnAwveL éva array pe integer tuég a(1,1), a(1,2), a(2,1), a(2,2).
[Mopoxdtw dnAwvovpe dVO arrays He TEELS OLXOTACELG:

integer , parameter :: nl = 10, n2 = 20, n3 = 2*n14n2
real , dimension(nl,n2,n3) iioa
real , dimension(—n1:n1,0:n2,13:n3) :: b

Meptxol onpavtixol optopol wov Ba cuvavtioete ot PLAtoypopio (o
ayYALxol 6pot divovton pe évtovy Yooph):

® array: OLXOOYIXEG TLUES OTY UVMUY] OPLOUEVOL TOTIOL OTLG OTTOLEG
OVUPEPOUATTE YPNOLLOTIOLWVTOGS EVOLY 1] TTEPLOGHTEPOVG delxTeS. Ot
HETOPANTES pe wovo pio Ty Aéyovton Pobuwtéc (scalar).

e Kdébe didotoon (dimension) éyet éva dvw ot éva x4tw dpto (upper
bound, lower bound) mov xafopilovy Tor GpLaL TWY ETULTEETTWY
TLREY Ty dewxtdy (index) tou array. ‘Otay to lower bound mapo-
Aeimeton oe pio dNAwo, Téte awtd tibeton (oo pe 1.

“H Fortran emttpémel puéypL entd deixteg oc éva array.
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O aptbudc Twy draotdoewy N LoodvVoPa 0 oELOLOS TWY dELXTWY
evog array Aéyetow rank tou array.

e H éxtaom (extent) pog didotoong eivor o aplbudc Twv otoryeiwy
ot dtdotaon owty. loovtor pe (upper bound)-(lower bound)+1.

e To péyebog (size) evdg array eivar 0 cLYOALx6G oPLBLdg TwY oToL-
yelwy tou. o évar povodidotato array sivor to Ldto pe To extent
TOL array, eved YLt EVor TOALSLAGTOTO TO YLVOUEVO TWV extents xdbe
oLdoTooS.

* To oo (shape) evdg array eivor o rank xow To extent tng xébe
OL&oTOOMG TOV.

Mo voo xaboploovpe Tig TLEG TwWV OTOLXEIWY TwWY arrays UTOQOVUE VO
TLG XELPLOTOVUE OTTWG Tar scalars:

integer :: i
real :: a(4), v(2,2)

b(1,1) 2.0 ; b(1,2) =
b(2,1) = 3.4 ; b(2,2) =
do i=1.,4

a(i) = 1.0

enddo

|
9
w o

Evodhoxtixd, Lmopolue var YPMOLLOTTOLOOVUE TO GYOUO TOL array g
ovtixelpevo. [No Tapddetypo

a=(/ 1.0, 2.0, 3.0, 4.0 /)
b = 0.0

oTNV TEWTN Yeouuy 0étovpe Tic TLWEG OTO array a yEVNOLULOTTOLWOVTOG
évay array constructor. Xt Seltepy, Yoouun, odo otolyelor Tov b 0€-
Tovtor (oo pe 0. Autd delyver pioe eEotpetiny] suxoAior TOL TAEEYEL T
Fortran otn ypnon twvy arrays. MTopodpe vo ypNOLLOTTOLYIOOVUE OAEG
Tig intrinsic operations tng Fortran pe oAdxAnpo arrays, opxel avtd vou
elvow conformable. AVo arrays eivar conformable, av €xovy to (dto shape
N To éva elvor scalar. "Etot, To Topaxdtew TEOYQOLUO

integer :: 1i,j
real :r ox,y,a(10) ,(10) ,c(4,4) ,a(4 ., 4)
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do i=1,10
a(i) = b(i)
enddo

do j=1.,4
do i=1,4
c(i,j) = x*d(i,j)+y
enddo
enddo

elvot LoodVvopo Pe

integer :: i,j

real i x,y,a(10) ,b(10) ,c(4.4) ,d(4.4)
a=>»

c = x*d+y

[ToAAEg ovvaptioelg g Fortran €xovy tnv tdLétTor vou elvor elemental,
ONA. 0T 0PLOUATE TOUG TTOLLPVOLY Tl OVOUOTA TWV arrays xol 0pOLY O€
xabe otoryelo awToL YWELOTA. ['la ToPAdELYUO OL EVTOAEG

integer :: i,j
real it x,y,a(10) ,6(10) ,c(4,4) ,d(4.,4)

c = sin(d) + x*exp(—2.0*d)
call random_number (a)

Bétovy c(i,j) = sin(d(i,j))+xxexp(-2.0%d(i,])) yra xd&be emitpe-
TN TN TV 1i,], xol Toe ototxeior a(i) oe évay StaPopeTIXO TUYOLO
opLBud petaEd touv 0 xow 1. I va elvat Tow arrays conformable dev ivo
ooy xaoTixd vo €xovy ta (St lower/upper bounds. I'a Tapddetypa, 7
TEWTY EVTOAY TTOPOXATW b=c*d €yeL To {OLo amoTéAeoUa e To do loop

integer :: i

real :: b(0:19), c(10:29), d4(—9:10)
B = evel

do i=1,20

b(i—1) = c(i+9) * d(i—10)

enddo

[Mopoxdtw dlvovue LEPLUES YPNOLUES CLVXPTNOELS TTOL 3POVY OE arrays.
Ymobéate 4t
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real :: a(—=10:10), b(—10:10), c(10,10), d(10,10), e(10,10)

TéTE

* LBOUND(a) xot UBOUND(a) dtvouy ta lower bound o upper bound
Tov array a. ES¢ LBOUND(a) =-10 xow UBOUND (a)=10.

e ¢ = TRANSPOSE(d) 0étet c(i,j)=d(j,1i).

® ¢ = MATMUL(c,d) OéteL To array e (0O [LE TO YIVOUEVO TWY TIVAXWY
c, d. AnA. e(i,j)=2,1€0:1c(i,k) *d(k, j). Ilpoooyn, n evtoAn e=cx*d
Oétel e(d,j)=c(i,j)*d(i,]).

e SUM(a) Sivet To abpolopo OAWY TwV GTOLXELWY TOL a.
Aqradn 3010 jali)

e PRODUCT (a) Oivetl TO YLYOUEVO OAWY TWY GTOLXELWY TOV a.
Ao T2 42 (1)

e DOT_PRODUCT(a,b) Sivel T0 €0WTEPLXO YLYOUEVO TWV a, b.
Anqhadi 3010 ja(i) *b (i)

e MAXVAL(a) ,MINVAL(a) Sivouy ™ LEYLOTY XOL EAAYLOTY TLUY TOL array
a ovTloToLyaL.

[No TepLoocdTepeg CLYRPTNOELG XOL TLS TTATPELG OOMYLES YLO TY] XPNOM TOLG
ocite ™ Bproypapio [11,10,9].

[Mopoxdtw Sivovtol pepxég TANPOQYOPLES OYETLXA He TNy loodo /
é€odo (input / output % I/0) yio ta arrays. H eicodog (“Siéfoopa’)
xot €Eodog (“extimwon”) Twy arrays pmopel vo yivetor omAd StoPd-
{ovTag Xol EXTUTIVYOVTOG TOL GTOLYXELOL TOLG UE TV OeLpd Tov OEAovye.
Mo Topddetypor 610 TOEOXATL TTEOYEOUO Stofdlovue TO array a xo
EXTUTIWVOLUE TO array b pe dV0 SLAPOPETIXOVS TPOTTOVG:

integer :: i,j

real :: a(4), v(2,2)
do i=1.,4

read *,a(i)

enddo

read *, (a(i), i=1,4)

do j=1,2
do i=1,2
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print *,b(i,j)
enddo
enddo
print *,( (b(i,j), i=1,2), j=1.,2)

Méoa oto do loops 7 eloodog xar €E0d0¢ yiveton €var OTOLXELO VA
vooupn. Ot evtorég (a(i), i=1,4) xow ( (b(i,j) i=1,2), j=1,2) Aéyo-
vtow implied do loops xot drafBalovv/extumtedvovy amd/otny (SLto Yoo uy.
Av 1 yooppn eEavtAndel amd otoryeia, ToTe TO TEHYPAUK O oLVEYLLEL VO
oofalel amd ™y emoueYn. AoxipdoTe To...

H eloodoc/éEodog twvy arrays pmopel vo yiver, avti yioo implied do
loops, XENOLULOTTOLWYTAG ATTAQ TO OVOUO TWV arrays. 2Ty TEQITTWOY
oVTY, T oToLXelor TwY arrays OLoBALoVTOL/EXTUTIOVOVTOL UE OUYXEXQL-
©eévn oetpa. o mopddetypa

real :: a(4), v(2,2)

read *, a
read *, b

print *, a.,b

B Stafdost amd to stdin mwpw T Tig TLég a(l) a(2) a(3) a(4), fHa
TEOYWPENOEL OTNY eTTOUeYn Yoouuy (record) xow Bo Stafdoet o b(1,1),
b(2,1), b(1,2), b(2,2). [Ipocékre, 6Tt 0 Ttivaxog b Ha StaPaotel xotd
otleg! H extomwon Oa dvoet o éva record ta a(l) a(2) a(3) a(4)
b(1,1), b(2,1), b(1,2), b(2,2) (&AL dMA. TO b TUTWVETOL K0T GTH-
AeQ).

TEAog, xwpelg TOANG AGYLO, OAAGL TTOHPOTTELTIOVTAS TOY OVOLYVWOOTY] 0TV
BLBALoypapio, Topabétovpe oplopéveg SuvaTHTNTES TTOL BiVEL M YAO OO
Fortran otov yetptopd twv arrays. AtaBaote tor YOO GTOV TTOROXATE
xWOLXA YLow ETEENYNOELG:

program arrays

implicit none

integer :: i,j,n,m

real :: a(3), v(3,3), c(3,3)=-99.0, d(3,3)=-99.0, s
integer :: semester(1000),grade(1000)

logical :: pass(1000)

!construct the matrix: use the RESHAPE function

'M1.1 —-1.2 —-1.3

112.1 2.2 —-2.3

'13.1 3.2 3.3l

b = RESHAPE((/ 1.1, 2.1, 3.1, & !(notice rows<—>columns)
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-1.2, 2.2, 3.2, &
-1.3, —-2.3, 3.3 /).(/3.3/1))
!same matrix, now exchange rows and columns: ORDER=(/2,1/)
b = RESHAPE((/ 1.2, —-1.2, —-1.3, &
2.1, 2.2, -2.3, &
3.4, 3.2, 3.3 /).,(/3,3/) ,0RDER=(/2,1/))
b(:,2) !a assigned the second column of b: a(i)=b(i,2)
b(1,:) !a assigned the first row of b: a(i)=b(1,i)
2.0%b(:,3)+sin(b(2.,:))!'a(i)= 2*b(i,3)+sin(b(2,i))
1.0+2.0*exp(—a)+b(:,3) ta(i)= 1+2*exp(—a(i))+b(i.3)
SUM(b) !returns sum of all elements of b
SUM(b,MASK=(b.gt.0))!returns sum of positive elements of b
= SUM(b,DIM=1) leach a(i) is the sum of the columns of b
a = SUM(b,DIM=2) leach a(i) is the sum of the rows of b
!repeat all the above using PRODUCT!
!all instructions may be executed in parallel at any order!
FORALL(i=1:3) c(i,i) = a(i) !set the diagonal of c
!compute upper bounds of indices in b:
n=UBOUND(b ,DIM=1) ; n=UBOUND(b ,DIM=2)
!log needs positive argument, add a restriction (”mask”)
FORALL(i=1:n,j=1:m, b(i,j).gt.0.0 ) c(i,j) = log(b(i,j))
!upper triangular part of matrix:
!careful , j=i+1:m NOT permitted
FORALL(i=1:n,j=1:m, i 1t § ) c(i,3) = b(i,j)
leach statement executed BEFORE the next one!
FORALL(i=2:n—1,j=2:n—1)
lall right hand side evaluated BEFORE the assignment
!i.e., the OLD values of b averaged and then assigned to b
b(i,j)=(b(i+1,j)4b(i—1,7)+b(i,j+D+b(i,j—1))/4.0
c(i,j)=1.0/p(i+1,j+1) !the NEW values of b are assigned
END FORALL
! assignment but only for elements b(i,j) which are not 0
WHERE (b .ne. 0.0) c = 1.0/b
IMATMUL(b, ¢) is evaluated, then d is assigned the result only
lat positions where b>0

(SR B I R R )
Il

WHERE (b .gt. 0.0) d = MATMUL(b, c)
WHERE (grade .ge. 5 )
semester = semester + 1 !student’s semester increases by 1
pass = .true.
ELSEWHERE
pass = .false.
END WHERE

end program arrays

Oa PBpeite Tov ToPATAVL xWOx 0TO apyelo £90_arrays.f90 Tov ov-
VOJELTIXOU AOYLOULXOD.
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1.4.4 loTopwég llapatnpnostg

H Fortran eivot plo YAWGGO TOOYOOULUOTLGULOD TTOU EXEL LOXOA LOTOPLA,
N omolo Eextvael amd To 1950.@ Abo onpavtixol otafpol oty totopia
NG, TTOL ONUATOGOTOVY ONUOVTIXEG OAAXYES, elval Ta tpoTuTTar Fortran
77 xow Fortran 90. H petdfoon amd to éva mpdtumo oto dAro, onuo-
TOOOTEL %O TNY OAAXYT] GTOV LOPPOTUTTO TOL TPOYPAUULATOS, OO TO
Aeyopevo “fixed width format”, 6oL oL eVvToAég TPETEL vau YpdpovTOoL
OE OLYXEXPLUEVES OTNAEG EVOG apyelov, ato “free format” émov owtd dev
elvol Lo omocpoci‘cn'to.E‘] X710 BLBAlo avTh, TO TEOYPAUULXTO YOAPOYTOL
OTTOXAELOTIXE OTY] Oe0TEPN LOPPY), AN XA elval O €UTELPOG TTPO-
Yooppatiotng g Fortran var yvwpilet tor faoixda doutxd otoryeion xou
NG TTEWTNG LOPPNG, ETOL WOTE Vo UTTOPel vou Stof3dletl xot vou emteEepydi-
(etoll TOALOTEQOL TTROYQOLLLOLTOL.

[Tapdro mov o x&be aAhoy Twv TEOTOTTWY Tng Fortran eltodyovton
véor ototyeio, yiveton peyddn mpoomdbetor yior vou DTTAEYEL OVOSPOULKY
ovuBoaTéTToe Mo YLor Vor XaToAoBalvouy oL LETOYAWTTLOTES, HOli UE
T0 V€O, xou To ToAG ovvtoxTixd. ‘Etol eivor duvatdv, évag mpoypot-
HoTtoTNG Vo Tpochéoel petayevéotepa otolxeior oe Evay TTOALO %WILXO
%o aVTOG vou ouveyloel vo TpExel owotd. H o peydin mpdopotn oi-
Aoym €ytve pe to mpotumo Fortran 90, émov etodyovtor otolyelon avTL-
XELUEVOOTPAUPOVG XalL SouLxol Tpoypopuatiopo. Ta modules, 1 duva-
ULXTY] EXXWENON UYNUNG, array section manipulation, operator overloading,
pointers, €Aeyyog axpifetog apLtbuntindy mEdEswy AT, elodyovtol pe
T0 TPOTLTO o TO. Xt poTuTar Fortran 95, 2003 xo 2008 yivovrow
ULXPES AAAXYEG, EVLOYOOYTOG XVPLWGS TO OTOLYELO OLYTLXELUEVOTTOAPOVS
TPOYQOLUATLONOD XOL TO GUYTOXTLXO TTOL EVVOEL TNV EXTEAEDY] TTOLOOA-
MAwY evtoAdy. H emtdpevyn ardoyn oty Fortran avapévetor to 2018, ot
oMayég o Boa yivouy Oo elvo Alyeg xaw pdAroy Bor oaxodel oto dvopa
Fortran 2015.

Yto mpoypdppata Fortran wov mopovatéllovpe oto BLBAio avtd, xom-
oLpomoLovpe To free format. Ta Tpoyp&ppoTa TTOL YPAPOLLE, TTOTE AXO-
AoLBOVY Evar GTUA TTPOYPOULUOTLOLOV XOVTOTERX GTY] PLAOGOQI0L TOL TTPO-
tomov Fortran 77 (\.y. ototixd exyooenoyn pviung, xeon common blocks)
xo tote mpdtumta Tne Fortran 90 4 xou petémnerto (yprion modules, du-
VoL, ExWENon wiung). O avoryveotng TEETEL VoL XOTAVORoEL OTL 1)
YAWooo Fortran sivor xotd 10 LeYOAITEQPO UEPOG TNG eviaior xot OTL

*https://en.wikipedia.org/wiki/Fortran.

Apyeion pe xotéAnEn . f mepLéyovy xwdixo ot fixed width format xou opysion pe
XOTAANEY .£90, .£95, .f03, .f08 xwdxa oe free format obppwva pe Ta TEHTLTIO
Fortran 90, 95, 2003 xat 2008, avtiototyo.
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umopel vou ypnotpomotel To oTLUA oL Bploxel ATTAOVGTEPO 1| ATTOJOTL-
%XOTEPO YL TO TEOYPOUUX TTOL YOOPEL. Ol LOVTEPVOL UETOYAWTTLOTEG,
OTwg M gfortran, xotoAofaivouy xol LeToryAWTTIL0VY aTtod0TIXd OTTOLO
mpdtumo Fortran xow av yprnotpomornbet.

Mo tov avoryver oty tov B€Aet va eldixeutel oTny TEOXWENUEYN XONON
¢ Fortran, ovotivovpe ™y avopopd [10]. Ta plo epmeplotatouévn
XOL XOAY] ELOOYWYT], CUGTNVOLUE TNY oVPOoEd [I], AN xo TNV TOALS-
tepn [11]. Tt voo pabete yioo ™ Fortran 77, aAAd xow to fixed width
format, avortpé€te otny (eAedbepa Srabéorun) [12].

1.5 Kottélovrtag ta AtoteAéopata

H yoapuxn ameixdvion twy Sedopévwy eivol avomooTaoTo UEQPOS TNG
TIOLOTLYNG, OAAQ XOL TTOCOTLXNG XUTAVONONS TNG TTANPOPOPLOG TTOL TiE-
otéxovv. ‘Eva xahd xar eAedfepa Stabéotpo mpdypoppo mov mopdyet
YoopNuoTo LPNANG TOLHTNTOG OTLS OVO %Ol TPELS OLAOTATELS ELVOL TO
gnuplot. Ta etditxdTepar TASOVEXTAUOTE TOL EVOVTL GAAWY EQXOUOYWY
elvor M eveALEior 0N XENOY TOL OO TN YOO EVTOAWY, XAAG %Ol UECO
oTtd GAAO TTPOYPAULOTO, X BWS XaL oL LEYAAEG SLYATOTYTEG TTOL BiveL
OTOV YELPLOWO XOL GTOV UETUOYNUATLONO Twv Oedouévmy. ‘Exel ™ duntd
TOU OTOLYELWOY YADOOO TPOYPOULULATLONLOD AL, OTTOL OUTH OEV ETTAQ-
%L, LTTOPOVY Vo YIVOLY TTOAOTTAOXES SLOBLXOOLES YOMOLLOTIOLWOVTOG AAAES
e@oploYes. O xonotrg €xel amevbeiog TpdoPoon oe TOAES pobnuotinég
OLVOPTACELS XOL OE OLVEPTNOY TEOCOPUOYNS Twy dedopévwy (fitting).
Arofgtel SLadpaoTind TEQUATIXE OTTOL UE TO TOVTIXL O XPNOTNG LTTOPEL
vou petooynrotilet to yoopnuato. H mapdypopog oavtn eival eEatpetind
OUVOTITLXY] XL TIOPOVOLALEL TOL EQYAAEL TTOV EIVAL OTTOADTWG ATTOLOOL -
TYTOL YLOL TOL TTAQOXA T XEQPEAaL. 'L TeEpLaadTEPES TTANPOPOPLES TP -
TEUTTOLUE OTNY LoTOoEASo ToL gnuplot http://gnuplot.info/ xou €Ldt-
x6tepa 0N oeAido pe v Demo Gallery http://gnuplot.info/screenshots/
omov Oo Bpeite apéows T YiveToL 1 EpYOOLOr TTOL TOG EVOLOPEQEL, KO-
0 xaw ot BiBAtoypoapio [14].

[N vo Eextvnoete to gnuplot S{vete TNV EVIOAN OTTWS POLVETOL TTOI-
POXATW:

> gnuplot

GNUPLOT
Version X.XX
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The gnuplot FAQ is available from www.gnuplot.info/faq/

)

Terminal type set to ’wxt
gnuplot>

[Mopomévew Seiyvetol TO UNYLUO XOUAWCOPIOUOTOS XL GTNY TEAELTOLO
YOooUN @olveTal To prompt Tov Ttpoypdupatos. Excl, umopodue vo wAN-
XTPOAOYNOOLUE Kict EVTOAN 1 ool ExTEAELTOL TOTWYTOG TO Enter. Xt
ovvéyeta, 0tay bo ypdwovpue to prompt avtd, Ho vTOvooLUE TG TO
oxoAoLBOVY EVTOAEG TTOL gppumvedOVTOL OTtH TO gnuplot.

To ypapnuo pLog cuYAETONG YIVETAL ATTAG Pe TNV EVTOAN plot. To
oVuPoAo x evvoeltot TTwg elvot M aveEAPTNTN us‘cocﬁkn'cv’ﬂ "Etot, ) evtoAn

gnuplot> plot x

xGvel T Yoo Topdotaon g y = f(z) = x (evbeio xAiong 1). T
VOU XEYOVPE TODVTOYEPOVOL TLS YOOUPLXES TTOPOOTAOELS TEQLOCOTEQWY OL-
YOPTNOEWY OTTAA TLG Yoopouue Loll wg eENg:

gnuplot> plot [—5:5][—2:4] x, x**2, sin(x),besjO(x)

opamévs Yivetal To YOAPNLe TwY GLVOETACEWY T, 22, sinz, Jy(x). TTic
oyxVOAeg [:] Balovpe tor GpLar T™NG YOOPLXNG TTOPATTAOYNS GTOV AEOVAL &
xow y ovtiotorya. To [-5:5] xabopiler To x vo petafdAietor amd —5
€wg +5, ev 10 [-2:4] xabopiletl 10 y va petafdAietor amd —2 éwg +4.
Av oe xdmoreg Béoeig 8 Barovpe apLbud, téte To gnuplot Bdler T GpLa
ovtépota: [1:]1[:5] xabopilel To x&tw 6pLto T0 x vo glvar To 1 xo T
Avw 6PLO OTO Y VO ELVOIL TO 5, EVE TOL ATIPOTOLOPLOTO AV XOLL XATW OPLOL
opRvovToL ot ... XEPLow Tou gnuplot.

Xoyvé, Oo BEAovpue vo xdvovpe TN YOOPLXY] TTOEACTOOY, OEGOUEVLY
mtov 3ivovtor omd draxprtd (edyn (24, y:). Tow dedopévar owtéd Tar TOTTO-
Betodue oe apyeio o otirec. Ag vmobéoovpe Twg TOo aPyeio pe T
dedopévar Log ovopaleTal data xow Ta TEQLEXOUEVA TOV ELVOL:

# x vyl y2
0.5 1.0 0.779
1.0 2.0 0.607
1.5 3.0 0.472
2.0 4.0 0.368
2.5 5.0 0.287
3.0 6.0 0.223

AAAGLeL pe TNV EVTOAY set dummy t yio vou Yiver Ay t M aveEdpTTn LETOBANTY.
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H mopddytn yooupn opxilet pe tov yopaxtnioo # xol To gnuplot tnv aryvoet
(oyoNa yro pog). Tior vor xEAVOLPE T YOOUPLXY TTORAGTOGY TG 216 GTHANG
ovvapTtnoeL ¢ Ing divovpe amAd Ty VTOAN:

gnuplot> plot “data” using 1:2 with points

To évopor Tov apyelov data JlVETOL AVAUECO OE ELOAYWYLXA, EVE WLETE
TNV EVTOAY] using divovpe Tig oTAeg Tov Hor avtioToL)obY oToy dEova
xow y avtiotoryo (1:2= othAn 1 to 2; xow oThAY 2 Tow ;). H evtoly with
points avamoplotd tow (VYN (T4, y;) WE ONUELOL.

H evtoan

gnuplot> plot “data” using 1:3 with lines

XAVEL TN YOOUPLXY] TTOLPACTOON TNG 3NG OTNANG GLVXPTNOEL TNG 1Mg X T
Cebyn (5, ;) evdvovtal pe evbdypappo TULOTA.
Ot Yoo@ixég ToPAOTATELS LTTOPOVY YO GLYSVAGTOVY:

gnuplot> plot “data” using 1:3 with points, exp(—0.5%x)
gnuplot> replot “data” using 1:2
gnuplot> replot 2*x

2TV TTEWTY YOORU xAvovue poll ™) YoopLx Ttopdotaon Tng 1ng xou
31g oTHANC Tov apyetov data pall pe T cuvdpTon e /2. Tn dedtepn
Yooupn mpoolétovue pe Ty eVTOAN replot otny (SLtor YOOPLXY] TOOA-
otoon to onpeta g Ing xow 3ng otNAng. Kow otny 31 Bélovpe pali xon
™0 YOOPLXY] TTOPACTOOY TNG CLYAPTNOYG 2.

H evtoAn using €xet moAAég SuvatdTtrTes. Av avti yra optbpodg Bé-
Aovpe pobnuoatinég exppaoelg avapeoo os tapeviéoelg [dnA.
using (...):(...)], ©éte 10 gnuplot tig vTOAOYileL YL x&be onueio ko
Balel to amoTEAEOUOTA OTY YOOPLXN TtopaoTtooy. [ vou el n TLpn
ULOG OTNANG 0T LoOMUOTLXY] EXQPEAOY XENOLLOTIOLOVUE TO (SLO oLVTO-
xTx6 pe ™y awk, dnA. $i avagépetor otn oA i=1,2,3,. ... lapo-
oelyporton

gnuplot> plot “data” using 1:($2*sin($1)*$3) with points
gnuplot> replot 2*x*sin(x)*exp(—x/2)

Kaver m yoapixn Topdotaon g 1ng otAng e Ty avtiotolyn T g
ExQPEOaNG Y;sin(x;)z;, OOV Ty, Y;, 2; OL TULES TNG 1Mg, 2ng o 3Mg GTHANG
ovtiotowyo. H dedtepn yoopun Tomobetel 0T0 oyNuar Xl TN YOOPLXN
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TOPAGTOGY TNG GLVAETNOTC 27 sin(x)e /2,

gnuplot> plot “data” using (log($1)):(log($2**2))
gnuplot> replot 2*x+log(4)

Kéver ™ ypopixn Tapdotoon Tou euaotxol Aoyoplbuov g 1ng otiing
UE TO PLOLXO AoYEELOKLO TOL TETPOYWYOL TNG 27C.

Me to gnuplot pmopodue vo xévovue TN YOOPLXY] TTREAOTAOY TWY
JedoUEVWY TTOL TUTTWVEL GTO stdout 0TOLOINTOTE TTPOYPAUUO EXTEAELTOL
omd To PAoLO. 'Eotw 4Tl €xovpe Evor TEOYPOUUO LE OVOROL area TTOU
TUTIWVEL 0TO stdout TV axtiva xo To eUPoddy evdg xOXAOL:

> ./area

R= 3.280000 area= 33.79851
R= 6.280000 area= 123.8994
R= 5.280000 area= 87.58257
R= 4.280000 area= 57.54895

Tow dedopéva elvar otny 27 xow 4n oA Tov stdout xo PLTTOPOVUE Vo
T SoVpE Ypoupixd amd To gnuplot pe TNy EVIOAN:

gnuplot> plot ”< ./area” using 2:4

AnAodn ot B€om Tov ovop.aTog Tov apyeiov Balovpe TO Gvopo TNG EVTO-
MG pe Tov yapoxTtnoo < vo mponyeitat. Mmopodue vor cuvdLACOLUE
EVTOAEG LEOW piping xow vor THPAYOLUE TTOAOTTAOX O OTtOTEAE T OTOL ALY,

gnuplot> plot \
"< .Jarealsort —g —k 2lawk ’{print log($2) ,log($4)}’ " \
using 1:2

OOV TO. GEGOUEVO TTOV OVUTTAPLOTOVTAL YOOPLXE EIVOL TO ATTOTEAECUOL
eVOS QIATPOL TELWY EVTOAWY: AuTH oL TToPAYeL Tor OedoUEva axTiva—
eUPadov OTTwg THPOATAVEL, N SEVTEPN Sort TOL To OLATACOEL OVAAOYO
pe Ty optbuntixnn Tt g 2ng oTNANg %ol N TPitn awk TOL TUTTWVYEL TO
AoyapLBpo g 2ng oTANg xa to Aoydptbuo tng 4ng. Hopatnonote g
THOO YOENOLULOTIOLOVE TNV EVTIOAY using 1:2, apold 1 TEAELTOLOL EVTOAT
TUTTWOVEL Tor OedOUEVR GE BV0 LOVO GTNAEC.

[No voo 600V PE TLG YOOPLXES LOG TTAPUOTAOELG OE OLPYELOL TTOL LTTO-
poVuE Vo QLUAGEOLUE ot TLHOVWG YO ONULOCLEVCOVUE, TTPETEL VL OAAG-
Eovpe Tto “terminal” mov ypnoipomolel o gnuplot og évav 0dnyd TOL
LETOPEALEL TN YOOUPLXY] TTPACTOOY OE ULol YAWOOTO TTOL X TaAaBolvovy
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Ao TpoYPGUpaTo TIoL Selyvouy etxdveg (A.y. PDF, postscript, jpeg, png,
gif xA1). Katevbbvovtog v “éE0d0” tou terminal oe éva apyeio meto-
yoivovpe to {nrovpevo. Mo mopadetypo

gnuplot> plot “data” using 1:3
gnuplot> set terminal jpeg
gnuplot> set output “data.jpg
gnuplot> replot

gnuplot> set output

gnuplot> set terminal wxt

2

H mpwtn Yooupn xAvel 0 YOOPLXT TTORACGTOGY GTO TEPUOTLXO, DOTE VO
T dobpe. H debtepn xabopilel mwe to yoapnuo Oo owbei o popemn
JPEG xow m tpitn t0 dvopor touv apyeiov mov Oo 1o amobyxedoovye.
Yty téTapTy emovolapBdvovpe To TeEAevToio Ypdenua (36 awTd g
Ing yooupng) xow oty TEUTTY XAsivoupe To opyeio data.jpg (Unv to
Eeydoete!). H tedevtaion Yoouun emtBAANEL 1 ETOUEVY YOOPLXY TTOQA-
oTOOM VO YLVEL TTOAL GTO TEQULOLTLXO.

Yowbowg ypooupixég Ttopootdoelg LPYNAYG TToLdTNTOG atobnxedovToL
ot YAWwooo PDF. EmiAéEte set terminal pdf xou set output "data.pdf"
TNV TEPITTTWON VT,

Alyo AMoytor yLoe TLg TOLOOLAOTATEG YPOPLXEG TtopaoTaoels. OL emd-
LEVEG EVTOAEG JELYVOLY TG UE TNV EVTOAN splot pmopeite vo deite ™
YoopLxf Tapdotaon e ouvgomone f(x,y) = e % ¥*. Me to Tovtixt
UToEELTE Yo TNV TEPLOTEEPTE XL Vo TN OelTe LTO SLAPOPETLXY YWVLA.

gnuplot> set pm3d

gnuplot> set hidden3d

gnuplot> set size ratio 1

gnuplot> set isosamples 50

gnuplot> splot [—2:2][—2:2] exp(—x**2—y**2)

Ay éyete dedopéva oty Lop@N (x;, vy, z;) xou OEAETE vou Tar owvortor-
POOTACETE YPOUPLXA OTN LOP®N z; = f(4,Yi), TOXTOTOLAOETE TOL GE €Vl
apyElo ™G LoPPig

-1 —1 2.000
-1 0 1.000
-1 1 2.000
0 —1 1.000
0 0 0.000
0 1 1.000
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1 —1 2.000
1 0 1.000
1 1 2.000

[TpooéEre mwg Balovpe pior xevy yoouun xé&be @opd mov aAA&Ler M TLuN
7oL z. Av ovop.dioeTe To apyelo awTd data3, delte TN YPUPLXT TOPACTOOY
LE TLG EVTOAEG:

gnuplot> set pm3d

gnuplot> set hidden3d

gnuplot> set size ratio 1
gnuplot> splot “data3” with lines

KAetvovpe pe 6o Adytor yioo T YOOUPLXY] TOOACTOON TOL OLvETOL
OO TOPOUETOLXES EELOWOELS. 2Tl dVo dSlaotaoelg Hewpodue Tig xo-
uroAeg (x(t),y(t)) xow otig TEELS TLg eTLpdvetes (z(u,v), y(u,v), z(u, v)).
Me Tigc TOEOXATW EVTOAEG XAVOVPE TY] YOOUPLXT] TTOOAGTAGY] TOU XOXAOL
(sint,cost) xow g oQaipog (cosucosv,cosu sin v, sinu):

gnuplot> set parametric
gnuplot> plot sin(t),cos(t)
gnuplot> splot cos(u)*cos(v),cos(u)*sin(v),sin(u)

1.6 Shell Scripting: Xevdpro ®PAotod

H yAwooa Fortran Oa @oavel oe xdmorov mouv €xet ovvnbiost xdmoro
YAWooo pe meptoodtepeg duvartdtrreg (C, C++, Java, ...) TTwg eivor V-
oxenoty, 6tov xamolog O€Aet vo xdvel mMOAVTAOKEG OLaSLXAOLES TTOV
opopoVy To ovoTe xoL O Do eiye adxo. ‘OTtov SUwg YENOLLOTTOLYOEL
To TEOYPGUpOTo TToL YPdel o Fortran oe ovvdvoopd pe tor Tovi-
OYLEO EQYUAELOL TTOV TOL TTAPEYEL TO AELTOLPYLXO CVGTUA, TOL TTEOBAN-
LOTO. VT EETTEPVLOVTOL XL ETOL LTTOPEL XAVELG YO YPNOLULOTTOLNOEL T
TASOVEXTOUOTO TNG YAWOoog o€ high performance computing, ywpic vo
OVYOUYEL YLOL TLG OLOYELPLOTIXES XAL OUYVA TETPLUUEVES EQYAOLEG.

[Na voo amo@dyer xaveic ™y emavoropfPovopeyn dradixooion exTE-
AEOMG TOV (BLwY EVTOADY (TTOL EUTEPLEYEL XOL TOY X{VLYVO GOAALOTOC),
UTTOPEL TLG EVTOAEG TTOL BEAEL Vo SHOEL VO TLG XWOLXOTIOLY|OEL LEGOL OE EVOL
apyeio. Autd ovopdletar oevdplo @Aotob (shell script) xat 1 7o oAy
LOPPT] TOL UTTOPEL Vor ELVOL OTTAG ULlor OELPE oTtd EVTOAES. [pdpovpe ato
opyeto script01.csh:
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#!/bin/tcsh —f

gfortran area_01.f90 —o area
./ area

gfortran area_02.f90 —o area
./ area

gfortran area_03.f90 —o area
./ area

gfortran area_04.f90 —o area
./ area

H mpdtn yoouun (axptBac!!) apyilel pe #!/bin/tcsh -f mov epunved-
ETOL ATTO TO AELTOVPYLXO CUOTNUA, WOTE YO EXTEAEGTOVY OL EVTOAES OLTTO
T0v PAOL6 /bin/tcshf. Tt cuvéyela Yp&poue TIC EVTOAC LETOYADTTL-
oG XAl EXTEAEGNG TWY TPOYPOULUATWY TTOL UEAETNOOUE GTNY TTEONYOV-
LEVY TTOP&YPOPO. APYLXE, XAVOLLE TO CEYELD EXTEAEGLULO WE TNV EVTOAT]

> chmod u+x scriptO1l.csh

XOL OTY OUVEYELO UE TYV EVTOAN

> ./scriptOl.csh

TEEYOLY OAEC OL TTOPATIAVL EVTOAEG M Ulow LETA TNV GAAN. OAor wpoala,
EXTOG OTTH TO YEYOVOG OTL TTPETEL var 3ivoupe Tt 10 axTiveg Tov xUxAoL
OTO TPOYPAUOTO . /area xabe @opd Tov Tig {ntody. Mia AVon elvor vou
vodpovpe tor dedopéva etaddou (T axtiveg) ot éva apysio Input xouw
vou SWOOLUE TNV EVTOAN

./area < Input

otoTe OV YPELALETOL YO TTOPEYOVUE TO FESOUEVOL DLADPATTLXA. Y'TTAOYEL
XL TILO CUUTTOYNG AVOM, vor BEAAOLUE TOow TTEQLEXOUEVO TWV OESOUEVWY
oe éva “Here Document”, éva “apycio” to omolo o ypNotng Umopel vo
Qavtootel OTL LTTEPYEL OTOY TEEXEL TO script, aAAG Sev d¢ Ha To det ToTé
o7o filesystem! To cuvtoxTi®d, Alyo aTpLEVO YLow 0LEY M, OAAG cuynbileTan
(xow yiveTtow xow €biopdc...) eivor wg e€vic (oto apyeio script02.csh):

#!/bin/tecsh —f
gfortran area_04.f90 —o area

»Todte #!/bin/bash av ypnolpomoleite Tov @AoLd bash.
*AuTé T0 *AVOLPE POVO pio Popd!
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./ area <<EOF

© 00 ~IO0 ULk WN =~
[eNeleoNoNeloNolol)

Mo~
o o -
.

]

ONA. To TPOYPOUUA . /area TTalpvel stdin amd T TEPLEYOUEVO UETAED
TWY YOOULUWOYT:

./ area <<EOF

EQF

Aey vmépyer timota to Wtaitepo pe to string “EOF” xow UmOPElTE vou
Bérete 6moLo ooc apéact (apxel vo eivort To (810 oty apyh xow To TéA0C).

H dYvoun tou shell scripting eival oL ixavéTnTeg TEOYOOUUATLOULOD
mov Topgxet: OpLtopodg petafAntdy, loops, conditionals, ... Ot petofAntég
optlovtal OTwS oL UETUPANTES PAOLOD TTOL AVUPEPOUE GTNY TTOPAYQPAPO
1.1.9. H s purog petoPAntic e évopa name eivo $name xow UTTOQOVUE
vo. T O€oovpue pe Ty €VTOAY] set name = value. Eva array pmopel vo
0pLOTEL UE TNV EVTOAY

set R = (1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0)

xoL N mTpdoPooy ot dedopéva yivetor pe 1o ovvtoxTixd $R[1]
$R[10]
Ac dolpe THpo Evar TTLO ... TTPOYWENUEVO GEVAQLO:

#!/bin/tcsh —f

set files = (area_ 01.f90 area 02.f90 area 03.f90 area 04.£f90)
set R = (1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0)

echo ”"Hello $USER Today is ” ‘date‘
foreach file ($files)
echo "# ———— Working on file $file ”

®To EOF pmopet va eivar omotadrmote axohoubio yopoxthpwy.
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gfortran $file —o area
./area <<EOF
$R[1]
$R[2]
$R[3]
$R[4]
$R[5]
$R[6]
$R[7]
$R[8]
$R[9]
$R[10]
EQF
echo "# —————————— Done
if ( —f AREA.DAT ) cat AREA.DAT
end

2

Ov TpdTeg YOO UES UE TLG EVTOAES set BETouY Tig TLUES TV LETABANTWY
files (4 Tpée) xow R (10 tpéc). H evtorf echo amAd “avinyel” oto
stdout to 6ptouéd ts. ES® o @Aotdg avamtdoosl oto dptopor "Hello
$USER Today is " “date” v TuM ™¢ peTofBAnTyg USER 1 omolo elvor
LeTaBANTA TEPLBEAAAOVTOC TTOL TO ASLTOLEYLXO cVvoTNUe O€tel vo elvor
TO OYOUOL XPNOTY. XTN OLVEYELX 0T To “date” avixobiotator amd To
stdout Tng evTOAYg date, A.)x. Thu May 24 22:01:40 EEST 2007.
X1 ovvéyeta, opytlet To foreach loop:

foreach file ($files)

end

H petofAnty $files avantdooeton ot 4 Tipég tTng (To ovépotor Twy op-
yelwy Fortran area_01.f90, area_02.f90, area_03.f90, area_04.f90)
xaL 0 Bpdyog exteAsitar pior @opd yioe xabe tuy. Kdabe @opd n tiun
™G peTofANTYG file eivow M exdotote TLPM NG files. Apa, M EVIOAT
gfortran $file -o area Oa petayAwttiost x&be Qopd Eva amd To Tapor-
TV 4 opyelor xoil oty oLvEyELa, Do EXTEAEDEL TO EXAOTOTE TTPOYQOULLLOL
./area.

H terevtaio yoouun oto Bpdyo

if ( —f AREA.DAT ) cat AREA.DAT

elvor éva if-conditional: ExteAel v evtoAn cat AREA.DAT, pévo av 7
ouvOxn —-f AREA.DAT eivor aAnOng, OnA. To apyelo AREA.DAT vTtdpyeEL.
TéNog, divovue éva mapadelypnatixd script 6mov umopeite vo deite
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UE ToPASELYUOTO TLG SLYXTOTNTEG TTOL UTTOPEL var TTPoo@épetl to shell
scripting. ®vowxd eivor povo n apyn, dtaBaote ™ BLBAtoypapio yLo Te-
oLoa6tepec Aemtopépetee [15, 16, 117, 18, 19]. AwaPbote mpooexTixd TiC
EVTOAEG pall pe To oyxOALr Tor ool oPyilovy KE TO YopoxThpo “#.
2T CLVEYELX, 0POD YOAPETE TLG EVTOAEG OE €var dPYELO script04.cshﬁ,
UETUTPEPTE TO OE EXTEAEOLUO UE TNV EVIOAY chmod u+x script04.csh
XOL EXTEAETTE TN EVTOAN

> ./scriptO4.csh This is my first serious tcsh script

To script Oo TpéEetL €xovtog wg arguments 1 @pdoy “This is my first
serious tesh script”. O@a deite péoo oT0 script mwg vo Ty emekepyo-
oteite. 211 oLVEYELR, TO script Oo oog {nTost déxa N TOPATTAVE XTIVES
XOXAWY YLo Voo DTTOAOYLOEL TNV TEPIETPO X0t TO ERLPBadOY Tovg. [IANKTEO-
AoyMote TG xo petd Stofdote Ty €E080 Tou script Yo vou XxotoAgPBeTe
TO ATTOTEAECLOL TWY EVIOAWY TTOL TEPLEYEL. Ot elvat pror Stadixooior yLo
Vv omola de Hor PETOVLWOOETE Vo aPLePKOETE ALYO X 6VO!

#!/bin/tcsh —f
# Run this script as:
# ./scriptO4.csh Hello this is a tcsh script

#
#

# ‘command‘ is command substitution: it is replaced by stdout of command
set now = ‘date‘ ; set mypc = ‘uname —a‘

# Print information: variables are expanded within double quotes

echo ”I am user $user working on the computer $HOST” #HOST is predefined

echo ”"Today the date is : $now” #now is defined above
echo "My home directory is :  $home” #home is predefined
echo "My current directory is: $cwd” #cwd changes with cd
echo "My computer runs : $mypc” #mypc is defined above
echo "My process id is : $% ” #$$ is predefined

# Manipulate the command line: ($#argv is number of elements in array argv)
echo ”"The command line has $#argv arguments”
echo ”"The name of the command I am running is: $0”

echo ”Arguments 3rd to last of the command : $argv[3—]” #third to last
echo ”"The last argument is : $argv[$#argv]” #last element
echo ”All arguments : $argv”

# Ask user for input: enter radii of circles
echo —n "Enter radii of circles: ” # variable $< stores one line of input
set Rs = ($<) #Rs is now an array with all words entered by user

if ($#Rs < 10 )then #make a test, need at least 10 of them

echo ”"Need more than 10 radii. Exiting....”

exit (1)

endif
echo ”You entered $#Rs radii, the first is $Rs[1] and the last $Rs[$#Rs]”
echo "Rs= $Rs”
# Now, compute the perimeter of each circle:

foreach R ($Rs)

# —v rad=$R set the awk variable rad equal to $R. pi=atan2(0,—1)=3.14...

»@o to Bpeite xow 6TO GLYOSELTIXG AOYLOPLXO.




1.6. SHELL SCRIPTING: ¥XENAPIA ®AOIOY

set 1 = ‘awk —v rad=$R 'BEGIN{print 2*atan2(0,—1)*rad}’‘

echo ”Circle with R= $R has perimeter $1”

end

# alias defines a command to do what you want: use awk as a calculator
alias acalc ’awk "BEGIN{print \!* }”’ # \!* substitutes args of acalc
echo ”"Using acalc to compute 2+3=" ‘acalc 2+3°

echo ”Using acalc to compute cos(2*pi)=" ‘acalc cos(2*atan2(0,—1))°

# Now do the same loop over radii as above in a different way

# while( expression ) is executed as long as “expression” is true
while ($#Rs > 0) #executed as long as $Rs contains radii

set R = $Rs[1] #take first element of $Rs

shift Rs #now $Rs has one less element:old $Rs[1] has vanished
set a = ‘acalc atan2(0,—1)*${R}*${R}‘ # =pi*R*R calculated by acalc
# construct a filename to save the result from the value of R:

set file = area${R}.dat

echo ”Circle with R= $R has area $a” > $file #save result in a file
end #end while

# Now look for our files: save their names in an array files:

set files = (‘ls —1 area*.dat ‘)
if ( $#files == 0) echo ”Sorry, no area files found”
echo ™ s

echo 7files: $files”

Is —1 $files

echo ™ i
echo ”And the results for the area are:”

foreach f ($files)

echo —m 7file ${f}: ”

cat $f

end

# now play a little bit with file names:

echo ” i

set £ = $files[1] # test permissions on first file

# —f, —r, —w, —x, —d test existence of file, rwxd permissions
# the ! negates the expression (true —> false, false —> true)
echo "testing permissions on files:”

if( —f $f ) echo ”$file exists”

if( —r $f ) echo ”$file is readable by me”

if( —w $f ) echo ”$file is writable by be”

if (! —w /bin/ls) echo ”/bin/ls is NOT writable by me”
if (! —x $f ) echo “$file is NOT an executable”
if( —x /bin/ls) echo ”/bin/ls is executable by me”
if (1 —d $f ) echo ”$file is NOT a directory”

if( —d /bin ) echo ”/bin is a directory”

echo ™ i
# transform the name of a file

set £ = $cwd/$f # add the full path in $f

set filename = $f:r # removes extension .dat

set extension = $f:e # gets extension .dat

set fdir = $f:h # gets directory of $f

set base = ‘basename $f°‘° # removes directory name
echo 7file is: $f”

echo ”filename is: $filename”

echo ”extension is: $extension”

echo “directory is: $fdir”

echo “basename is: $base”

# now transform the name to one with different extension:
set newfile = ${filename }.jpg

echo ”jpeg name is: $newfile”

echo "jpeg base is:” ‘basename $newfile®
if ($newfile:e == jpg)echo ‘basename $newfile‘ ” is a picture”
echo »

# Now save all data in a file using a “here document”

73
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# A here document starts with <<EOF and ands with a line

# starting exactly with EOF (EOF can be any string as below)

# In a “here document” we can use variables and command

# substitution:

cat <KAREAS >> areas.dat

# This file contains the areas of circle of given radii

# Computation done by ${user} on ${HOST}. Today is ‘date*

‘cat $files®

AREAS

# now see what we got:

if ( —f areas.dat) cat areas.dat

# You can use a “here document” as standard input to any command:
# use gnuplot to save a plot: gnuplot does the job and exits...
gnuplot <<GNU

set terminal jpeg

set output “areas.jpg”

plot “areas.dat” using 4:7 title “areas.dat”,\
pi*x*x title “pi*RA2”

set output

GNU

# check our results: display the jpeg file using eog
if ( —f areas.jpg) eog areas.jpg &
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To**unoSnAwveL 6TL
£€ywav aAlayég oTo
buffer. OL aAhayég
YpPagpovTal oTo apyeio
Me C-x C-5 KaL Tor ¥+

To %% uvnoBnAwvel 6TL To
buffer elval oe read-only
mode kat 6gv emTpEMOVTAL
aAAayég. Me Mouse-1
MMopobuE va TNnY yivovTat --
KaTapyfoovue

N

75

Ovopa Tov buffer:
ELines.f ESw TauTiCeTat
He TO 6vopa Tou apyeiov
nov ouvEisTal

EMRCSER

ELnes:

/ SEE

File Edit Options Buffers Tools Fortran Help

DeExEB Y aBRY X

HMAXDAT 1000000
STRLEN 200
char prog[STRLENT
int JACK,maxdat;

void jackknife(int,int,double *.:@uble *,double *,doukled
void get_the_optionslint ,char %%}, usage(char %) loceRrs|
int main(int arzc,char **argv){

int relat=0;

double 0,d0,chki,dehis

double kg

stropy (prog, (char *)basename{argv[01));
maxdat=—1;TACK=10;
get_the_optionslarge,argy);

if( maxdat <= 0 ) maxdat = MARXDAT;

LT (size_t)
8% (17,332

dat,(size t) sizeo?|
L Abbrewv)

#sr/bin/perl
use [FC::OpenZ;

$P1 = atanz(0,-1);
$therm = ;
foreach $F (@ARGY){ c-mode
print
print Eipoots oTo 8% TOL GUVOALKOD
# Determine header information: HEYE'QOLJQ Tou buffer
open(HEAD, N
while(<HEAD> ) (]
chomp;
@F = split (' ‘)3 $NF = §#F; #INF=0,..., (no. fields - 1)
# print join{":",@F)." —-- NF= SHF . SFLSHFINA";

$FLOT, $FL11, ...

{$TIGEN = 3}
= analol.pl @ (10,15) { (Perl}

To onuelo =ivat otn

16n ypappn kat 6n
oThAn

Imax number of charges

N

%0,40,theta

SET CHARGE DISTRIBUTION —-——

auto-fill-mode

Ny

YnoSnAwveL apyf (Top)
Tou buffer

Tol-- vnoSnAwvel
buffer nov Gev €xet
vnootei aAhayEg
enegepyaociag

perl-mode

Synuo 1.5: To mopdbvpo tov Emacs ywplotnxe €86

NG ol |
Mode lines for each window
To okobpo £ival To evepyod
(Elines.f). Ms Drag-Mouse-1
Na&vw OTLG YPaHHEG PMopolpE
va aAAAEovpE TO pEyEBOG TWVY
napabipwv

oe tplor Topdbvpoa. O ywoet-

opig éytve mpwta optlovtia (C-x 2) xow petd xdbeta (C-x 3). Tépvovtag To ToVTixt
Drag-Mouse-1 mévw oTLg optlovtieg (mode lines) xon xdbeteg SroywELoTinég YOOULES
UTTOPOVUE vor dAAGEOLPE Ta LEYEDT Ty TTapabdpwy. Emtonualvovpe Tig xoNoLtres TAN-
popopieg ov Ppioxel xavelc oto mode line xdbe moapabvpov. Kabe mapdbupo €yxet to
onueio Tou (point) xow o dpopéog (cursor) Bpioxetan oto evepyd mopdHvpo (e8¢ oo
ELines.f). [lapatnphote g onpetdvetor to avérapo buffer (--), to eneEepyaopévo
(**) %o vt Tov eivon oe read only mode (%%). Me xAwx pe Mouse-1 mévw oo %%
T aAA&lovpe og -- xot To ovtioTtpo@o. Me dekl xAtx Mouse-3 Tévw 0TO GVOUOL TNG
mode UTOPOVUE VO EVEQPYOTTOLNOOVUE €TLAOYY otd minor modes. Me apLotepd xAx
Mouse-1 éyovpe TpdoPaoy os evtoréc oyeTixéc e Tty mode. Ot apBpof (17,31), (16,6)
xow (10,15) otoe mode lines vodnAGvVoLY TN (Yoo, oTHAN) oL PeloxeTar To onueio

oto avtioToLyo Ttapdbvpo.
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awk search for and process patterns in a file,
cat display, or join, files
cd change working directory
chmod change the access mode of a file
cp copy files
date display current time and date
df display the amount of available disk space
diff display the differences between two files
du display information on disk usage
echo echo a text string to output
find find files
grep search for a pattern in files
gzip compress files in the gzip (.gz) format (gunzip to uncompress)
head display the first few lines of a file
kill send a signal (like KILL) to a process
locate | search for files stored on the system (faster than find)
less display a file one screen at a time
1n create a link to a file
lpr print files
1s list information about files
man search information about command in man pages
mkdir create a directory
mv move and/or rename a file
ps report information on the processes run on the system
pwd print the working directory
rm remove (delete) files
rmdir | remove (delete) a directory
sort sort and/or merge files
tail display the last few lines of a file
tar store or retrieve files from an archive file
top dynamic real-time view of processes
we counts lines, words and characters in a file
whatis | list man page entries for a command
where show where a command is located in the path (alternatively: whereis)
which locate an executable program using “’path”
zip create compressed archive in the zip format (.zip)
unzip get contents of zip archive

[Mivaxag 1.1: Zovodhn Baoixuwyv evtoAdy oto Unix.




Mivaxog 1.2: Mepwrée Baoirég ovvapthoetg (intrinsic functions) tn¢ Fortran.

1.6. SHELL SCRIPTING: Y¥ENAPIA ®AOIOY

Xuvaptnon [Teptypapn
ABS T0 HETPO eVOG pryadixod optbuol, omd-
ALTY] TLUY] TTOOYLOLTLXOV
ACOS T6E0 oLYNULTOVOL
ADJUSTL UETOXLYEL TOUG UM KEVOVGS YOPOXTNOES UE-
TaBANTYG character TPOG TO. LPLOTEQH
ADJUSTR WETOXLYEL TOUG UM XEVOVCS YOUPOXTNQES E-
Tof3ANTNG character mpog to SekLd
ATMAG QPOVTAOTIXO PEPOG ULYadixol aplip.od
AINT TLEPLXOTITEL TO XAXCUATLXO UEPOS opLOLob
%ot dLatnEel Tov TOTTO NG UETOPANTAG
ANINT OTPOYYVAOTIOLEL OTOV TANOLEGTEPO OXE-
Lo %ot SLaTNEEL Tov TOTTO NG HETABAN-
™G
ASIN T6E0 NuLTéVOL
ATAN TOEO EQATTTOUEYTS
ATAN2 T0E0 camTouéyng tou argl Stotpepévov
pe To arg2 xot Tomobetnuévo 0T0 OWOTO
TETAPTNULOPLO
CMPLX uetatpéncel oe tvmo COMPLEX vo argl +
iarg2
CONJG pLyodixd ovluyég
cos ovvnuitovo Ywviag petpnuéyng os radians
COSH LTEPPOALXG auvuiTovo
DATE_AND_TIME | TPEXOLOO MNILEQOUNVIOL XL (OO
DBLE ULETATEETEL  ULlor  pETOfANT ) o  TUTTO
DOUBLE PRECISION
DIM av argl > arg2, emiotpépel argl - arg2;
oAALS 0
DPROD Yvouevo oe oxpifeta double precision dvo
opLBuwy single precision
EXP exbeTinn ocvvdpTNoN
EPSILON dtvel éva Betind apLbud mov elvor opein-
Té€og ouyxpLvouevog pe 1.0
HUGE dlvel 1o peyaAbTePOo 0 plpd (dtov THTTOL
KLE TO OpLOpOL
INT petatpénet o INTEGER x6fBovtag 7o
xAooPOTIXO LEPOG

Yvoveyiletar oty emouevy oeAldd...
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Mivoxag 1.2: Zovéyetra...

Xuvaptnon [Teprypapn
KIND dtver v KIND Tiuy tov oplopartog
LEN ETILOTPEPEL TO UNKOG ULAG UETOUPANTAG
character
LEN_TRIM otvel To unog pLog petoBAntng character

LGE,LGT,LLE,LLT

LOG
LOG10
MAX
MAXEXPONENT

MIN
MINEXPONENT

MOD
NINT

RANDOM_NUMBER
RANDOM_SEED

PRECISION

REAL
REAL
SIGN
SIN
SINH
SQRT
TAN
TANH
TINY

TRIM

XWPELG TOLG TEALXOVG XEVOVCS YHPOXTNOES
OLVOPTNOELS  OUYXQLONS  UETUBANTOY
character

puoLxdg AoyapLopog

%00 Aoyaptbpog

UEYLOTN TLUN TWY OPLOUETWY

0 HEéyLotog exfétng (dtov TVToL e TO HPL-
ouo

EAGYLOTN TLUN TWY OPLOUATWY

0 eAdyLotog exbétng (dov TOTOL UE TO
opLopo

argl modulo arg?2

petatpénel 1o Optopo o INTEGER pe
OTPOYYVLAOTTOIN O

dtvel Pevdotuyaiovg aptbuodc 0 < r <1
Eexwvd 1t yevwwntota Pevdotuyolwy apLh-
LY 1 SLVEL TLG TTOPUUETPOVS XUTATTOOYG
™e

eTLOTPEPEL TN Oexadixy] axpifeta (dtov To-
IOV [LE TO OPLOPLOL

TO TTEOYLLOTLXO UEPOS LYodLxol oplbpod
ULETATPOTY] ToL oplopatog oc REAL

av arg2 < 0, dlver -argl; oAl +argl
nuitovo ywviog oc radians

vTtepPoALxd Nuitovo

TETPOYWVLXY] PLlo

eQoTTOUEY YwVloG oc radians
LTEPPOALXT EQATTTOUEYY

dtvel to ptxpdtepo Betind aplbud idrov to-
TIOL UE TO OPLOUTL

ETULOTEEPEL TNV TN  KETOPANTNG
character ywplg TOug TEAXOUS %EVOUG
XOPOXTAPES

Yvveyiletor oty eméuEV OEALDO...

O YIIOAOI'I¥THXY
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SHELL SCRIPTING: YENAPIA ®AOIOY

Mivaxag 1.2: Zovéyeta...

Xuvaptnon

| TepLypouph

YUVoPTNoELS YL emeEgpyaoia arrays

ALL

ALLOCATED
ANY

COUNT
DOT_PRODUCT
LBOUND

MATMUL

MAXLOC

MAXVAL
MERGE

MINLOC
MINVAL
PACK

PRODUCT
RESHAPE
SHAPE
SIZE
SPREAD

SUM
TRANSPOSE

UBOUND

UNPACK

dtvet .TRUE. av OAeg ot TLpéG 0TO OPLOUO
eivo . TRUE.

array allocation status

dtvet .TRUE. av OAeg XATOLEG TLUES OTO
optopo gtvor . TRUE.

opLBudg otolyelwy evdg array

e0wTEPLXO YLVOUEVO SV0 rank-one arrays
TO ULXPOTEPO OpLo piog dLaoToong evOg
array

TOAMATAAGLOGULOG TILVAXWY

Beon g peylotng TLung o éva array
HEYLOTN TLUN OE éval array

ouyywvevon OVO arrays UE EQUOUOYN
mask

Ocom eAdytotng TIwNG oc éva array
eAGytoTn TLwN o€ éva array
emavotomofétnoy evdg array oc éva array
pe rank ioo pe 1 pe epappoyn mask
YLVOUEVO TLUWY EVOG array
oVOSLOUOPPWOT EVOG array

shape evdg array 7 scalar

néyebog evdg array

ovTLYPOPY] €vOg array mpocbétovtog pio
tolXodondedony

abpotopo TLLWY evdg array

OVAOTPOYOS Tlvoxag evog array pe rank
dvo

TO HEYOAVTEPO OpLo piag SLaoTaomg evig
array

emavotomofétnon evdg array pe rank évo
oc évo array Ue e@oapuoyyn mask
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Mivoxoag 1.3: Iepiindn Boaoixwy evtohwy oto Emacs.

"EE0d0¢ a6 tov Emacs

avooTtol] Emacs (4 etxovomoinom oe mopdbupo) C-z
Tehx) €Eodog amté Emacs C-x C-c
Apyeta

etoaywyn apyeiov otov Emacs C-x C-f
eYYPan opyelov Tiow oTov dloxo C-x C-s
EYYQoPN OAWY TwV ap)eiwy oTov Sioxo C-x s
ELOOYWYN TEPLEXOUEVWY apyeiov ato buffer C-x i
evalhoyy read-only status evdg buffer C-x C-q

Bonbzia

To obotnuo Borbetag eivor amAd. IAnxtporoyote C-h (¥ F1) xat oxohovOh-
ote Tig 0d7Yieg. Av elote xavodPYLog YNNG, TANXTPOAOYNoTE C-h t Yiar vou

oxoArovbfoete Tig 0dNyieg evog exmandevTinod eYyeLpidiov.

xAelowpo mapdhvpouv Bornbetog C-x 1
apropos: EUPAYLOY EVTOADY TTOL TopLtalovy ue AéEelg C-h a
TEEPLYQOPY] CLYEOTNOYG EXTEAE(TOL ATTO EVOL GUYXEXPLUEVO TTANXTOO C-h k
TEPLYPAQPT, CLVEPTNOYG C-h f
TANPOPOPLEG ELOLXES YLo TNV ETLAEYUEVY] mode C-h m
Avaxtnomn AoYw o@aApotog

SLaxoT EVTIOATG TTOL EXTEAELTOL C-g

oWVEXTNOY 0PYELWY TTOL YAONUOY AdYW XUTEPEEVOYG TOL CLGTALOTOS
ovoipean avemlOOuNTNG ANy Mg

emovapopd evég buffer ot opyLxd tov TepLeXSUEVL

M-x recover-session
C-x u, C-_ or C-/

M-x revert-buffer

emovaoyedloouds 006vng c-1
AvEnTien Avalntnom

ovollNTNoN TEOG T EUTTPOG C-s
ovolTnon TPog T Tow C-r
ovalNTnoy yeNnoLuoToLdvTog regular expression C-M-s
Staxomy Tpéyovoag avalitnong C-g

[TAnxtporoyfote C-s N C-r Eovd YLar Vo ETTOVOALPBETE TNV TEONYOVUEVY] ovoL-

ChTnon.

Kivnon

ovToTY T
XCEOXTAOOG

AEEN

Yoo

opyh (téhog) ypoupig
apy (téhog) buffer

Yvuveyiletor oty emOUEVN OEALD...

forward
C-b
M-b
C-p
C-a

M-<

backwards
C-f
M-f
C-n
C-e

M->
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[Mivoxag 1.3: Xvvéyeta...

81

uetoxivnon oty emduevn obévy C-v

petaxivnon oty Tponyolpevn 006vn M-v

UETOXIVNON 0ELOTEQA C-x <

petoaxivnon dekLd C-x >

UETOXLVNOTN TPEXOLOOG YOOUUNG OTO XEVTPO TNg 006vrg C-u C-1

Aroypopi

ovTéThTa TPOG SLOYQUQT forward backwards
XOPOXTNPOG DEL Cc-d
AéEN M-DEL M-d
Yoouun M-0 C-k C-k
region C-w

QVTLYPOUPY Tregion M-w

ETUXOAANON TEASLTALOG AVTLYPOPNG C-y

QVTLXOTAOTOOY TEASVTOLOG ETUXOAANOYNG UE TILO TIONYOVUEVY avTLYpoupyy M-y

Marking

6éoe to mark €8¢ C-@ or C-SPC

avtdMoEe To point xot To mark C-x C-x

ETLAOYY TTOPOYPBPOL M-h

emtAOYY 0oAoxAfpou buffer C-x h

Atadpactinn AvtirotaoTooy

OVTLXOTROTOOT XELUEVOL DLoOPAUTTIXE M-% or M-x query-replace
aVTLXOTAOoTaOY UE XeNon regular expressions M-x query-replace-regexp
Buffers

emtAoY" evdg dAhov buffer C-x b

Aota 6Awv Twy buffers C-x C-b

Staypapy buffer C-x k

MoAAarAd MMopdBvpa

‘Oray divovtow Vo evtorés, 1 debtepn apopd frames xou 6yt windows.

SLorypo@ Twv GAAwY TopdHvpwy C-x 1 C-x 51
Sraywptopdg Topdbupov optldvtia C-x 2 C-x 5 2
Stoypap TeE€YovTog TopdHvpon C-x 0 C-x 50
Staywptopds Topdbuvpov xdbeto C-x 3

ToTtobétnom cursor oto dAAo TapPdbLEO C-x o C-x 5 o
UeYGAwoe t0 Topdbvpo xaté BiPog C-x ~

uixpvve to TaP&HLEO xOTA TTAGTOG C-x {

UEYAAWOE TO ToP&BLPO XU Té TALTOG C-x }

Yvuveyiletar oty emoueYY] OeALdA. ..
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MMivoxag 1.3: XvvéyeLa...

Mop@omoinon
ool Lo YOOUUNG TAB
ELOOYWYN VEOG YOOUUTG LETA TO point C-o
YéULopor TapoypGpon M-q
ANoyn Kegpoaraiov/Mixpov
Yoo AéEng pe Ao xe@oAaio M-u
Yoo AéEng pe GAa uixpd M-1
TOWTO YOOUUO XEQOACLO, TOL GANOL ULXOE M-c
Yoo eTLASYUEVNG Tegion e xepohaio C-x C-u
Yoo eTLASYUEVNG Tegion e ULXEC C-x C-1
To Minibuffer
Ta emdépeva TARTEO ActTOLEYOVY €TaL LOVo oto minibuffer.
CUUTANPWOY EXPEAONG TAB
OLUTIANPWON ExPEaomg UEXEL Lio AEEN SPC
OLUTIANPWOY EXPPOONG XOL EXTEAEOY EVTOANG RET
SLaxoT EVTOATG TTOL EXTEAELTOL C-g

[MAnxtporoynote C-x ESC ESC Lo TNV ETOVAANYY TNG TTEONYODUEVNG EVTOANG UE
Thov petoorn] te. IIAnxTtpoAoyote F10 yior TNV EVEQYOTIOLNOY TWY PEVOD.

OpOoypapixdg "EAeyyog

Tpéyovoag AENg

eTLASYUEVNG Tegion

oAoxAfpov buffer

Stapxnng opboypapinds EAeyyog

M-$
M-x
M-x

M-x

ispell-region
ispell-buffer

flyspell-mode

Info — Atadpaotixn Bonbsta otov Emacs

€vapEn ovotuotog Texunpiwong Info

xivnomn eumpds

xivnon Tiow

emouEVOg xOuBog

TPONYOVLEVOS XOUog

UeTOXivNoYN TTPOG T ETAVW

€TLAOYY ETTLAOYNG OTO UEVOD UE TO HVOUd TNg
ETLOTPOPY) GTOV TPONYOVUEVO xOufo Tov Bptoxdoaacte
ETLOTPOQY) OTOL TTEPLEYOUEVOL

xivnom otov apyxé x6ufo tov apyeiov Info
emAoyn x6ufov pe to dvoud Tov

€Eodog amd Info

C-h
SPC
DEL

e}

¢ Q= B £

Q ;|




KED®AAAIO 2
Ileptypopn g Kivnong

270 xe@daAato avtéd Oo delEovue TS VO TTPOYPOLUATIOOVUE OTTAEG
eELOWOELS TPOYLAG EVOG CWUATLOLOU XL TG YO XAVOLUE oot ova-
ALGY TV aELOUNTIXOY OTOTEASCUATWY. XENOLLOTIOLOVUE OTTAEG LEDO-
J0UG ATTELXOVLONG TWY TEOYLWY. LTNV TTOPAYPOPO UEAETAME TNV ETTL-
300N TWY CUOTNUATLXWY CPAAUATWY TTOV VTTELCEPYOVTOL OE ATTAG apLb-
UNTLXE TTROTUTTOL TNG KLVNOTNG CWUOTLILOV TTOU OXESALETOL TTAVW OE OXANPA
%o apetoxivnto epmédio. Avtéd Oo amoteAéoet xow Evar PLLxpd TTEEAODILO
0TN LEAETY OAOXANPWOTG OLAPOPLXWY EELCWOEWY oL B eEgtdoovpe oe
ETIOULEVOL XEPAAOLO.

2.1 Kivnom oto Exirwtedo

Yopatidto xveitalr oto emimedo xol 1 0€on Tov TEPLYPhYETAL O Eva
XOPTESLOYO GUOTNLOL CUVTETAYLEVY OTTO TLG CLUVTETOYUEVES (x(1), y(t))
N omolot WG CLYAPTNOY TOL YEOVoL Bivel TNy eElowaon TNG TEOYLAS TOL
owpotdiov. To didvvopo Béang Tov cwpatdiov elval to 7(t) = x(t) T +
y(y) gy, 6oL T xow g elvor Tor povodioio SLavOoULoTo. GTOVG AEOVES T XOL
y avtiotoryo. To Sidvvopa tng ToydTNTog elvat to U(t) = v, (t) T+ vy (t) ¥
61OV

() = dz(:)
valt) = d”;(tt) o (1) = dz—?. (2.1)

83



84 KE®AAAIO 2. IIEPITPA®H THY KINHYHY

H emtayovon d(t) = a,(t) & + a,(t) y Sivetor amd Tig oxéoels

i) = do(ty  d*r(t)

odt dr?

_ dug(t) _ d*x(t) 0 (1) = duy(t) _ d*y(t)
dt dt? v dt dt?

(2.2)

a,(t)

Zyfuoe 2.1: Tooytd xtvntod vAxob anuelov oto emnimedo. Paivovtal Tor StavdopoTo
0gong 7, ToyOTNTOG U O ETTLTAYXVYONG & KO OL OVTLOTOLYES XAUPTETLOVEG OUVTETUYUEVES
OTO ETLASYUEVO GOOTNUO OVOLPOPAG OE Evar ONUELD TNG TEOYLEG.

2ty mopdypoapo owty B vobéoovue dTL pog divovton oL GLYOE-
™oelg (x(t),y(t)). Amo avtég, Tapaywyilloviag cOUPWYO UE TS TP -
TAVW OYECELS, UTTOPOVUE VO TTAPOVULE TNV TAYOTNTO XOL TNY ETULTAYLYOY.
2UOTIOG OGS ELVOL YO YORPOLUE OTTAG TTPOYPAULOTH Tow oTtolor Bor vTTO-
AoYLlovY TIG TIUES TWY CLVUPTNOEWY AVTWY OE EVO XPOVIXO JLACTNUA
[to, t¢] 60U to lva N cpyLx) xpovixn oTyun xon tr n Tehxy). Ot ovvexeig
ovvoptioets x(t), y(t), vL(t), v, (t) Ba mpooeyyilovton amd uto Stoxplth
oxohovBior TLUWDY TWY CLVUPTNCEWY TLS YPOVIXES OTLYUES to, to + Ot, o +
20t,to + 30t, . . ., £TOL DGTE OAEG OL TUUEG to + ndt < tf.

Apyilovpe oyedialovrag to mpdTuTo (template) vig TEOYEAULULATOS
0L O xdveL Tov TTopaTTAvVe LTTOAOYLORS. Kavovtog awtd To oyediooud
TIPOCEXTIXA, TO UOVO Tov Oo pog amaoyoiel xabe @opd mov HBErovue

"Mmopel N peYaAdTEPN ATt TLg TLHEG QVTEG Yo elva UxPOTEEN Ot ty oL N ty vor
un ovumepthopBdvetar oty axolovdio.
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Declare variables

Define fixed parameters (PI....)

4
User Interface:
Get input from user
x0,y0, t0, tf, dt, ...
Print parametersto stdout

v
Initialize variables and other
parameters of the motion
Open datafile

Y

END <

VY YES

Calculate
X, ¥, VX, vy i

Print resultsin data file

Y

t=t+dt

Zynua 2.2: Aoyind Sraypoppor evég TUTTLXOD TTPOYPAUUOTOS TWVY EELOWOEWY X{VNOoTS.

Vo LEAETNOOLUE TNV XLYNGoM VOGS GAAOL xtynTod Bo eivat 1 eLdLxn eap-
Loy TwV eELowoewy xivnong. XTo oyfua Qoivetal To Aoywxo S
yooupor Ty Booiuy AELTOVPYLHY TOL TEOYPAUULOTOS. AvTé pog Bonbaet
Vo EYOVUE ULo ETTOTTTLXY] ELXOVA, OTOY TTPOYPOUUOTILOVUE TLG AETTTOUE-
peteg xot pag PBonbaer vo eAéyEovpe Tt Booxn Aoyixn Tov akydéptbpov
oV O yPMoLpoToLooLEE. XTor 0pHOYWYLY TTOPOAANAGYQOULILOL OHLOYQOL-
(POVUE TLG ONUOVTILXES EVTIOAEG TWY OOULXWY OTOLYELWY TOL TPOYEAU-
RaTog, V) aToug POUBoLg anuetvovpe Tig Staxladwoes (branching
points) ToL TEOYPAULATOG TTOV TTPOXVTITOLY ATt TLG SLYUTES TLUEG LLOG
AoYLXYG TTPOTAOYG. Me YOOUUES EVWOVOLLE TN AOYLXY GELPA LE TNV OTTolx
EXTEAOVYTOL OL SLOOLXOGLEC.

To TTPWTO XOPUATL TOV TTPOYPAULOTOS XAVEL TLG ATTOPOLTNTESG ONAW-
OELS TWY TOTTWY TWY UETAPANTOY Tov Ho ypnorpomowmoovpe. Ay vTtdp-
¥OLY TLOPAUETOOL TTOL TLOLPOLEVOLY GTUOEPES XOTA TN OLAPXELOL TNG EXTE-
Asong Tov TTPOYEGULoTOC (M. ™ = 3.1459 .. ., g = 9.81, xAT), Tic opilovye
£36). X7 GLVEYELR TO TTPOYPOULO OAAMNAETILS P e TO YpTioTn (user inter-
face) xau {nrder tig petafAntéc Topapétpoug Tov xobopilel o ypNoTg:
x0, Yo, to, Ly, 0t.... To TEdYPOUUO TUTTWVEL AVTES TG TLUEG OTO stdout
YLt Vou UTTOPEL 0 YPNoTNG var TG EAEYEEL g TTPOog TNy 0pH6 T XL var
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TLg amobnxedoel Yoo avoopd oto dedopéva Tou. Ilpty Tov xHpLo vTo-
AOYLOUO, O YPNOTNG TEETEL YO SWOEL TLG XATAAANAEG COYLXES TLUES OE
0PLOUEVEG UETAPBANTEG, ELOLXA GTO XPOVO t = ty.

O xbptog vroroytopdg yivetar oe éva Bpdyo (loop) o omoiog exte-
Agitow 600 0 ypovog t < ty. Ymoloyilovtow ov TLpég tng B€ong xow g
ToyotnTog x(t), y(t), v, (t), v, (t) xow ToTWYOVTOL Lall ue To XPOVOo t oE évar
opyelo. ESW Oo xdvovpe ™ onpavtixn yio pog odpoon ot LoppoToL-
Nnon g €E6dov. AvTé elval oNUOVTIXG WOTE VO EYOLUE EVLOLO AOYLOWULXO
ovaALOTG TWY omtoteAsopdtwy. Optlovue o xdbe yoopun Tov apyeiov
OVTOV Ol TTPWTEG TEVTE OTNAEG Vo ELVaL OL TLUEG t, X, ¥, VX, VY. MTopody
YOU DTTAPYOVY %Ol BAAEG OTNAES, aY XPELOOTEL, 0TO €LOLXO TPOPRANUO TTOL
Do peietape, oAA& ol TpwTeg TEVTE Dot elvat TAVTO ALTEG.

A@o? yivel avtd, eldixcvipoaote oto TEOPRANUa oL B peAeTHoOLE.
Ag Bewpnoovpe apyixd ™y TEPITTWON VOGS LALXOV onpeiov To omoio
exTEAEL OUOAN XOXALXY XivNoT. OEWPOVBUE TO ®EVTPO TOL VXAV (X¢, Yo),
™Y axtivo R %ot T Yovlox) TodTTo w Tl elval ol Bootrég TopaLeTEOL
170V TTPOadLopilovy ™V xivnor. H Béon mévw otov xOxAo propel téte va
xoboptotel amd ™ Ywvia 0 OTtwg Qalvetol 6TO oYU @ Oa oploovpe
™Y oEYLXY] Xeovxn ottyun to va eivot 6 = 0.

Zynuoe 2.3: H tpoytd Tou bALx0H onuelov ToL exTEAEL TNV OROAY] XUXALXY] %x(VNom TTOV
vToAoyilet To Tpdypoppo Circle. £90.

‘Etol ou eEiovdoetg mov divouvv ™ 0€om Touv wvnTOL AA&bE YPOVLXN
oTLYUN elva:

z(t) = w0+ Rcos(w(t—tg))
y(t) = yo+ Rsin(w(t —ty)) . (2.3)
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[MoporywyiCovtog wg TPog t TolPYOLELE TNV ToOTNTO

v(t) = —wRsin (w(t —tp))
vy(t) = wRcos(w(t—ty)), (2.4)
XOL TNV ETLTAYLYOY
a,(t) = —w?Rcos (w(t—ty)) = —w?(z(t) — o)
a,(t) = —w?Rsin(w(t —to)) = —w?(y(t) — wo) - (2.5)

A6 TG TOPOTTAYEL EELOWOELS TTOPATNEOVUE TLG YVWOTES YEWUETOLUES
OYEOELG R i=0R=+F—7,0LR 7T EQOUTTTOUEVO OTNY TEOYLA) %O
@ = —w?R (R xou @ avtumwopdhqha, @ L 7).

Mmopobpe tpo vo oxedLAToVUE TN SoUN TwWY SESOUEVWLY YLK TO TTPO-
Yooppa mov Bo ypodovue, n omolor oTNY TEPITMTWOY HOG €lvor TOAD
omtAn. H otabepn ywviox taydtro w Tou ALKV onuelov amobnxed-
eto oty poryportiny] (REAL) petofAnty omega. To %€vTpo TOL ®OXAOL
(zo,Y0), N oxTivar R xow M ywvic 6 avtiotoryody otig REAL petofSAntég
x0, yO, R, theta. Ot ypovixég attypéc ov vmoAoyilovpe ™ OEan xoun
ToOTNTOL TOL AKLYNTOL xBopilovTor amd TIG TOPEAUETPOVS Ly, tr, 0T TTOL
OVTLOTOLYOVY 0TO TTPOYPoUUe. oTlg REAL petafBAntég t0, tf, dt. H tpé-
yovoo 0€an Tov xvnToL (z(t), y(t)) vToroyileTan xa amodnxedeToL GTLG
REAL petofBAntéc x, y xau v ottyptaio Touv toyxdtnra (v,(t), v, (t)) otig
REAL petofAntég vx, vy. Ou dnAwoelg avtég yivovtor atny apyn Tov
TPOYQAULUATOG UE TLG EVTOAEG:

real :: x0,y0,R,x,y,vx,vy,t,t0,tf,dt
real :: theta,omega
real , parameter :: PI=3.1415927

6mov opioape o Ty T Tov T = 3.1415927 pe Tov TPOGSLOPLGUS
parameter.

To StadpaoTind Pe TO XPNOTN XOUUETL TOL TTPOYPGULorTog (user inter-
face) {ntdier o T0 YPHOTN TLG TLHES TWY TIPOUETOWY TTOL TOL BIVOLLE
™) SuYaTOTYTOL Yo TTtPoadLopilet: omega, x0, yO, R, t0, tf, dt. Apywxa
TO TEGYPOUULO TUTIOVEL évar pivopa Ttpotporig (prompt) oto YeNoTy,
TP0oodLoptlovtog TN UETOPANT] Tov {ntéd vo dtofdoet. Avtd yivetol pe
OTAEG print evtoAéc. H avayvwon tTwy Tpoy Twy TopopéTowy YiveTol

*Ooupilovpe oToV avaryvHoTn 6Tt oL petoBAntég REAL povig axpifetog (4 bytes) éxovv
oxpifeto tepimov 7 dexadixddyv Pnelwy.
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omd To stdin pe evtoAég read. A@ol diofocTtoly oL TOPAUETEOL, TO
TEGYPOUUL TUTIDVEL TS TLUES ToL StéfBace oo stdoutf):

)

print *,’# Enter omega:
read *, omega

print *,’# Enter center of circle (XO,yO) and radius R:’
read *,x0,y0,R

print *,’# Enter tO,tf dt:’

read *,t0,tf,dt

print *,’# omega= ’,6omega
print *,’# x0= ’,x0,’ y0= ’,y0,’ R= ' ,R
print *,’# tO= °,t0,’ tf= ", tf,’ dt= ’,dt

21N OLVEYELR, TO TTPOYPaULO BETEL TNV aEYLXY] XATAOoTOOT TWY OES0-
LEVWY WOTE Vo YiveL 0 LTTOAOYLOUOG. ALTO, exTdg amtd To Vo Bl T
TLUY TOL aEYLXOD XPOVoL t = t0, TepltAapPavel xol Bootxd EAEYYO YLo T
VOULLOTNTO TWV TTOPAUETOWY TTOV ELONYOXYE O YPNoTNG. OL EAeyyol elvor
omopaiTnToL, YLoTl, 0TV YOAQPOLUE EVO TTEOYQOUUO, XAVOLUE OPLOUE-
veg vrobéoeig amapaitnreg Yo TV 0p07 AstToLEYIX TOL TTEOYPWUOTOG
TTOL UTTOPEL O YENOTNG A0 OQPAApO 1| &yvola vo. uny €xel oePaoTel.
Otay, Yoo ToEASELYUO, YOAQOLUE TNV €xppoom 2.0%PI/omega, LTOOE-
TOLUE OTL M TLUN TOL omega Eivol LY UNOEVLXY], WOTE Vo YIVEL 1] dLalpeom
XWPELG Yo TTEOXVPEL LOLPOLO CGQAAMLX XOTE TNY EXTEAEGY TOL TPOYPAL-
pnotos. To Tpdypauud Log YLow vou AELTOLPYNOEL OTtWG TO oyedLaoaue Ho
OTTALTNOOVUE Vo Exove R > 0 xat w > 0. Autd B to eAéyEovpe pe
pioe evtoAn if xot, av dev TANPovvTaL oL LTIOHEDELS, OTAUATAUE TEAELWS
10 TEdYPape Ue TNV evTory stopll. To mpdypauua, enione, B avoiket
70 opyelo Circle.dat oto omoio Oo amobnxedoovue TLg LTTOAOYLOKEVES
TLEG NG O€omg xaw TaydTNTOG TOL KLYNTOV.

if (R .le. 0.0) stop ’Illegal value of R’

if (omega .le. 0.0) stop ’'Illegal value of omega’
print *,’# T= °,2.0*PI/omega
open(unit=11,file="Circle .dat’)

Av R < 01w <0, tote exteAodvTOL OL OVTLOTOLYEG EVIOAEC stop Ol

*AuTo Yivetan Yo va amo@evyfody TuTmoYPaPLd A&ON xow Yior Vo eviuepwbel o
XONOTNG YLOL TNV TLUY TTOV TEAYUOTIXE OLEPoseE TO TEOYPOLULOL OTY] UV TOV LTO-
Aoytot. Emiong, odnydvtag to stdout oc éva apyelo oto oxAnpd Sioxo, o yPNoTNg
umopet v amobnxedost Tor dESOUEVO TTOL ELONYOYE YLOL LEAAOYTLXY] CYOPOPR AL YL
XONON OTNY OVEAVON TWV OTTOTEAECUATWY TOL.

Tlopatnpehote Twg dev eAéyEaue OAeC TLg LTIODETELS TTOL XEAVOVUE GTO TTEGYPOLULLOL.
[Mpocbéate eocic TLg avayxaleg GYETIXEG EVTOAEG.
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OTTOLEG OTAPATOVY TNV EXTEAECT] TOU TPOYPAUUOATOS. MeTA TNy €VTOAN
stop PBalovpe (mpootpetind) éva pfivopor 6to YENOTN, WOTE vo EEPEL
YLOTL OTOUATNOE TO TEOYPAUUR, TO OTTOLO TUTTWVETOL GTO stdout OTay
exteAELTOL M EVTOAY stop. Emtiong, vmoAoyilovpe xot TUTHYOLIE TNV TTE-
plodo g xuxAuxng xivnong T = 27 /w. Xty €VTOAY] open eTLAEEQUE TO
unit 11 yia v ypdgovpe oto Circle.dat. H emAoyn tov aptbuod owv-
ToV elvor eAeVbepn YLot TOV TPOYPAUUXTLOTY] TTOV UTTOPEL UE OLOQPAAELR
vo. StohéEet évay omotodrmote aptdud amd 10 éwnc 99.

Topa elpoote oty @EAon mov pumopel va Yivel 0 bTTOAOYLOUOS. AuTo
Bo yiver pe éva Bpdyo tng popeng

t = t0
do while(t .le. tf)

H mpohtn evtody] (tov t deifope xor Topomdve) Béter Ty apytxi Tty
ToV YPOvoL. OL evToAéC TTOL TtEPLXAELOVTOL avapeoa oTo do while (cuvOnxn)
xoi enddo exteAoVdvTaL 600 1 ocLYONxY elvar aAndc. [lpooéEte TNy evToAn

t =t + dt, ywplc ™v omoia o Bpdyog o exteAeitar em’ adpLotov. XT0
eLdLxd TPOPBANLOL TTOL UEAETAWLE, OL EVTOAEG TTOL UTtalvouy o1y B€om Twv
......... vToAoYtCovy 1 B€om xow TNY TAXOTNTO RO TLS TUTIWYOLY GTO
opyeio Circle.dat:

theta = omega * (t—t0)

x = x0+R*cos(theta)
y = yO0+R*sin(theta)
vx = —omega*R*sin(theta)
vy = omega*R*cos(theta)

write (11 .,%)t,x,y,vx,vy

X TOY UTTOAOYLOWO XOENOLULOTIOLOVLE TLG CLUVPTYOELS Sin XOL cos TTOL Elval
xTLoUéveg péoa ot Fortran xow ot omoieg 3€xovton wg dpLopa pia ywvio
pneTpnuévy o radians. XpnoLLOTTOLOOUE TYY EVOLAUEDT LETOPBANT theta
Yio vou vtoAoYioovpe T don 0(t) = w(t—ty). Me ™y evtoAq write (11,%)
Yodpovpe oto opyeio Circle.dat €OVTOG XAVEL TUPATEVW TN GOVOEDT
UE TO unit 11 PE TNV €VTOAN open.

To mpdYpoppor To TTAYUTPOAOYOVUE GTO opyelo Circle.£90. H xo-
TEANEN “.£90” LTOONAWVYEL GTO UETAYAWTTLOTH OTL TO QPYELO TEPLEXEL

*Mepuxol aptBpol pmopet va ypnoLLomolodvToL amd T0 OoTNU Yo EWdLXd opyEio
Omwg A.x. To 5 ylor To stdin, To 6 Yl To stdout ot To 0 YL TO stderr.
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xwOwa ot YAwooo Fortran. o v to petayAwttioovpe xot vo To Toé-
Eovpe, dlvovpe TLg EVTOAEG:

> gfortran Circle.f90 —o cl
> ./cl

Me 10 StoaxdmTn —0 cl S{VOLUE TNV EVTOAY OTO UETOYAWTTLOTY gfortran
VO OVOULBLOEL TO EXTEAETLILO ocpxsioﬁ cl. H 3ebtepn evtory (. /cl) @opted-
VEL TLG LETUYAWTTLOUEVES EVTOAEG OTY] UVNLY] TOU UTTOAOYLOTY] YLO. EXTE-
AEOT. TN OLVEYELN, TO TTROYPOULUA oG {NTaeL Tor OESOUEVO XL EXTEAEL
TOV LTOAOYLOUO. MLar TTANENG TUTILXY] CLYESPLOL EXTEAEGYS TOL TTPOYPAL-
LOTOG OELYVETOL TTOHPOXATE:

> gfortran Circle.f90 —o cl

> ./cl

# Enter omega:

1.0

# Enter center of circle (x0,y0) and radius R:
1.0 1.0 0.5

# Enter tO,tf  dt:

0.0 20.0 0.01

# omega= 1.

# x0= 1. yO0= 1. R= 0.5

# t0= 0. tf= 20. dt=  0.00999999978
# T=  6.28318548

Ov yooppég mouv apyilovy améd “#” TuTWVoVTaL ATTd TO TEOYPOLUR, EVK
oL YooupEg e apltbuolg ywpic ™ “#7 eivar ov apltbuntixég TLpég Twy
TOEUUETOWY TTOV ELOAYEL O XPNOTNG. APOV TANXTPOAOYNOEL Tt OESOUEVXL,
0 YEYNOTNG XOEMOLLOTOLEL TO TTANXTPO Enter yior vou Tal ELOGYEL OTY YN
TOL LTTOAOYLOTY] TTOL TPEYEL TO TTPOYPOUA. Edw w = 1.0, g = yo = 1.0,
R =10.5,1t =0.0, t; = 20.0 xow 6t = 0.01.

To mpoYpOUUa UTTOPELTE YO TO EXTEAECETE TTOAAEG (POPEG YLOL OLOPO-
PETIXEG TUULEG TWV TTOPAUETOWY UE T Bonbeta tov editor. e éva opyelo
pe ovopa A.y. Circle.in ToTWOTE Tor dedouéva oL OEAETE Vo ELOAYETE
0TO TPOYQOULULOL

omega
5 (x0, yo) , R
.01 t0 tf dt

*Qupilovpe 6t av de Pdovpe T0 SLoxdTTN OWTO, TO exTEAéGLUO aipyelo Bo ovopo-
oTel ol TO PETAYAWTTLOTH a.out omtd TPOETLAOYY).
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Ye xabe yoopun tov opyelov BALOLUE TLG TLUES TWY TOOOUETOWY TTOV
otoPéler x&be evtoAn read pe ™ owot) ostpd. Aol diafdost dAeg Tig
TOPAUETPOVS TNG EVTIOAYG read, 1 Fortran aryvoel v vmtéAoLty Yoo .
H emtép.evy evtorn read Oo Srodoet Tor dedopéva amd Lo véor GELPE TOV
opyetov. 'Etot, dimia otig mapopétpoug PBalovpe oxOALo YLOL TO XOENOTN
mov tov Bopilovy T ostpa ov drafalovtor oL petofAntéc. To TE6-
YOO TWEA LTTOPOVIE VO TO TPEEOVIE LE TNV EVTOAN:

> ./cl < Circle.in > Circle.out

H evtoAn ./cl TPEYEL TLG EVIOAES TTOL TIEPLEYOVTOL GTO EXTEAEDLILO OOYELO
cl. To < Circle.in odnyel Ta mepLeydueva Tov apyeiov Circle.in oTo
standard input (stdin) Tov mpoypauportog, eEavoyxdlovtog to cl vo
otafaoer tor dedopévar amd Tto apyelo owtd. To > Circle.out odnyel
70 stdout TOL TPOYPAWLaTOS ¢l oTo pyelo Circle.out Tov OTOlOL TOL
TLEPLEYOUEVOL LTTOPOVULE VO TO SOVUE, aod TPEEOLUE TO TTEOYQOUUL, LE
TNV EVTOAN cat:

> cat Circle.out

Enter omega:

Enter center of circle (x0,y0) and radius R:
Enter tO,tf , dt:

omega= 1.

x0= 1. y0= 1. R= 0.5

t0= 0. tf= 20. dt= 0.00999999978

T= 6.28318548

H FH H oH H H H*

KAetvoope ™y mtopdypapo owty, Tapobétovtog yior SLEUXOAVYOT TOL
OVOYVOOTY OAOXANPO0 TO TIROYQOLLLOL TTOL TTAXTOOAOYNOOLE GTO OPYELO
Circle.£90:

!

!File Circle.f90
!Constant angular velocity circular motion
!Set (x0,y0) center of circle, its radius R and omega.

!At t=t0O, the particle is at theta=0
'

program Circle
implicit none
|

! Declaration of variables

real :: x0,y0,R,x,y,vx,vy,t,t0,tf,dt
real :: theta,omega

real , parameter :: PI=3.1415927
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|

!Ask user for input:
print *,’# Enter omega:
read *, omega

print *,’# Enter center of circle (x0,y0) and radius R:’
read *,x0,y0,R

print *,’# Enter tO,tf, dt:
read *,t0,tf,dt

)

print *,’# omega= ’,6omega
print *,’# x0= ’,x0,’ y0O= ’,y0,’ R= ' ,R
print *,’# tO= ’,t0,’ tf= ', tf,’ dt= ’,dt

!

!Initialize

if (R .le. 0.0) stop ’Illegal value of R’

if (omega .le. 0.0) stop 'Illegal value of omega’
print *,’# T= °,2.0*PI/omega
open(unit=11,file="Circle.dat’)

!

! Compute:

t = tO0

do while(t .le. tf)
theta = omega * (t—t0)

x = x0+R*cos(theta)
y = yO+R*sin(theta)
vx = —omega*R*sin (theta)
vy = omega*R*cos(theta)
write (11.,%)t,x,y,vx, vy
t = t + dt
enddo
close (11)

end program Circle

211 Amewxovion Twv AsSopévmy

Ot Yoo @pLxéc TOPAOTATELS TWY ATOTEAECUATWY TTOV TNPOUE GTNY TEON-
YOOUEV TTHOAYQOPO PEAETWVTOL e TY] Bonbeta ToL TPOYPEOTOS gnuplot.
YrevOvpilovpe 4Tt Tar dedopéva, To TEOYPAUUE Lag Ta amobnxedel 6To
opyelo Circle.dat oe mévte otAeg: H 17 eivor o ypdévog t, n 21 xow 37
Ol OLVTETAYUEVES X, ¥ XOL N 4N %Ol 5Y] OL GUVTETOYUEVES TNG TOYXVTNTOG
vx, vy. To Stoypdppoto z(t) xat y(t) mopdyovtal oo Tig evtorée (tov
divovtor péoo artd to gnuplot) xow pmopeite vo to deite oto (apLotepd)

oo 2.4

gnuplot> plot  7Circle.dat” using 1:2 with lines title "x(t)”
gnuplot> replot "Circle.dat” using 1:3 with lines title “y(t)”
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JAVARE

L L L L L
0 2 a 6 8 10 12 14 16 18 20 0 2 4 6 8

Syfuwer 2.4: To Srorypdppota (z(t),y(t)) (aprotepd) xon O(t) (SekLd) Twv dedopévwy
oL TTEOPAYOVTOL oTtd To TEGYPaUUa Circle.£90 yio w = 1.0, g = yo = 1.0, R = 0.5,
to = 0.0, £y = 20.0 xon 6t = 0.01.

H deitepn evtory (replot) Béler tn dedtepy Ypoupixh Topdotoon poli
UE TNV TTOWTY.

Ag dobpue TP TG UTOPOVUE Vo QTLAEOVUE TN YOOPLXY] TG~
otaon ™G Ywviag 0(t). Avtd UToPOLUE Vo TO XAVOLPE UECO. oTtd TO
gnuplot, YwEIG Vor YOAPOLUE KEATTOLO XALYOVPYLO TTOOYQOUUR, YONOLULO-
TTOLWYTOG Tor Oedopéva péoa amd to apyelo Circle.dat. [lapatnpodue
ot 0(t) = tan~! ((y — vo)/(z — xp)). H ouvptnon atan2 (tov vdEye! xouw
oty Fortran) eivow StaBéorpun oto gnuplotﬂ. [N va Bpodpe TTtdg SovAevet,
yonoLpomolobpe T Bonbelor 6to gnuplot:

gnuplot> help atan2
The ‘atan2(y,x)‘ function returns the arc tangent (inverse
tangent) of the ratio of the real parts of its arguments.
‘atan?2 ° returns its argument in radians or degrees, as
selected by ‘set angles‘, in the correct quadrant.

Apa apxel Vo XOAECOLUE TN CLUVAPTNOYN OWUTY KE EVIOAN TNG LOPPNG
atan2(y-y0,x-x0). Ztny mepintwon pog x0=y0=1, eved ta x,y elvar avti-
otowyoe ot 2n xor 31 otAn xdbe ypopung tov apyeiov Circle.dat.
Qo pTidEovpe pioe XUTAANAY €XPEOOT OTNY EVTOAY using oTo gnuplot,
6T xon ot cehida BY, 6mov $2 eivor N TR T 2Mg xow $3 eivan v
LN TG 3N OTHANG:

gnuplot> x0 =1 ; y0o =1
gnuplot> plot "Circle.dat” using 1:(atan2($3—y0,$2—x0)) \
with lines title “theta(t)”,pi,—pi

"Omtwe %o GAEC oL LoBNUaTiRéC GLVOPTAGELS TTOL LTLEEYOLY GTY LobnUorTiey BLBALo-
0Mxn g YAWooag C. Awate v evtoA] help functions ylo vou Selte oYETIXA.
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H dedtepn evtoAn Sivetar oc pilow Yoopu TnY OTolo OTTACAUE UE TO YO
poxTHOO \ hoTE Vo ywpdet oto xeipevo. TlpocéEte The opioape Tie
TLEG TwV UETOPANTOY x0,y0 péoa 0To gnuplot o TLG YEMOLLOTTOL-
Aoope oty éx@Eaoy atan2($3-x0,$2-y0) avti (LoodVvopa) vo yYed-
Qope atan2($3-1,%$2-1). Eniong, poll pe ™ ypopixn Tapdotoon g
O(t) xGvovpe %ol TLG YOUOLXES TOPOUOTACELS TwY oTodEPWY GLVUPT-
oewy fi(t) =7, fo(t) = —m, dote va eAéyEovpe Tor HPLOL TWY TLUWY TNG
0(t). H petafAnti] pi o7o gnuplot éyet opLouéyn E0WTEQXE TNV TUUH 7.
To amotéAeopa pmopeite vo To deite oo (Sekl) oyAuo 2.4.

Ot oLVLOTWOES TWY ToXLTATWY (U, (t), vy (t)) WG CLYEETNON TOL YPGYOL
X0 ] TPOYLE TOL LALXOD GNUELOL T(t) UTTOPOVY VO OTTELXOVLGTOVY UE TLG
EVTOAEG:

gnuplot> plot  ”Circle.dat” using 1:4 title “v_x(t)” with «
lines

gnuplot> replot "Circle.dat” using 1:5 title "v_y(t)” with «
lines

gnuplot> plot ”Circle .dat” using 2:3 title "x—y” with
lines

H teAevtoio evtoAn Tomobetel T onpeia x,y 070 emiTEdO, OUPOL AVLTA
Bploxovtow otig oTNAeg 2 o 3 avtioToLyo.

KAelvoovpe avtiy Ty Tapdypopo SelyvovTag Twg LTTOPOVUE Vor SOVE
TO DALXO OMULELO YO XLVELTOL XAYOVTAG OTOLYELWOES animation Ue To gnuplot.
Mo to oxomd avtd, Exovpe Eva apyelo animate2D.gnu 0TO GLYOIEVTLXO
AoyLopxd to omoio Ho TpEmeL vou avTLypdETE ETH GTOY XUTAAOYO TTOV
gxete 10 apyelo Twv dedopévwy cog Circle.dat xot amd dmov Ho dw-
OETE XOL TYY EVTOAY gnuplot. Aev eival oxomdg €36 Vo oog eEynoove
e SoLAEVEL, GG TTdC Vo To Yenatporoteitel|. 1o oxfua 2.5 paiveto
70 TeAX6 amotéleopa. Ot evtoAég elvor amAés. Apxel va oploovpe amd
moLo apyeto vo Staéoovpe tor dedopévafl, Tov apyind xp6vo ameLkdVL-
ong t0 Tng TPoYLAS, Tov TEALXO tf xabwg xo To Bripar dt. Ot xpdvor awtol
Oev elvar avaryxn vou eivor ot {8Lol pe awtodg oL PaAape ota dedopéva,
0Ty TEEYOUE TO TPOYPOUe TTov PBploxetar oto apyeio Circle.£90. Ot
EVTOAEG TtoL BivovpE €lvar oL

*AuTé emitpémeTan Yo To xAveETE o Péoa aTo TGy gnuplot av to BéAete.

’AwyoTe TNV €VTOAY show variables yio vo deite Tic oplopéveg petafAntéc oTo
gnuplot.

“Quotxd pumopeite vo deite Tor TEPLEXOUEVE TOL %ol VO LOVTEPETE TG SOVAEVEL,
elval PXeETA oATTAS.

"Mropel va eivon omolodfimote apyeio tov omolov v 17, 21 xat 31 oTHAY €xeL To
XEOVO t xoL T X0 Yy oLVLETWOGES TNG 0€aMg TOL LALXOD oMuElD0 GTO ETITESO AVTIGTOLYAL.
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t= 20.000000 (x,y)= (1.208431,1.454485)
1.6 . ‘ \

14 1

0.6 | 1

04 1

0.2 | 1

0 ! ! ! ! ! ! !
0 0.2 0.4 0.6 0.8 1 12 14 16

Zynuo 2.5: H tpoytd Tov vAtxod onuelo émwg ametxoviletal xébe ypovixn oTypn amo
T0 TMPOYpo U animate2D.gnu TOL OLVOJELTIXOD AOYLOULXOU TOL TEEYEL HEOA OO
70 gnuplot. Qaiveton To diavvopa B€ong kot oToV TITAO TOL SLOYPAUUOTOS N XEOVLXT
oTLYUN t xow awvtiotolym 0€om (x,y). Ta dedopéva eivor amd to TEdYPOp o Circle . £90
TTOL TCEPLYPAPETOL GTO XELUEVO.

gnuplot> file = "Circle.dat”
gnuplot> set xrange [0:1.6]; set yrange [0:1.6]
gnuplot> tO = 0; tf = 20 ; dt = 0.1

gnuplot> load “animate2D .gnu”

H mpwtn evtoAn xabopiler to apyeio amwd dmov 1o animate2D.gnu Ho
otafaoer Ta dedopéva. H Sedtepn opilel Ta dpLar oTOoLG AEOVES = XaL .
H tpitn evtoAn xabopilel Tl mopapétpoug Tou xpdévov Tov bo xpnot-
pomowmBody oto animation (opyLxde, teAixde xar BAua). Kow n tétopty
elvo v EVIOAY Tov “TpEyel” To animation. Av OéAete va EovatpéEel To
animation, apxel vo doeTe TLg OV0 TEAELTALEG EVTOAEG OOES POPES O€-
Aete. Ay, av Oélete vo TpéEete To animation ota (St dedopévar pe
“uton ToyvTnTa’, apxel vo Eavoopioete To dt=0.05, Vo ETOVAPEPETE TO
XOOV0 t0=0 %ol vor SHOETE POVO TLG EVTOAEG

gnuplot> t0 = 0; dt = 0.05
gnuplot> load “animate2D .gnu”
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2.1.2 AAo [Mopodciypota

Ac epoapudoovpe 600 xEvope YLow TNY ATtAN xUXALXY xivnon xow o dto-
(POPETLXA TTapadelyL ot x(ynong oto entimedo. To TpwTo TEOBANUO TTOL
Do TopovoLacoLpE Elvol VTO TOL ATTAOD EXXPEUOVG TTOV EXTEAEL ULXEG
TOAYTWOELS YOPW OTO TNV XATAXOPLPO XOL TTOV QPOLVETOL GTO GYNUO

. H xivnon meprypdpetor amd ™ ypovixn E6pTnon tov povadixol

Zynuee 2.6: To amhd exxpepée Tov omoiov 1 xivnoy yia § K 1 weplypdpetor amd To
TpoYpoupo SimplePendulum. £90.

BoOpod eievbepiog tov cvothpotog, Tg Ywviog O(t). H xivnon eivor
TEPLOSLXT] PUE YWVLOXY oLYVOTNTH w = +/g/l »ow mepiodo T = 27 /w. H
YwvLtoxy Toyd Tt vIToAoYileTo artd T ayéon 0 = df/dt xow Taipvouye:

0(t) = Bpcos(w(t—ty))
0(t) = —wbysin (w(t—to)) (2.6)

Me 116 Topamtdvew oygoelg €xovpe emLAEEEL Tig aip)xEg ouvBTreg O(ty) =

o, O(to) = 0. Nt vou ypdupovpe TLg ELadTELS TNG TPOYLAS GTO XOPTEGLOVO
OVO TN CUVTETAYUEVWY TOV CYNULOTOG @ YOYOLLOTTOLOVUE TLG OYEOCELG

#(t) = Isin(0(1))
y(t) = —lcos(6(t))

o(t) = dg;—?:lé(t)cos(&(t))
v,(t) = dyji—g):lé(t)sin(e(t)). (2.7

Avtéc eivar oL avtiotoyee ebtowoeic tov (2.3) xon @.4) yio v me-
OLTTTWON TNG OROANG XUXALXNG %ivnone. ‘Etotl, o oyedioopdg tov Tpo-
YOORLOTOG YiveTal Ue Topopoto Tpdmo. H teAtxn Tov pope, Ty omoia
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Bploxovpue oto opyeio SimplePendulum.f90 0T0 GLYOSEVLTIXO AOYLOULXO
elvo:

!

!File SimplePendulum.f90

!Set pendulum original position at thetaO with no initial speed
!

program SimplePendulum
implicit none
!

!Declaration of variables
real :: 1,x,y,vx,vy,t,t0,tf,dt
real :: theta,thetalO,dtheta_dt,6 omega

real , parameter ::PI=3.1415927,g=9.81
!

!Ask user for input:
print *,’# Enter 1:
read *,1

print *,’# Enter thetaO:’

read *,thetaO

print *,’# Enter tO,tf  dt:’

read *,t0,tf,dt

print *,°# 1= .1 ,’ thetaO= ’,theta0
print *,°# tO= ’,t0,’ tf= ’,tf,’ dt= ’,dt

il

!

!Initialize

omega = sqrt(g/1)

print *,’# omega= ',omega, T= °,2.0*PI/omega
open(unit=11,file="SimplePendulum . dat’)

|

!Compute:
t = t0
do while(t .le. tf)
theta = theta0*cos(omega*(t—t0))
dtheta_dt = —omega*theta0*sin (omega*(t—t0))
x = 1*sin(theta)
y —1*cos(theta)
vx = 1*dtheta dt*cos(theta)
vy = 1*dtheta_dt*sin(theta)
write (11,100)t,x,y,vx,vy,theta,dtheta_dt
t = t + dt
enddo
close (11)
100 FORMAT(7G15.7)
end program SimplePendulum

Tow pévo onpeio mov Oor emLonuAvoLUE OTOV avoyvwoTn elval 6Tl TNy
emLtéyvvon TNg BopdTTag g ™ BETovpe otabepn ToPdUETPO GTO TEO-
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YOORLO, O XENOTNG LTopel v xafloplosl To Unog Tov exxpepovg | xou
OTL TO OPYELO TWY GESOUEVWY TEPLEYEL EXTOS OTTO TLG OTNAEG 1-5 o G-
Aeg 2 OTLG OTTOLEG UTTOPOVE VaL SOVIE TN YWVLOL X0l OTLYLLOLOL YWVLOXY]
ToryOTNTOL TOL EXXPEROVS. H evtoAy] write(11,100) ypdpel oto unit 11
pe ™ popen (format) ov xabopilet v evtor] FORMAT pe label 100. Avté
vivetow dote tor dedopéva vor TuTtvovtal o pio Yooupn (deite ) ov-

Chnom ot oehida b2).
Mioe ot ovvedpior peAétng Tov TEORAUOTOG cuVOPILETAL TOEX-
w&ol]:

> gfortran SimplePendulum.f90 —o sp

> ./sp

# Enter 1:

1.0

# Enter thetaO:

0.314

# Enter tO, tf ,dt:

0 20 0.01

# 1= 1. thetaO= 0.31400001

# t0= 0. tf= 20. dt= 0.00999999978

# omega= 3.132092 T= 2.0060668

> gnuplot

gnuplot> plot  ”SimplePendulum.dat” u 1:2 w lines t ”x(t)”
gnuplot> plot  ”SimplePendulum.dat” u 1:3 w lines t “y(t)”
gnuplot> plot ”SimplePendulum.dat” u 1:4 w lines t v x(t)”
gnuplot> replot ”SimplePendulum.dat” u 1:5 w lines t “v_y(t)”
gnuplot> plot ”SimplePendulum .dat” u 1:6 w lines t “th(t)”
gnuplot> replot ”SimplePendulum.dat” u 1:7 w lines t “th’(t)”

gnuplot> plot [-0.6:0.6][ —1.1:0.1] ”SimplePendulum.dat” \
u 2:3 w lines t "x—y”

gnuplot> file = ”SimplePendulum.dat”

gnuplot> t0=0;t£=20.0;d4t=0.1

gnuplot> set xrange [—0.6:0.6];set yrange [—1.1:0.1]

gnuplot> load “animate2D .gnu”

To emépevo mPoPAnua Oo eival n peAétn g BoAng LALxOL onpeiov
®OVT& oY emLpAveLa TS YNd oyvowvtag dAec Tic Suvdels TELBYE Tov
oépa. Omtwe yvwpllovpe, 1 Tox L& TOL CWROTIILOL %ot N TOXOTNTE TOV

"TopatnRote Twg GLYTOLEVOOUE TNY EVTOAY “using 1:2 with lines title” pe
v “u 1:2 w lines t”. Autd pmopolpe va to xavovpe pe xébe evtoA oto gnuplot,
opxel Vo DTTEEYEL LOVOSLXY EVTOAY] TTOU VoL TTPOOSLOPLLETOL KE TN GUYTOUEVLOY).

BAMA. § = otaf. xow 7 emiSpoon g Svvaune Coriolis apeintéa.
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dlvovton amd TG TAPUUETOLXES EELOWOELS, LE TTOPAUETPO TO XPOVO

z(t) = wout
1
y(t) = voyt — §9f2
v(t) = vog
vy(t) = woy — gt, (2.8)

6mov éyovpe vmobéael Tig apyixég ovvbixeg x(0) = y(0) = 0, v, (0) =
oz = Vo €08 B xo v, (0) = vy, = v sin 6 GOUEWV ue To oyiua R.7.

<l

0 1 1 1 1 )
b ) 4 6 8 10

Sy 2.7: Boh vAod omueiov xovtéd oty emi@dveto g yng pe x(0) = y(0) = 0,
02(0) = vop = vg cos @ xouw vy (0) = vy, = vosinb.

H Sopn tov mpoypdupatog eivor mapdpoto pe tar Tponyodpevo. O
YONOTNG ELOAYEL TO UETPO TNG QPYLXNG TOYXOTNTOS KXo TN Ywvia 0 o€ uol-
0e¢ Tov oynuatilel ue Ty optlovtia dtedbuvor. Edw maipvovpe to xp6vo
to = 0. To mpdypopuor LTOAOYLLEL TLG Vo, KO Vg, XOL TLG TUTTWVEL GTO
¥eNo™ oto stdout. Ta dedopéva owlovtor oto apyeio Projectile.dat.
To mpdypoppo dlvetor OAOXANEO TopaxdTw xot Bploxetor oto oP)elo
Projectile.f90 tToL GLYVOSELTIXOV AOYLOULXOD.

!
!File Projectile.f90
!Shooting a projectile near the earth surface.
!No air resistance.

!Starts at (0,0), set (vO,theta).
Y

program Projectile
implicit none
!

!Declaration of variables
real :: x0,y0,R,x,y,vx,vy,t,tf,dt
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real :: theta,vOx,vOy,vO

real , parameter :: PI=3.1415927,g=9.81
!

!'Ask user for input:

print *,’# Enter v0,theta (in degrees):’
read *,v0,theta

print *,’# Enter tf . dt:’

read *, tf,dt
print *,’# vO= ’,v0,’ theta= ’,theta,’o (degrees)’
print *,’# tO= °,0.0," tf= ’,tf,’ dt= ’,dt

!

!Initialize
if ( vo .le. 0.0) stop ’'Illegal value of v0<=0’
if( theta .le. 0.0 .or. theta .ge. 90.0) &

stop ’Illegal value of theta’

theta = (PI/180.0)*theta !convert to radians
vOx = vO0*cos(theta)

vOy = v0*sin (theta)

print *,’# vOx = ’,v0x,’ vOy= ’,vO0y

open(unit=11,file="Projectile .dat’)
!

!Compute:

t = 0.0

do while(t .le. tf)
x = vO0x * t
y = v0y * t — 0.5*g*t*t
vx = vOx
vy = vOy — g*t
write (11,%)t.,x,y,vx,vy
t = t + dt

enddo

close (11)

end program Projectile

Mo dtevdAvyoT ToL VYV OTY], OLYOLILE TTEAL TLG EVTOAES [LLOG TUTILYNG

oLVESPLOG LEAETYG TOL TTPOPRANUATOG:

> gfortran Projectile.f90 —o pj

> ./pj
# Enter vO,theta (in degrees):
10 45
# Enter tf 6 dt:
1.4416 0.001
# v0= 10.0000000 theta= 45.000000 o (degrees)
# t0= 0.0000000 tf= 1.4416000 dt= 1.00000005E—-03
# vOx = 7.0710678 vOy= 7.0710678
> gnuplot

gnuplot> plot  ”Projectile.dat” using 1:2 w lines t ”x(t)”
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gnuplot> replot ”"Projectile.dat” using 1:3 w lines t “y(t)”
gnuplot> plot  ”Projectile.dat” using 1:4 w lines t "v_x(t)”
gnuplot> replot ”"Projectile.dat” using 1:5 w lines t “v_y(t)”
gnuplot> plot "Projectile .dat” using 2:3 w lines t "x—y”
gnuplot> file = "Projectile.dat”

gnuplot> set xrange [0:10.3];set yrange [0:10.3]
gnuplot> t0=0;tf=1.4416;dt=0.05
gnuplot> load “animate2D .gnu”

2T OLVEYELDL, G BOVPE TO GV TN OTAY GTO LALXO ONULELO SO OLOAY
avtiotoon armé éva pevoté TS LopQHc F = —mkd, SnA. pLoe SHvoun o
elvor avtibetn pe ™y TadTo o xdbe ypovixn otiypn. O AboeLg Ty
eElodoewy xivnorng

4 _
—
V
oL -mkyv -
%
mg
O 1 1 1 1 )
b ) 4 6 8 10

Zynuoe 2.8: Ot SuvAUELS TTOL KOXOVYTOL OTO CWUATIOL0 TOL OYXNUOTOG @ étay vTo-
Oéoovpe xor ™y VTTOPEN avTioTooNg TOL GEPO OVAAOYYNG TOL ETPOV TNG TOYVTNTOS
F = —mku.

du,,
z = = —k T
a o v
dv
a, = d_ty = —kv,—g (2.9

ue apyxég ovvbnxeg x(0) = y(0) = 0, v,(0) = vo, = vgcosf xaw v, (0) =
Voy = Vo Sin 6 €xovy AOON

ve(t) = wvoge ™

vy(t) = (voy + %) e M — %

o(t) = S5 (1-e™)
1
y(t) = ¢ (voy + %) (1—e™) - %t (2.10)

“0 avoryvihotg xokeitan var amodeifel Tic ektonaoeic (2.10) ooy doxnon.
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Ov e€Lovoelg awTtég mpoypaUpoTi{ovTal UE THEOUOLO TPOTO OTTWG XKoL
OTNV TEPLTTWON TNG ATOLOLAG TNG avTioTaong Tov aépa. H pévn dia-
QOopa. elvaL OTL 0 YPNOTNG eLadyel TN oTtabepd k oto dedouéva xal Qu-
owd M popen Twv cklowoewy. To mpdypaupo Peloxetal oto opyelo
ProjectileAirResistance.f90 0710 cLYOJELTIXO LALXO %o TorpotifeTo
OVTOVOLO TTOLROKATW:

|

!File ProjectileAirResistance.f90
!Shooting a projectile near the earth surface
!with air resistance.

!Starts at (0,0), set k, (vO,theta).
!

program ProjectileAirResistance
implicit none
!

!Declaration of variables
real :: x0,y0,R,x,y,vx,vy,t,tf,dt, k
real :: theta,vO0x,vOy,vO

real , parameter :: PI=3.1415927,g=9.81
!

!Ask user for input:
print *,’# Enter k, v0O,theta (in degrees):’
read * .k, vO,theta

print *,’# Enter tf . dt:’

read *, tf,K dt

print *,'# k = ’ k

print *,’# vO= ’,v0,’ theta= ’,theta,’o (degrees)’
print *,’# tO= ’,0.0," tf= ’,tf,’ dt= ’,dt

Initialize
if( vo .le. 0.0) stop ’Illegal value of v0<=0’
if( k .le. 0.0) stop ’'Illegal value of k <=0’
if( theta .le. 0.0 .or. theta .ge. 90.0) &

stop ’Illegal value of theta’

theta = (PI/180.0)*theta !convert to radians
vOx = vO0*cos(theta)

vOy = v0*sin (theta)

print *,’# vOx = ’,v0x,’ vOy= ’,v0y

open(unit=11,file="ProjectileAirResistance.dat’)
!

!Compute:

t = 0.0

do while(t .le. tf)
x = (vOox/k)*(1.0 —exp(—k*t))
y (1.0/%)*(voy+(g/k))*(1.0 —exp(—k*t))—(g/k) *t
VX vox*exp(—k*t)
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vy = (voy+(g/k))*exp(—k*t)—(g/k)
erte(11 ,*)t ,X,Y,VX,Vy

t = t + dt
enddo
close (11)

end program ProjectileAirResistance
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14l vOxlk
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Tyhua 2.9: To Srorypduporto z(t),y(t) (apLotepd) xow v, (t),0,(t) (SeELd) Twv Sdedopévwy
TTOL TLAPAYOVTOL OTtd TO TTEOYPOUO ProjectileAirResistance.£90 Yyt k = 5.0, vy =
10.0, 8 = w/4, ty = 0.91 xou 5t = 0.001. DaivovTtol xal oL ACOUTTWTEG TWY CLYXPTATEWY

xabog t — oo.

Alvovpe TEAL TLG EVTOAEG ULOG TUTILXYG OLVESPLOG UEAETNG TOL TTPO-

BANpotog:

> gfortran ProjectileAirResistance.f90 —o pja

> ./pja

# Enter k, v0,theta (in degrees):

5.0 10.0 45

# Enter tf ,h dt:

0.91 0.001

# k = B.

# vO=  10. theta= 45.0 (degrees)

# t0= 0. tf=  0.910000026 dt= 0.00100000005
# vOx = 7.07106781 vOy= 7.07106781

> gnuplot

gnuplot> vOx = 10*cos(pi/4) ; vOy = 10*sin(pi/4)
gnuplot> g = 9.81 ; k =5

gnuplot> plot [:][:v0x/k+0.1] 7“ProjectileAirResistance.dat” \

using 1:2 with lines title "x(t)”,vO0x/k

gnuplot> replot ”ProjectileAirResistance.dat” \

using 1:3 with lines title 7y(t)”,\
—(g/k)*x+(g/k**2)+v0y /k

gnuplot> plot [:][—g/k—0.6:] ”ProjectileAirResistance.dat” \
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With air resistancé k=5.0 ——
No air resistance k=0.0

25 | 1

15 1

05 | 1

ot ! ! ! ! !
0 2 4 6 8 10 12

Syuor 2.10: O tpoytés twv BAuatwy Tov BaArovtor pe vy = 10.0, § = 7/4 étav Sev
VTTEPYEL avTLoTooY TOL OEPa xo dTay LTaEYeL Le k = 5.0.

using 1:4 with lines title "v_x(t)”,0

gnuplot> replot "ProjectileAirResistance.dat” \
using 1:5 with lines title "v_y(t)”,—g/k

gnuplot> plot "ProjectileAirResistance.dat” \
using 2:3 with lines title "With air resistance k=5.0"

gnuplot> replot ”Projectile . dat” \
using 2:3 with lines title ”No air resistance k=0.0"

gnuplot> file = "ProjectileAirResistance.dat”

gnuplot> set xrange [0:1.4];set yrange [0:1.4]
gnuplot> t0=0;t£=0.91;dt=0.01
gnuplot> load “animate2D .gnu”

‘OTtwg xol TAPATTAVE SLTAWOAUE TLG EVIOAEG TTOL O YwpEovoay oe dLO
Yooppés. Oploope Tig petaffAntéc gnuplot vOx, vOy, g xot k vo €xovy
TLG TLLEG TTOL YEYOLLOTIOLNOAUE OToY TPEEOE TO TTPOYPOpUo. MTTopodpe
ETOL KOl XUTOOXEVALOVYE TLG AOVUTITWTES TWY ouvapTrioewy| | To aro-
teéopota paivovtal oo oyfuota 2.9 xon R.10.

To teAevtaio mopddetypo mov Oo peAeTNOOLUE OTNY TOPAYEOPO
o TY ElVaL D TO TOL AVLGOTPOTIOL CPLOVIXOD TOAOVTWTY. AUTO lvat Eva
VALXG onueio vTtd TNy emidpoon Tng SVVaUNG

F, = —mwiz F, = —mw3y (2.11)

POupilovpe oToV ovoYVWoTn OTL N aveEdpTNTN LETOBANTY 0TO gnuplot eivor n x
oTt6 TPOETLAOYY).
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6mov oL “otabepéc Twv eAatnEiwy” ki = mw? %ot ky = mw? eivor dtoupo-
peTxég aTig dVo opboywvieg xatevbdvaoelg Tov opilovTol aTd TOLVS KO-
teatavolg dEoveg = xon y. Ov AboeLg Twy eElowaoewy avutwy yia z(0) = A,
y(0) =0, v,(0) = 0 %o v,(0) = wyA elvort

x(t) = Acos(wit) y(t) = Asin(wst)
v (t) = —wiAsin(wit) Uy (t) = wo A cos(wat) . (2.12)

Mo opLopéveg oyéoelg LETOED TV XUXALXWY GUYVOTNTWY Wi XL Ws OL
XOAUTTOAEG TWY TPOYLWY TOU LALXOU OMUELOL Elvoll XAELOTEG KO UTOTE-
UYOVTOL OE €Var CUYXEXPLUEVO 0plOUd amd onueio. Ao oprioovue Tov
oVaYVWOoTN Yo BpeL TIg OYEOELS OUTEG oL Vo TLG ETLPEPaLoEL amtd T
opLuntixd amoteAéopata Tov Ho TEOXLYOLY ATTO TO TAPAKATL TTEO-
Yooppa, To omolo PBploxetor oto opyelo Lissajoux.£90 0T0 oLYVOSELTLXO
AOYLOWLXO.

!
!File Lissajous.f90
! Lissajous curves (special case)

1x(t)= cos(ol t), y(t)= sin(o2 t)
!

program Lissajous
implicit none
!

!Declaration of variables
real x0,y0,R,x,y,vx,vy,t,t0,tf, dt
real ol1,02,T1,T2

real , parameter :: PI=3.1415927
!

!Ask user for input:

print *,’# Enter omegal and omega2:’

read *,01,02

print *,’# Enter tf dt:’

read *,tf,dt

print *,’# ol= ’,ol, ’ 02= ’,02

print *,°# t0= °,0.0,° tf= ’,tf,’ dt= ’,dt
!

!Tnitialize

if (01.1e.0.0 .or. o02.1e.0.0) stop ’omegal or omega2<=0’
T1 = 2.0*PI/ol

T2 = 2.0*¥PI/02

print *,°# Ti= °,T1, > T2= ’,T2
open(unit=11,file="Lissajous.dat’)

!

!Compute:
t = 0.0
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do while(t .le. tf)

x = cos(ol*t)

y = sin(o2*t)

vx = —ol*sin(o1*t)

vy = o02*cos(02*t)
write (11 .,%)t,x,y,vx,vy
t = t + dt
enddo

close (11)

end program Lissajous

270 TopaTdvw TEOYpaupo Exovue Béosr A = 1. O ypNotng eLoayeL
TLG 000 CLYVOTNTEG Wi XOL Wy XOL TOLG OVTLOTOLXOLG YEOVoLs. EdxoAa
LTTOPOVUE VO TO UEAETVOOVUE UE TLG EVTOAEG

> gfortran Lissajous.f90 —o 1sj

> ./1sj

# Enter omegal and omega2:

35

# Enter tf, dt:

10.0 0.01

# ol= 3. 02= 5.

# t0= 0. tf= 10. dt= 0.00999999978

# Ti= 2.09439516 T2= 1.2566371
>gnuplot

gnuplot> plot  ”Lissajous.dat” using 1:2 w 1 t "x(t)”
gnuplot> replot "Lissajous.dat” using 1:3 w 1 t “y(t)”
gnuplot> plot  “Lissajous.dat” using 1:4 w 1 t "v_x(t)”
gnuplot> replot ”Lissajous.dat” using 1:5 w 1 t "v_y(t)”
gnuplot> plot ”Lissajous.dat” using 2:3 w 1 t ”"x—y for 3:5”
gnuplot> file = ”Lissajous.dat”

gnuplot> set xrange [ —1.1:1.1];set yrange [—1.1:1.1]
gnuplot> t0=0;t£=10;dt=0.1
gnuplot> load “animate2D.gnu”

210 oynuo JELYVOLUE TO ATTOTEAECLOL YLOL TNV TPOYLA TOU OLOVLUE-
TEOL CPULOVLXOV TOAOVTWTN KE Wi = 3 XOL Wy = 5.

2.2 Kivnon oto Xwpo

2y Tapdypo@o auty Ho xdvoovpe plta amAn yevixevoyn twv pehodwy
IOV TEPLYPAPOULE GTLS TTPONYOVULEVESG TTAPXYPAPOUVGS YLOL VO LEAETHOOVUE
™Y xivnom evég LALXOD cLWROTLELOL 0TO YWPEO. Ot Léveg aAharyég oL Oa
xavoupe, o elvar n TPooOun pLog oaxdpo eELowamg YLO T CUYTETOYLEYT]
z(t) xo ™ ovveTWoo TNG TOXOTNTOG v, (t) %o v pébBodog amelxdviong
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t= 6.400000 (x,y)= (0.949047,0.509265)

05 |

Zynuo 2.11: Ou TpoyLd ToUv ACOUUETOOV APUOVLXOD TOARVTWTY UE w1 = 3 KoL wy = 5.

TWY TPOYLWY oTo gnuplot. Ta mpoypdppata mov Ha ypdovpe Oo €xovy
TOEOUOLO QoYY UE OVTA TTOL YPAPOUE YLa TNV XIVNon owpaTtdiov 6To
emimedo.

To mpwTto Ttopddetypa ov Oo eEetdoovpe elvorl TO xWYLXO EXXPEUES
Tov oyfuatos .12, Avtéd wveiton oto eminedo zy pe otabepy| ywviou
ToryOtnTo w. O eEtovyoetg xivnong divovton amd Tig oxEoeLg

T, =Tcosf = mg T,, = Tsinf = mw’r, (2.13)
610V QUGG T = I sin f. AbvovTag Tic TapaTdvw eklowaeid | Boioxovye:

x(t) = rcoswt
y(t) = rsinwt
z(t) = —lcosb (2.14)

OTTOL OTLE TTUPATIAV AYTLXOOLGTOVUE TLG TLUES

g
0 = =
cos "l
sinf = V1 —cos20
g sind
= 2.15
" w? cos b ( )

*Duotxd emAéyovtog Tig XaTdMAeS apyixég ouvbixeg (Yoddte Tic...).
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mg

Syfpon 2.12: To xwvixd exxpepéc Tou TEOYEALLoTog ConicalPendulum. £90.

Mo tig Ty TTeg Exovpe

v, = —rwsinwt
vy = Twcoswt
v, = 0. (2.16)

AT6 Ta TOPOTTAV TTPOXVTTTEL OTL

W 2 Wmin = \/ga (217)

%ol 6t xabdg w — oo, O — /2.

Y10 mpdypappo ov Ho yodpovpe o xpNotng dlvel TG TOEUUETPOVS
[ xo w, Tov TEAXS Ypb6vo t; %o To Brpe xpdévou ot (Taipvovue to = 0).
H obpPoon yra tv €£030 Ty 3ed0pEVmY amtd To TEOYPOUUO ELvaL OTL
YOOOVTOL O Eval aPYELD, it YOOLUN OVA YEOVLXY] OTLYWUY), 6TTov oL 7
TEWTEG OTNAEG Elvall oL TLEG TwY &, T, Y, 2, Uy Uy XOL v,. Emetdn 7
Yooppn elvor peydin xon de Bélovpe va 11 oméoet n Fortran, divovpe
™Y XOUTAAAMAY €vTOAY] FORMAT. Acgite tn ovltnon oty oeAida . To
TPOYPaUUO TTopaTiBeTon TorpadTw:

K
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!File ConicalPendulum.f90

!Set pendulum angular velocity omega and display motion in 3D
!

program ConicalPendulum
implicit none
!

! Declaration of variables
real :: 1l,r,x,y,z,vx,vy,vz,t,tf, 6 dt
real :: theta,cos_theta,sin_theta, omega

real , parameter :: PI=3.1415927,g=9.81
1

!Ask user for input:

print *,’# Enter 1,omega:
read *,1,omega

print *,’# Enter tf , dt:’
read *,tf, dt

print *,'# 1= |1 ,  omega= ', omega
print *,’# T= ’,2.0*PI/omega,’ omega min= ’,sqrt(g/1l)
print *,’# t0O= ,0.0," tf= ’,tf,’ dt= ’.,dt

!

!Initialize

cos_theta = g/(omega*omega*1)

if ( cos_theta .ge. 1) stop ’‘cos(theta)>= 1’
sin_theta = sqrt(1.0—cos_theta*cos_theta)

z = —g/(omega*omega) !they remain constant throught
vz= 0.0 !the motion
r = g/(omega*omega)*sin_theta/cos_theta

open(unit=11,file="ConicalPendulum.dat’)
!

!Compute:
t = 0.0
do while(t .le. tf)

x = r*cos(omega*t)

y = r*sin(omega*t)

vx = —r*sin (omega*t)*omega

vy = r*cos(omega*t)*omega
write (11,100)t.,x.,y.,z,vx,vy,vz
t = t + dt
enddo

close (11)

100 FORMAT(20G15.7)
end program ConicalPendulum

[N vo 1o peTaryAwTTLOOVUE RO YO TO TPEEOVIE, XAVOVUE TO YVWOTA:

> gfortran ConicalPendulum.f90 —o cpd
> ./cpd
# Enter 1,omega:
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1.0 6.28

# Enter tf ,h dt:

10.0 0.01

# 1= 1. omega= 6.28000021

# T= 1.00050724 omega_min=  3.132092

# t0= 0. tf= 10. dt= 0.00999999978

To amoteAéopota Ho to Bpodue oto apyeto ConicalPendulum.dat.
[ vor Sodpe TLg YOOPLXES TTOPATTATELS TWY GLYOPTNOEWY x(t), y(t), 2(t),
U5 (), vy (1), v.(t), exTENOVUE TLG YVWOTEG EVTOAEG U€oal ot TO gnuplot:

> gnuplot

gnuplot> plot ”ConicalPendulum.dat” u 1:2 w 1 t "x(t)”

gnuplot> replot ”ConicalPendulum.dat” u 1:3 w 1 t "y(t)”

gnuplot> replot “ConicalPendulum.dat” u 1:4 w 1 t "z(t)”

gnuplot> plot ”ConicalPendulum.dat” u 1:5 w 1 t v x(t)”

gnuplot> replot “ConicalPendulum.dat” u 1:6 w 1 t ”V_y(t)”

gnuplot> replot ”ConicalPendulum.dat” u 1:7 w 1 t "v_z(t)”

To amoteAéopato Qailvovtal 6To oYU .
! T T T s e
SO “g\"‘ N “{\‘f‘ “/\r S zé'%\‘;; L e g\i:i, |
e L
S T R R B NIt A e
T RS e Y A
02| ;\‘13‘ 1\“:‘\“;:‘::“:" :‘:““‘\“:‘\““‘;“““‘\“‘:w“;\:\‘““‘\
AR \J‘:\w‘ i ‘\;H»‘, Ll e

RN taEnua T T
o2l |1 ““;‘;\1\\ “‘:\:\1\‘ | RIEARE IR \“““ ““;\H‘ww |4
R R R R R T St I ST E R R R R R F R R ER R

R ERN AR IR AR R R NIRRT IRE FRERE AR ENE PR ARV
“TO Ve
70.67“‘1“1\1““““‘;\:“““ R RERE 7‘\““‘ b \‘L A L
.QB,H L\f “‘i H L‘H‘ H H‘ ‘\{ H H 76—\}}” ‘J* U \v‘/‘ ‘\/‘ \‘\/ l\/ Voo \\/
110 0

Zynuo 2.13: Ou YOOPLUES TOPAOTACELG TWY OUVAPTYOEWY

x(t),y(t), 2(t), vu(t), vy (t), v, (t) TpOYEGUUATOG ConicalPendulum.f90 Yyt w = 6.28,
=10

[No voo dodpe ™y TELOSLAOTATY TPOYLA GTO YWEo, Oor ypmnotpomon-
OOULUE TNY EVTOAY] splot 6To gnuplot:

gnuplot> splot “ConicalPendulum.dat” u 2:3:4 w 1 t "r(t)”

To amotéAeopa @aiveton 610 oyAue R.14. Mmopobue va xévovpue xAux
TAV® GTNY TPOYLA XOL VO TTEPLOTEEPOVUE TNV XAUTIOAY, WOTE VoL T1 SOOUE
otd OLOUPOPETLXEG OTTLXES Ywviec. Mmopolue vor oAAGEovue Tor dpLo




2.2. KINHXYH XTO XQPO 111

] GROpIot(Windowsid SR07) = ==
Ble#x@aaal »?

r(t)

‘wew: 55.0000, 62.0000 scale: 1.00000, 1.00000

Syfuor 2.14: H yoapun mopdotoon g tpoxtds 7(t) Tov bAxob onueiov Tov TEO-
Yodupotog ConicalPendulum.£90 yior w = 6.28, | = 1.0. Qaivetar to Topdbvpo Tov
gnuplot OTTOL PTOPOVUE YO XAVOLUE XALX TIAVEW GTNY TEOYLE 0L YO TTEQLOTEEPOVUE
NV HOUTIOAY], WOTE Vo TN O0VUE OO OLOPOPETIXES OTTIXEG Ywviec. KdaTtw aplotepd
BAéTovpe TV omtTixy) dtedbuvay ov divetal aviioTolya omd Tig Ywvieg § = 55.0 poi-
pec (yovio pe dEova 2) xo ¢ = 62 poipeg (Yovio pe dEova ), duota e TLg GPOLELKES
ovvTeTOYHEVES (6, ¢).

oTovg GEoveg 0pllovTag ToL PNTA 0TV EVTOAY] splot:

gnuplot> splot [—1.1:1.1][-1.1:1.1][-0.3:0.0] \
”ConicalPendulum .dat” using 2:3:4 w 1 t "r(t)”

270 oLYOSELTLXO AOYLOULXO TIEPLXAELETOL KoL TO 0PYELO animate3D. gnu
LE TO OTTOLO LTTOPOVUE VoL XAYOLPE OTTAG animations Tng TEOYLAG TNg xi-
YNoMG EVOS LALXOV OMUELOL GTO XWEO. OL EVTOAES TTOL TTPETEL VO SLTOVILE
elvo aVAAOYEG LE AVTEG TTOL JLVOUE OTNY TTEPLTTWOY TOL animate2D. gnu
UE TN LOVYN SLopopd OTL XAAD (VoL VOu OPLGOVIE TO OPLO XOL GTOY GEOVOL
TV 2. [tor voo Sovpe Ty TPOYLE TOL XWYLXOV EXXPEUOVGS OTTO To OEDOUEV
TIOL TLOPAYEYAUE TTOPATIAVW, SIYOLUE TLG EVTOAEG:

gnuplot> set xrange [ —1.1:1.1];set yrange [—1.1:1.1]
gnuplot> set zrange [—0.3:0]
gnuplot> t0=0;t£f=10;dt=0.1

gnuplot> load “animate3D .gnu’

)

To amotéheopa to BAémovpe o7o ayfua R.15. Tlepitté va mode mtwe o
Tpdypop o animate3D. gnu UTOPEL Vo ypnotpomolnbel Tavw os omoto-
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t= 10.100000 (x,y,z)= (0.964311,-0.090732,-0.248742)

0.05 |
0.1 -
2015
0.2 -
0.25 |
0.3 -

Syquoe 2150 H  tpoypd  #(t) Ttouv  LAOD  oMueEioL  TOL  TPOYPGUUATOG
ConicalPendulum.f90 v w = 6.28, | = 1.0 dmwg @oivetal UE TO TEOYEOULLO
animate3D.gnu. Xtov TiTA0 BAETOLUE TNV TEEXOLOA YPOYLXY OTLYUN XL TLG CUVTETOY-
UEveg Tov LALXOV ompuelov.

dNmoTE oPYELO TTOL TTEPLEYEL DEDOUEVDL TNG LOPPNG t X ¥ Z OTLE TTPWTES
T€00€PLS OTNAEG TOL. ATTAG aAA&Lovpue TN TLun NG LETaBAnTYg file 0TO
ovop.a Tov apyeiov Tov Ho peretrioovpe. ‘Omwg xot Le To animate2D. gnu
UTToPOVUE Vo dAAGEOLUE VO OTtoLeg otd Tig LeTtofAntég file, t0O, tf,
dt elvor avoryxolo oLy emovaAaBoovpe To animation pe Ty €vtoAn load
"animate3D.gnu".

21N oLVEYELD, Do LEAETYIOOLE TNV TEOYLA EVOG POPTLOUEVOL GWLO-
TSiov ToL ELoépYETAL OE évar OUOYEVEC poywTixd Tedio B = B2 1
ooy otiyun top = 0 ard ) Béon 7y = 20T pe ToxdTNTO Ty = VoY + Vo5 2
0TS POLVETOL GTO TYNULO . 270 opTio eEaoxeital amd To poryvn-
6 Tedio 1 Sdvoun Lorentz F = ¢(Tx B) = qBvyz—qBv,y. Ot eElotdoetg
xivnong eivor

dv, qB
Ay = —— = WU w=-—
dt v m
dv,
a, = —> = —WuU,
v dt

a, = 0. (2.18)
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A
A G
B
VOZ VO
X % v
0 > VOy
/ y

X

IZxnuo 2.16: Xowpatidio ) ypovixn ottyun to = 0 ot Béom 7y = zot pe ToxdTNTO
To = oy + V0.2 H€OQ OE OUOYEVEG UoryvnTixd medio B = BZ.

OAoxANPYVOVTOG TIG TTOPATAVL €ELOWOELS xoil AapBavovtoag LTTOYN TLg
opyLxég ovvbnueg Talpvovpe

v, (t) = wp,sinwt
vy(t) = woycoswt
v,(t) = wos. (2.19)

Me pia oaxépo ohoxAnpwon maipvovue ™ HBEon Tov cwpoatidiov os ov-
VEETNON LE TO YPOVO

x(t) = <xo + @) — 2% coswt = T cos wt
w w
v v
y(t) = Lsinwt=—zosinwt pe z) = ——2
w w
z(t) = wvot, (2.20)
OTIOL XAVOUE TNV ETUAOYN To = —Vpy /W YL VO XAVOULUE TO XEVTPO TNG
XOXALUNG TEOYLAG VO GUUTILTITEL E TNV 0 EYN TwV aEOVwY. To yewueToL®o
OYNULO TNG TEOYLAG Elval plor EALxor e oxTivoe R = —xg ot Papa ve, T =

21, w.

Me ta mopamdvew eivor edxoAo TwEa vor Yoapovue Evar TTROYOOULLOL
TTOL YO LTTOAOYLLEL TNV TEPOYLA TOL TAPOTTAVEL POoETLOL. Ol TOHPAUETOOL
ov Bo etodyel 0 YPNoTNG lvot TO LETPO TNG TAXOTNTOS Vg, TN YwVio 6
oe poipeg (BA. oyfuo ) xow ™ ouvotnta w. [popavog Ba €xovpe
Voy = Up €os  xouL vy, = vp sin . H apyixn) 6€om voroyileton téte amd Ty
xo = —vpy/w. To TEdypappo Sivetor aLTOVOLO TTHEOXATW AL UTTOPELTE
vou To Bpeite 0T0 apyelo ChargeInB.f90 0T0 GLVOSELTIXO AOYLOULKO:
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!
!File ChargelnB.f90

!A charged particle of mass m and charge q enters a magnetic
!field B in +z direction. It enters with velocity
'vOx=0,v0y=v0 cos(theta),v0z=v0 sin(theta), O<=theta<pi/2
!at the position x0=—v0Oy/omega, omega=q B/m

!

!Enter vO and theta and see trajectory from

1t0=0 to tf at step dt
!

program ChargeInB
implicit none
!

! Declaration of variables

real :: x,y,z,vx,vy,vz,t,tf,dt
real :: x0,y0,z0,v0x,v0y,v0z,v0
real :: theta,omega

real , parameter :: PI=3.1415927
!

!'Ask user for input:
print *,’# Enter omega:
read *,omega

print *,’# Enter vO, theta (degrees):
read *,v0,theta

print *,’# Enter tf . dt:’

read *,tf,dt

print *,’# omega= ’,omega , T= ’,2.0*PI/omega

print *,’# v0= > vO0, * theta= ’,theta,’o (degrees)’
print *,°# t0= 7,0.0, T otf= TLtf, 7 dt= 7,4t

il

Initialize
if (theta.1t.0.0 .or. theta.ge.90.0)stop ’'Illegal 0<theta<90~’

theta = (PI/180.0)*theta !convert to radians
vO0y = vO*cos(theta)

vO0z = vO0*sin(theta)

print *,’# vOx= ’,0.0,’ vOy= ’,v0y,’ v0z= ’,v0z
x0 — vOy/omega

print *,’# x0= ’,x0, ’ yO= ’,0.0,” z0= ’,0.0

print *,’# xy plane: Circle with center (0,0) and R= ’,ABS(x0)
print *,’# step of helix: s=v0z*T= ’,v0z*2.0*PI/omega
open(unit=11,file="ChargeInB.dat’)

!

!Compute:
t = 0.0
vz = v0z
do while(t .le. tf)
x = x0*cos(omega*t)

y = —x0*sin (omega*t)
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z = v0z*t
vx = vOy*sin(omega*t)
vy = vOy*cos(omega*t)
write(11,100)t,x,y,2z,vx,vy, vz
t = t + dt
enddo
close (11)

100 FORMAT(20G15.7)
end program ChargeInB

[Mapabétovpe €d¢) TLg EVIOAEG ULOG TUTILUNG GLYESPLOG T ATTOTEAETUOTOL
¢ omotog delyvovtor 670 oYfue 2.17 xo 6To GYHU .

35 T T T T T T T T T 1

1 2&7*; °$$\ ﬂ ;ﬂ f Fﬂ ;ﬂ Jﬂ Jﬂ  ﬂé§ﬁif

| AV e
j ] (1t /* ik M
AN AR A

i ] ‘;\;\i\ﬁ\}“‘;\;w“‘;‘f‘f‘\‘!‘\‘\1‘\:3}‘:\;‘3‘5;:
IS, .“1; \ \// \/ 1\/ I

7N

05 L L L L L L L L L a L L L L L L L
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

o 2.17: Ou YOOPL®ES TOPAOTAOELG TWY OLVOPTYOEWY
z(t), y(t), z(t), vy (t), vy (t),v.(t) TOL TEOYP&ppoTOg ChargeInB.f90 Yo w = 6.28,
xo = 1.0, 6 = 20 poipeg.

> gfortran ChargeInB.f90 —o chg

> ./chg

# Enter omega:

6.28

# Enter v0O, theta (degrees):

1.0 20

# Enter tf , dt:

10 0.01

# omega= 6.28000021 T= 1.00050724

# v0= 1. theta=  20.0 (degrees)

# t0= 0. tf= 10. dt= 0.00999999978

# vOx= 0. vOy=  0.939692616 vOz=  0.342020124
# x0= —0.149632573 y0= 0. z0= 0.

# xy plane: Circle with center (0,0) and R=  0.149632573
# step of helix: s=v0z*T=  0.342193604

> gnuplot
gnuplot> plot  ”ChargelnB.dat” u 1:2 w lines title ”x(t)”
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gnuplot> replot ”ChargelnB.dat” u 1:3 w lines title 7y(t)”
gnuplot> replot ”ChargelnB.dat” u 1:4 w lines title 7z(t)”
gnuplot> plot  ”ChargelnB.dat” u 1:5 w lines title “v_x(t)”
gnuplot> replot ”ChargelnB.dat” u 1:6 w lines title “v_y(t)”
gnuplot> replot ”ChargeInB.dat” u 1:7 w lines title “v z(t)”
gnuplot> splot ”ChargelnB.dat” u 2:3:4 w lines title "r(t)”

gnuplot> file = ”ChargelnB.dat”

gnuplot> set xrange [—0.65:0.65];set yrange [—0.65:0.65]
gnuplot> set zrange [0:1.3]

gnuplot> t0=0;tf=3.5;dt=0.1

gnuplot> load “animate3D .gnu”

t= 3.500000 (x,y,z)= (0.149623,0.001671,1.197069)

Synuo 2.18: H tpoyté 7(t) Tou bAxod opelov Tov TEOYEAUUOTOG ChargeInB.£90 Lo
w = 6.28, vg = 1.0, § = 20 poipeg émwg Qaivetor pe to TEdYpOUUa animate3D.gnu.
270V TiTAO PAETTOVUE TNY TEEYOLOO YPOVLXY] OTLYWY] XOL TLS OUYTETAYILEVES TOL LALXOV
onpeiov.

2.3 Kivnon pet’ Epmodimy

2y Tapaypo@o outy Ho pueAetioovpe ™y xivnom evog owuatidiov 1
omolo etvort eLOVYPOUUN KoL OUOAY] OE TIETEPAUTUEVOL OLUTTAULOTA, OAAG
OE OUYXEXPLUEVO ONILELO TOL YWPOL EYOVIE EAXTTLXYN XPOVOY| GE €Vl TOL-
youpo opetaxivto xal adtamépooto. H xpodon avty Oa dodpe ot mte-
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pLypdpeTal amd Toug akyopLiuovg ov o TpoypappaTicovpe TOOCEY -
ytotixe. 'Etot, O peAetqoovpe yiow TEWTY QOPE To CLOTNUOTIXA TQPAA-
QLOTAL TTOL ELOAYOVTOL OTtd TOLG aAYOPLOLOVS TTOL Xpnotuonouoéuaﬂ,
OTAY OTLEYVOULUE EVOL [LOVTEAO YLOL TO GUGTNLOL TTOL UEAETALE.

2.3.1 To Movodtaostoto Kovtt

To 1o amAd mopddetypo ov Bo peAetnoovpe eivor 1 xivnon evég ow-
potidiov og éva “povodidatato xoutl”. To cwpdtio xveital eAebiepa
TV 0TOY AEova Twv x oto Stdotua 0 < = < L émwg @oivetol oTo
oYU . Otav @Tdvel otor dxpo TOL SLUCTAULNTOS, AVOXALTOL OTO
TOLYWUOTO XOL N TAXOTNTA ToL avaoTeépetal. H duvautxy tov evépyeta

elvo
0 O<z<L

Viz) :{ too o0 (2.21)

TT0V €YEL oo evig ameLpdfBabov Tnyadtod duvouixod. H dvvopun F =
—dV (z)/dz = 0 péoo. aTo %0LTL, GTTOL TO CWUATLO xLVE(TOL EAEVDEPL, XOL
F = 400 ot TOLYOROTO, OTTOU OVoxAdTOL.

Zynuoe 2.19: Lwpatidio oc LovodltaoTtato xouti Ue Torxwuata oto x =0 xot x = L.

To obotnua elvor TOAD amAd. Apxel vo dvyoovpe Ty apyLxn 0€omn
TOL CLWPATLSIOL Ty %o TNV EYLXA TOL ToVTNTR vy (To TEdoMUS TNg
dMAVEL xow TNy apyLxy xatebbuvon xivnong). Oco de cuyxpoleTol pe
T ToLYWpoTa M xivnom eivar evbBdypoppun kol opoAn xot Loybovy ot
OTTAEG OYEOELG

Qf(t) = X9+ Uo(t — to)
v(t) = wg. (2.22)

"Kow o7Ttg Tponyodueveg oporypdpoug bTiYe (txpd) cLOTNUOTIXG OQAAUO OTOL
CUOTAUATO TTOV UEAETNOAUE, TO OTTOLO OPELAGTAY OUWG OTO TQEAALOTO TwY oPLOUNTL-
xWY TPAEEWY TTOL EXTEAODOE O VTTOAOYLOTVG - AVATIUPACTOOY] TTOXYULOTLXWY, axplBeto
TPAEEWY ®YNTAG LTIOSLAGTOANG ¥ATT. OL aAydpLOpoL fitay “oxpiBeic .
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Eriong vyt omoltadnmote petafoAn tov ypdvov 0t, €ToL OTE Vo PNy
VTTEEYEL OOYXPOVON UE TOL TOLYWUOXTO LETO OTO X POVLXS SLtaotnue (t, 1+
t), woyoet (axoBac, byl TPOoEYYLoTLXA)

x(t+0t) = x(t) +v(t)dt
v(t+0t) = w(t). (2.23)

Oa LToPOLOAUE AOLTTOY YO Y ONOLLOTIOLIOOVUE TLG TTOLPOTTAVW OYXETELS YLOL
vou YO&POULUE TO TTROYQOULUA LUOG XOL OTOY TO GWUATLO GUYXPOVETAL UE
XATTOLO OUTTO TOL TOLYWULOTOL VOL AYTLGTREPOLE TNV TorxVTNTo: v(t) — —v(t).
H myn twv SuoxoAlwy pag xpbetor ot AEEN “Otav”’. Aol otov vTo-
AOYLOTY] TO XEOVLXO OLAOTNUO Ot ELVOL OVOYXOOTIXA TIETTEQOOUEVO OEY
LTTOPOVUE VO EVTOTILOOVLUE T7 YEOVLXY] OTLYKY] TNG OOYXQPOVOTS UE OxQL-
Betor peyohbTteP Ao Ot: Av Ay, XOMNOLLOTIOLWOVTOG TLG LYETELG () 70
OWUOTIOLO TN YEOoVXY oTLYUN t + 0t Eemepdioet To Tolywpa, N xpovoy Ho
pumopovoe vo €xel oLUPel OTOLAdNTTOTE YPOVIXY] OTLYWY] LET GTO OLA-
otnua (t,t+0t). O akydptbuog duwe, Boe aAAGEEL TN QOPA NG ToVTNTAG
™) XEOVLXY] OTLYUN T+ 0t ELOAYOVTOG EVO GLUGTNUATIXO GQPEALO GTOY UTTO-
AoyLopo. ITto ouyxexpLpéva, oavTd pumopel va Yivel Le To Bpbdyo

do while(t .le. tf)
write (11 .,%)t.,x,v

X = x + v*dt

t =t + dt

if(x .1t. 0.0 .or. x .gt. L) v = —v
enddo

OTov 1 ouvbN U cOYXPOLOYG BIvETOL OTNY TPOTEAELTALA YOOLUT UE TN
Aoyixn TpdTaon “Av x wxp0TEPO TOL 0 7 TO X UEYAUTEQO Tov L”. Da-
veToL M adLVaUio TOV oAYoELOOL va eAEYEEL TNY axpLPn) xpovix oTLYuY
™G %POVOTG.

Ag dobpe tHpo 0AOXANPO TO TEOYPaULD, TO omolo Pploxetal oTO
opyeto box1D_1.£90 ToL cvVOSeLTIXOD Aoyltoptxob. O xPNoTNg WUTTOEEL
voo xaboploel To unxog Tov xouTLoV L o TG opyLxég ouvbxeg x0, vO.
Atver Tov opytxd xol TEAxd Ypovo tng xivnong t0, tf, xabwg xow to
B LTTOAOYLOKOV dt XL O VTTOAOYLOWUOS ... EEXLVAEL:

|

!File box1D_1.{90

!Motion of a free particle in a box O0<x<L

!Use integration with time step dt: x = x + v*dt
!
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program box1D
implicit none
!

!Declaration of variables

real :: L,x0,v0,t0,tf.,dt.t,x,v
'

!Ask user for input:

print *,’# Enter L:’

read *,L

print *,’# L = L

if( L .le. 0.0) stop 'L must be positive.’

print *,’# Enter x0,v0:’

read *,x0,vO0

print *,’# x0= ’,x0,  vO= ’,v0

if(x0 .1t. 0.0 .or. x0 .gt. L) stop ’illegal value of x0.’
if(vO .eq. 0.0 ) stop ’illegal value of vO = 0.
print *,’# Enter tO,tf, dt:’

read *,t0,tf,dt

print *,’# tO= ’,t0,  tf= ’,tf,’ dt= ’.,dt

)

!

!Tnitialize

t = t0
x = x0
v = vO0

open(unit=11,file="box1D_1.dat"’)
|

!Compute:
do while(t .le. tf)
write (11 .*)t.,x,v
x = x + v¥*dt
t =t + dt
if(x .1t. 0.0 .or. x .gt. L) v = —v
enddo
close (11)
end program box1D

To dedopéva T Bploxovpe oe TpeLg 0TNHAES 0T0 apyeto box1D_1.dat. H
UETOYAWOTTLOYN 0oL TO TEEELUO YIVETOL XOTA T YVWOTA, EVE ¥ YOOPLXN
TOPAOTAOY TNG TEOYLAS YIVETOL UE TO gnuplot:

> gfortran box1D_1.f90 —o boxl
> ./box1

# Enter L:

10

# L = 10.

# Enter x0,vO0:

0 1.0

# x0= 0. v0O= 1.
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# Enter tO,tf , dt:
0 100 0.01
# t0= 0. tf= 100. dt= 0.00999999978
> gnuplot
gnuplot> plot “box1D_1.dat” using 1:2 w lines title "x(t)7,\
0O notitle,L notitle
gnuplot> plot [:][—-1.2:1.2] "box1D_1.dat” \
using 1:3 w lines title 7v(t)”

12

T
x(t)

10

10,0002

10,0001

10.0001 |

00

2+ 4 10

9.99995 -

9.99985 -
-2

L L L L L L L L L / \
0 10 20 30 40 50 60 70 80 90 100 90 90.0005 90.001 90.0015

Syfuor 2.20: H tpoyd x(t) owpotdiov o povodidotoato xouti pe L = 10, zy = 0.0,
vp = 1.0, tg = 0, 0t = 0.01. Xto Skl diaypappa peyebivovpe Aemtopépeto 6toy t ~ 90.
Daivovtal Tt CLOTNUATIXG CEEALATO. GTOY TTEOGOLOPLOWUS TNG XEOVIXNG OTLYUNS TNG
xpovovg t, = 90 xow TG péytoTg TLung g x(t), & = L = 10.0.

To amotedéopota Yo ™y Tpoxté& =(t) Seiyvovtar oo oyfua 2.20. Eivor
QOVEPY] N ETTLOPUOY TOL CLOTNUATIXOD GPAALNTOS OTO. OTTOTEAEGLOLTOL.
Me tic ammAéc apyLxéc auvhnreg ov emAéEae, oL xpovoeLg aupfaivovy
x6&0e T/2 = L/v = 10 povédeg yp6vov. Apo. 6T0 XORUETL TOU SLaryPaL-
wotog ov peyeddvaye 6to aptatepd Tov ayhuatoc 2.20, n avtiotpopy
™™g xivnorg Oo émpeme va elye ovpPel dtav t = 90, x = L = 10.

O avayvwotng Oa €xet 10N xatoAdfBel 6Tl TO TOPATAVEL TEOBANU
BeATiveTOL, oV TTAPOLUE TO 0t OAOEVOL %ot TLo ULXPO. Apar, oy EYXOLUE
NV XTAEALTTN LTTOAOYLOTLXY] QVVOULY, LTTOPOVLE VOL XEYOLUE TO GO
600 utxpo B€hovpe; Nat, awtd péypt Eva onueio yivetor. Opwg 1 emopeyn
0eon xobopiletar amd Ty TEAEN x+v*dt xowL v ETOUEYY XOOVIXT] OTLYUN
omd to abporopo t+dt. T O yivel oy Talpvovtog To dt opxetd wixpo, To
TLopeVO vxdt Yivel TeEPLOGOTEPO OO ETTTA TAEELS peYEDoLg ULxPOTEPO
amd T TPéxovoa Ty Tov x; 'H to dt ~ 1077 tﬁ; AoV ta x, v, dt ei-

®Auté 10 TEOPANUa Ba To Adoovpe apydTEQR, dTOY YLor TO Brno i Ba opioovpe
t=t0+ixdt. ot awt) N pébodog eivor TpoTIPNTED,;
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vor LeTaBAntég toTou REAL, 1 axpifeta oty avamtapdotaoy] Toug eivol
meplmou emttd dexadixd Pneio. o voo xdvel o vtoAoyLoTg Tpdobeon
o0V0 apLiudy, TEEmeL vo petatpédel Toug dVo oPLiols o oVaTaA-
otoon mov o Exovy Tov (Sto exbéTtn. Apa 0 apLbudg TwV oNLOVTIXWY
Pneiwy Tov ptxpdTepoL apLbuod mov Ho umopéoel va amobnxredoel ot
uvnun o vmoAoytotig Ho y.acoﬂsiﬁ %Ol TO OTOTEAECPOL TN TTPHobeong
¥éveL LEPog TNng LTT&PYOLTNS oXPIPBELoG TWY SESOUEVWY.

Avté 600 xot va Tpoomoodpe de 8Lopﬂd)ve:‘tocﬂ. H pévn pog eAntida
elvot you eTYONooVPE Evary xOADTEPO aAYOpLBpo. Autd Tig TepPLoodTEPES
(POPEC POPEG Oey eival SLVUTOY, OAAG GTO TEOPRANUO. TTOL UEAETAUE T
AboT lvor oA, A.y. Bewpnote ™) oxéon mov Sivetl ) H€om Tov xLvyTOL
otV evOLYPAUUN OULOAN %ivnoN:

l‘(t) = To+ U()(t — to) . (224)

Ac YONOLULOTTOLOOVE TNY TTHOATIAVL OYEDTY YLO T TUNUOTO TNG %{YNONG
ULETOED TV oLYXPOVOEWY. To HOVO TTOL EYXOLUE YOI XAVOLUE Eivol O€
xabe olyxpovam pe Evor oTtO T TOLYWLOTO VOL OVTLGTEEPOVLE TN Vg, VO
opilovpe t0 T Vo elvar M Te€xovaa BEay Tov xLvNTOL xOL Ty vau efvor M
TEEYOLOO XPOVIXY OTLYUY. AUTO emtLTLUYYAVETOL HE TO BPOYO:

t = t0

do while(t .le. tf)

x = x0 + vO*(t—t0)

write (11.*%)t,x,v0

if( x .1t. 0.0 .or. x .gt. L)then

x0 = x

t0 = t

vO = —vO0
endif

© = t + dt

2TOV TTOPATIEV® OAYOpLOLOo 8 YALITWYOLPE Ot TO GPAALO TTPOGILOPL-
OOV TNG OTLYUNG TNG XPOVATG, AAA eV €XOLUE TO TTPORANUa “aoTtabelog”
oL efye o0 Tponyovuevog 6tav dt— 0. ‘Etot, €xovpe 1t SuvatdtnTo vou
OTTOULOVWGOVE TY] GLYELGPOPE xabe TOTOL cYoAdTLWY. [Topoxdtw Si-

“Eotw x=1.0 %ot vxdt=3.456789e-5. Téte x+v*kdt=1.000000+0.000035=1.000035
xow Qo ydoovpe 5 onuoavtixd Pneio amd Ty oxpifela avamopdotaong Tov vdt. Tu
0o yivel oy vxdt=3.456789e-9;

®Ouowxd Bo propovoope vo StoréEovpe petaBAntéc REAL(8), REAL(16), .... Auto
umopel va pog Aol To TEOPANUO Yior 3ed0UEVD tE, OAAG ovdAoYO TPOBANUa axpl-
Betog B suvavthicovpe, av LITOAOYiooLEE TNV TEOYLE YLow (aExeTd) UeEYOADTEPO tf.
Aonipéote To...
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YOUUE TO TPOYPOULUO TTOL YEYOLLOTIOLEL TOY TTOPATIEVW aAYopLiuo Tov
umopeite vo Bpeite 6T0 cLYOIEVLTLXG AOYLOWULXS GTO apyelo box1D_2.£90:

|

!File box1D_2.f90

!Motion of a free particle in a box 0<x<L

!Use constant velocity equation: x = x0 + vO*(t—t0)
!Reverse velocity and redefine x0,t0 on boundaries

|

program box1D
implicit none

!

! Declaration of variables

real
!

L,x0,v0,t0,tf,dt,t,x,v

!Ask user for input:
print *,’# Enter L:’

read
print

*,L
* 0% L= L

if( L .le. 0.0) stop 'L must be positive.’

print
read
print
if (x0
if (vo
print
read
print
!

* ’# Enter x0,v0:’

* x0,v0

* ’# x0= ’,x0,’ vO= ’,v0

.1t. 0.0 .or. x0 .gt. L) stop ’illegal value of x0.’

.eq. 0.0 ) stop ’illegal value of vO = 0.
* ’# Enter tO,tf , dt:’

* t0,tf,dt

* '# t0= ’,t0,’ tf= ’,tf,’ dt= ’,dt

!Tnitialize

t =1

0

open(unit=11,file="box1D_2.dat’)

!

!Compute:

do while(t .le. tf)
x0 + vO*(t—t0)
write (11 .,*)t,x,vO0

X =

if (

x .1t. 0.0 .or. x .gt. L)then
x0 = x
t0 = t
v0O = —vO0
endif
t = t + dt
enddo
close (11)

end program box1D

)

To mpbypopp.or TO LETOYAWTTILOVILE XAL TO TEEYOVUE OTIWGS TO TTEONYOV-




2.3. KINHXYH MET’ EMIIOAIQN 123

uevo. Ta amoteréopata Bo ta Bpobue oto apyeio box1D_2.dat.
O mopamave adyopLbuog pmopel va PeAtiwbel xot vo pag dwoet Ty
axpLph Mam. Tac o aphvovue Yo doxnorf].

2.3.2 XpdaApoto

Acg dobpe pe Aiyo TepLoodTERY, AETTTOREPELL TNV ETLIPAOY TWY CLOTY-
UOTIXWY GQOALATWY OTO OTTOTEAECUOTA TTOL TNPOUE OTTO TN UEAETY
TOU OTTAOD TPOPBANUATOG TTOL TEPLYPADAUE TTNY TTPONYOVWUEYY], TP~
Yooupo. Oswpnoope 300 xatnyopieg opoaipatwy: [lpwta, To cvoTnuo-
TG GPAALO GTOV TTPOGOLOPLOWO TG YEOVLXYG OTLYUNS TNG XPOoVoTS. AvTd
UELDVETOL OTOY EAXTTWYOLUE TO Bripa Ypdvov dt. MeTd, To apdApo TTpod-
obeong apLbpwy pe peydin diapopd TaEng peyébovg xar v aotdbeia
0L OWTN TPOXAAEL. AT avéavetat, GTAY EAXTTHOYOVIE APXETA TO Lo
¥eovou dit. Apa, Tor SO0 GPAAUATH YTy WVLLOYTOL XOL O LEAETNTYG TOV
TPOPRANUOTOG TIPETEL VoL TTPOOOLOPLoEL T BEATLOTY emLAOYY YLow TO Ot.
Avti N ®xaTAOTOOYN TOPOVOLALETOL OE TTOAAG EVOLOPEPOVTO TTPOBANUOTOL
Yo Tow ool O yYvwpllovpe ™y axpLlBn Toug AVoY, 0ToTE Elval TOAD
OL3oXTLXO VO TN LEAETNOOVIE GTO OTTAG TEOPANULO TTOL ETUAEEOLE.

‘Otav de yvwptlovue T AVOY, 0 EAEYYOS OUTWY TWY GLOTNUATIXWY
OQPOUALATWY YIVETOL LEAETWYTAG TV CUUTIEPLPOPE TNG AVOYG, XabG EAOT-
TveTon To dt. Av mopatnendel oOyxAlon Twy AVCEWY YLOL Lot TTEPLOYT
OPXETA LXPWY Ot, TOTE XATOUANYOVUE GTO CGUUTEPAOUO. OTL 1] AVGY Elvor
TO OPLO OVTO UE oxPLPELOr GLYXELYOUEVY] UE TN SLOPOPA TWY AVCEWY YL
ToL ULXPOTEPOL Ot.

Xopnotpomooope dV0 ahyopLbp.oug, o TpwTog LAOTOLONXE 6TO TPO-
Yooupo mov ypddope oto apyeio boxlD_1.f90 xor 0 deOTEPOS GTO
box1D_2.£90. Oa avopepdUooTE OE AVTOVS GTNY TAOAYPAPO OVTY] WG 1
“nébodog 17 xou “pnébodog 2” avtiotoryo. Ao SoxLpLAooLPE Vo SOVUE TG
UTTOPOVUE VO XAVOLUE TNV OVAAVCT TNG GUYXALOYG TWY ATTOTEAECUATWY
xobw¢ 6t — 0. [N x&be pébodo b xaboploovpe dAeg Tig TOPAUETPOLS
eXTOG Tl TO 0t. LNV avaAvoy Ttapoxdtw Ho yponolpomotnoovue L = 10,
vo = 1.0, g = 0.0, t, = 0.0, ty = 95.0, &pax T0 LAXS onueio Ba TEEmet vou
xavel ploe xpovoy avé 10 povadeg ypdvov. Oo Tapovue SLodoyixd L-
%xPOTEPEG TLLEG TOL 0t %o B vTToAoYyioovue Ty TeAuxn BEam Tov xLvyToY
x(t ~ 95)@ WG CLYAPTNOY TOL dt. Oor LEAETNOOLUE Y, TTOCO KOAG XOuL
7660 YPRY0pa GUYXAIVEL VTR 1 TLH oE évar bpto, xabie ot — OF.

"Aeite t0 opyeio box1D_3.dat 670 GLVOSEVLTIXG AOYLOWLXO.
"TpocéEte t0 ~!
BOuord e36 yvwpilovpe 6t o mpémet va mépovpe x(95) = 5.
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H avéivor amoteAeitor amd mToAég emavoropBoavoueves evtoég: H
UETOYADTTLON TOL XWX, 0 XAOOPLOUOG TWY TTOPAUETOWY, TO TEEELUO
XoL 0 LTOAOYLOWUOS Tig TG x(t = 95) yiow TOAAEG TLpég TovL Of. Xe
évor opyelo box1D_anal.in YPAPOLUE TLG TLLES TWV TTOPAUETPWY TTOL O
ELOAYOVUE GTO TTROYQOULLLOL:

10 L
0 1.0 x0 vO
0 95 0.05 tO0 tf dt

21N oLVEYELA, UETOYAWTTLLOLUE TO TTEOYQOULLOL

> gfortran box1D_1.£f90 —o box

X0l TO TPEYOVUE UE TNY EVTOAN

> cat box1D_anal.in | ./box

TTOL OTEAVEL Tl TTEPLEYOUEVA TOL aPyeloL box1D_anal.in oTo stdin Tov
TEOYPAUUOTOG . /box. To amotéAeopa Tov {nrape eivor oty TeEAsLTALN
Yoouun Tov opyelov box1D_1.dat:

> tail —n 1 box1D_1.dat
94.9511948 5.45000267 —1.

H toltn tiun elvor oot g TadmnTag xot 0 Lo EVOLOPEPEL. X Eva
o0pyelo, A.X. box1D_anal.dat Tomobetobue T0 0t %o TLg dVO TPWTEG TL-
péc amd Ty ToPUTdve eVTOAY. AAAGLovpe TNV TLUN Tov 6t — 6t/2 oo
opyelo box1D_anal.in 12 @opég péypL va yiver ton pe 0.000012 xo emor-
vockocptﬁécvouus. Emavoiopfavovpe ™ BLocBoncoiocﬁ Yoo ™ pébodo 2
Tomobetdvtog Tor amoteAéopata Yo To x(t ~ 95) oe véeg oTHAEg aTO
0pyelo box1D_anal.dat. To amotéAcopo eivor

#
# dt t1_95 x1(95) x2(95)
#
0.050000 94.95119 5.450003 5.550126

*0 oe@ mpoteivel: Aoxipndote Ty evtold] sed 's/0.05/0.025/' box1D_anal.in |
./box aAAdlovtag To 0.025 pe v TLU Tov §t ov emtbupeite va LeAeTHOETE.

B¥meotoAté: Acsite T0 0EVEELO PAOLOD box1D_anal.csh 670 GLVOSELTIXG AOYLOULXO
Lo LOEEG AVTORATOTIOMONG TNG SLodLXGLOG.
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0.025000 94.97849 5.275011 5.174837
0.012500 94.99519 5.124993 5.099736
0.006250 94.99850 4.987460 5.063134
0.003125 94.99734 5.021894 5.035365
0.001563 94.99923 5.034538 5.017764
0.000781 94.99939 4.919035 5.011735
0.000391 94.99979 4.695203 5.005493
0.000195 95.00000 5.434725 5.001935
0.000098 94.99991 5.528124 5.000745
0.000049 94.99998 3.358000 5.000330
0.000024 94.99998 2.724212 5.000232
0.000012 94.99999 9.240705 5.000158

H perétn tng odyxAtong umopel var @ovel ETOTTTIXG GTO XELOTEPD
oy 2.21. H 19 uédodoc PeAtiiver v oxpiBeld ¢ UEYLOTOTOLHOVTOC
™y 6tav ot =~ 0.01, eved vyt dt < 0.0001, To o@dApa yivetow > 10%
xot N pébodog diver dypnoto amoteAéopoto. H 2n pébodog €xet moAd
XOAVTEQY, GLUTIEPLPOPA aTtd TNV 1.

[Mopatnpodpe 1L, xabdg puixpaiver to 6t, N TEALX TN TOL T TTAN-
olalel ™y avopevoueyn ty = 95. TIotl dpwg dev malpvovue ¢t = 95,
ewdxa 6tawy t/dt eivor axépatog aplbpds; Eniong mopatnpodpe oty 91
Yoo Ty dedopévwy tov mivaxo (dt=0.000195): Agpob 95/0.000195
dev elvar axépoatog, Lot t = 95; Axopo xertpdtepa: Av Bewpntind avo-
pévoupe va yivovy 95/0t Briporte, Téoa yivovtal oty TEOYLOTIXOTNTO,
Kabe @opd mov xdvete pLow pétponomn UETPNOTE TOOES YOOUMUES EXEL TO
apxeio box1D_1.dat pe v evtohdf]

> wc —1 box1D_1.dat

%o oLYXPIVETE UE TOV avopevouevo optbpd. To amotéAeopa elvar ev-
OLoPEPOV:

dt N NO

H H

0.050000 1900 1900
0.025000 3800 3800
0.012500 7601 7600
0.006250 15203 15200
0.003125 30394 30400
0.001563 60760 60780
0.000781 121751 121638
0.000391 243753 242966

“Evorhoxtixd, BéAte éva petont péoo oo Beo)0 TOL TEOYPAWLLOTOC.
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0.000195 485144 487179
0.000098 962662 969387
0.000049 1972589 1938775
0.000024 4067548 3958333
0.000012 7540956 7916666

OToL 1M 27 oA €xel Tov apLthud Twy Bnudtwy Tov €ytvay xot N 37
Tov opthud Twy Prudtewy Tov €rxpeme vo yivouy. Ilapoatnpodue 4t 7
oxpifela edattwvetor , 6TOY PULXPOLVOLUE TO 0t XaL O0TO TEANOG 7] OLo-
@opad elvar mepimov 5%! Ewduxd otny teAevTtolio YooY, oY Ol TTPAEELS
Yivovtoy pe peyoddtepn axpifBela, Oa Empene o TeAxdS ¥POVOG var To
ty = 0.000012 x 7540956 ~ 90.5 xd&tt TOL AAAGLEL SEAUATIRE TO CLTTOTE-
Asopor o€ PLor TTEPLOOLXY X{YNOTM LE TTEPLODO CLYXPLVOUEVY] LE TO CQAALO
070 YPO6vo... Emedn n 1n pébodog mpoywpdel To xpbévo oTig ELoWOoELg
%xlynong avaroya pe Tov opltipd Ty Buatwy, xataiafoivovpe 6t TNy
TOOYLOTLXOTYTO 1) TLUT TTOL TTalPvoLPE YLa T B€om elvar yiow Ao Y POVO
omd oVTOY TTOL VOULLOLUE.

Apo pLor oNUaVTLXY] TNYN CQOALATWY ELVAL TO GQEAALO CLOCWPEVLOTG
OTOY LTTOAOYLOKO TOL YPOVOL TOL YIVETAL PEYOAVTEPO, XabS ULxpoai-
vel o dt. Ilddg B pmopodoope var BEATLHOCOVUE TN CLUUTTEPLPOPA VTN,
Mio onpovtiy BeAtiwon pmopel va yivel, av avti vo vtoloyilovue To
X00vo mpoobetixd, Tov vroAoyilovpe TOAMaTAGLOGTIXG. 'EoTtw i évag
UETENTYG TV PBnudtwy Tov €xovue xavet. Tote

t + dt ! Not accurate avoid
t0 + i*dt ! Better accuracy, prefer

't
t

O x¥prog Bpdyog Tov TPOYEAUUOTOS 0TO box1D_1.£90 yiveTo:

t = t0
x = x0
v = vO
i=20
do while(t .le. tf)

write (11 .,*)t,x,v
i=3i + 1

X = x + v¥dt

t = t0 + i*dt

if(x .1t. 0.0 .or. x .gt. L) v = —v
enddo

To mAnpeg mpdypappo B to Bpeite oto opyeto boxiD_4.£90 Tov ov-
vodeuTixol AoyLopixol. Ag ovopdoovpe T pLéEbodo avty “pébodo 3.
[Mopdp.otor cAAay” xAvouvpe ol aTo apyelo box1D_2.£90 mov Oo Ppeite
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13

070 box1D_5.£90 ot xohodpe ™ Lébodo ot “puébodo 4. EravoropBa-
VOULE TNV TIOEOTIAYV® ovAALOT oL Boloxovue 6Tl To TEORANU axpLBodg
TTPOOGOLOPLOPLOV TOL YPOVOL TTpoxTLxd ekapaviletal. To amotéAeopa Tng
aVEALGYC TOL GEAALXTOC TO deiyvovue oto dekl oyhua 2.21. H uébo-
d0¢ 2 xar 4 dev mopovotalel onuavTixy dtopopd. Xty puébodo 1 xow 3 7
SLooPA eivoll SPOUOTIXY UE TO CQAAUA YO UELOVETOL UEYOL KOL TTEQLO-
06t€p0 amd 10 Qopéc. To TEOPANUO TOL VEAVOUEYOL CPRAAUXTOS KO-

100 T T T 100

10 t - 10 | 5
1t 1 1t N

01r¢ 01} ¥

3 (%)
3 (%)

0.01 + 1 0.01 -

0.001 1 0.001 +

method 1+ method 3  + +
method 2 method 4

0.0001 . 0.0001 .

le-05 0.0001 0.001 0.01 0.1 le-05 0.0001 0.001 0.01 0.1
ot ot

SyApo 2.21: To enti % o@arpa dx = 2|x;(95) —2(95)|/|x:(95) +x(95)| x 100 émov x;(95) 7
LU Tov voloyilel n nébodog i = 1,2,3,4 xor £(95) N TLun oL LTTOAOYILEL O aXELPTg
oAY6pLpog obUPWYA UE TO XELEVO.

0 petdvoope to ot dev eEapaviletor. AANG o xoTaAaBoivovpe 6Tt
TPOEPYETAL OTTO TY] CLOCWPEVGY] GPAAUXTOG OTYY ETAVUANTITLXY] OYEDN
x=x+v*dt. AvTOY TOV TOTTO GQAAULOTOG Eivort SLGXOAGTEPO Vo ToV [BeA-
TLWOOLUE XL TTAPOLOLALETOL oLYVE oe PeBdSovg eTlALOYG SLPOPLRWDY
eELodoewy oL Hor LEAETNOOVLE GTO ETTOUEVO XEPAAOLO.

2.3.3 To Awsditdotato Kovrt

Acg yevixedoovpe T LEAETN pog OToy TO LALXS onpeio xiveitol otig 300
otaotdoelg, oto eminedo. To cwUdTLO €lval TEQLOPLOUEVO €T OE Eva
xoutl 0 < = < L, 0 < y < L, xou oxedAleTal EAAOTIXAR TTEVL GTO
ToLwpoté Tou. Bploxetor dnAady os éva opboydivio amelpdfobo mnyddt
dvvautxoV. O ypnotng torobetel ) xpovixn oTlyun ty T0 LALXO onu.eio oe
wio opyLxn 0éom (g, yo) UE oEYLXN TOXOTNTO (Voy, Voy) XOL TO TTOOYQOUULOL
vroAoYilel TV TPOYL& oL axoAovBEel To LALXO onuelo LEYEL TO X POVO ¢
ue Bripo 6t. Miow tétota TpoyLd PaiveTaL 0TO OYNULO .

Qo yevixeboovue TOV OAY6ELOLO TTOL YENOLUOTTOLOOWUE OTO TPO-
Yoo box2D_1.£90 yLa vo LEAETNHOOVLUE TNV (V0N GTO [LOVOSLAGTOTO
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x0oLTl. Av eival Yvwot 1 0éom xow N TadTNTO TOL AKLYNTOD OE ULOL Y OO-
VXN oYU T, TOTE TN Xpovixn oTtypn t + ot n BEon xow N ToydTNTéd TOL
Bo Siveton amd Tig oxéoelg

x(t+0t) = x(t) 4+ v.(t)ot
y(t+0ot) = y(t) +v,(t)ot
v (t+0t) = vt
vy (t + 0t) vy (t). (2.25)

H obyxpovon pe tor TOLYOUOTO TTPOTLUTTOTIOLELTOL LE OVAXAOT TNG XOL-
fetng oTa TOLYWRATO CUVLETWOG TNG TOXVTNTAG, OTAY 1 AVTLOTOLYY] OL-
VTETOYLEYY] TTEPATEL TO HPLAL TOL Tolyov. PuoLxd oV TH ELodYEL TO CLOTY-
LOTIXO COAALO TTOV GLINTNOAUE GTNY TTEONYOVWEYY] TTOPAYENPO. ATo-
(PEVYOLUE TO CLGTNULOATIXO CPAALO GUGCWPEVONS GTOY VTTOAOYLGUS TOV
XOOVOU ELOGYOVTOG EVOY UETONTY BNUATWY i, XOL €TOL TO XEVIPLXO XOL-
WLETL TOL TTEOYPAUUOTOG ELVOLL:

i=1i +1

t = t0 + 1 *dt

X = x + vx*dt

y =y + vy*dt

if(x .1t. 0.0 .or. x .gt. Lx) vx = —vx
if(y .1t. 0.0 .or. y .gt. Ly) vy = —vy

[MopobéTovpe To TANPES TTEOHYPOUP.OL TTOHPOXATL To oTtolo Oo Bpeite oto
opyeio box2D_1.£90. Extdg amd To ELOywYLXA XOL TLG XOYLXOTTOLIOELS,
eLodryope xoL 000 UETPNTES XPOVOEWY [LE TOL TOLYWUOTO NX XOL Ny:

!
! File box2D_1.f90
!Motion of a free particle in a box 0<x<Lx 0<y<Ly

!Use integration with time step dt: x = x + vx*dt y=y+vy*dt
!

program box2D
implicit none
!

! Declaration of variables
real(8) :: Lx,Ly,x0,y0,v0x,vO0y,t0,tf,dt,t,x,y,vx,vy
integer :: 1i,nx,ny

!

!'Ask user for input:
print *,’# Enter Lx,Ly:’
read *,Lx,Ly

print *,’# Lx = ’,Lx,’ Ly= ’,Ly
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if( Lx .le. 0.0) stop ’Lx must be positive.’

if( Ly .le. 0.0) stop 'Ly must be positive.’

print *,’# Enter x0,y0,vOx,vOy:’

read *,x0,y0,v0x,vO0y

print *,’# x0= ’,x0,’ y0O= ’,y0,’ vOx= ’,v0x,’ vOy= ’,vO0y
if(x0 .1t. 0.0 .or. x0 .gt. Lx) stop ’illegal value of x0.’
if(y0 .1t. 0.0 .or. yO .gt. Ly) stop ‘illegal value of y0.’
if (vOx**2+v0y**2.eq. 0.0 ) stop ’illegal value of v0=0.’
print *,’# Enter tO,tf, dt:’

read *,t0,tf,dt

print *,°# tO= ’,t0,’ tf= ’,tf,’ dt= ’,dt

Initialize

i =0

nx =0 ; ny =0

t = tO0

x =x0 ; y = yo0
vx = vOx; vy = vOy

open(unit=11,file="box2D_1.dat")
'

!Compute:
do while(t .le. tf)
write (11,%)t,x,y,vx,vy
i=1i +1
t = t0 + 1 *dt
X = x + vx*dt
y =y + vy*dt
if(x .1t. 0.0 .or. x .gt. Lx) then

VX = —VX
nx = nx + 1

endif

if(y .1t. 0.0 .or. y .gt. Ly) then
vy = —Vy
ny = ny + 1

endif

enddo

close (11)

print *,’# Number of collisions:’

print *,’# nx= ’,nx,’ ny= ’,ny

end program box2D

129

Mo TuTtLxy] cuvedpPlor LEAETNG LLOG TPOYLAG SLVETOL TTOPOXATM:

> gfortran box2D_1.f90 —o box
> ./box

# Enter Lx,Ly:

10.0 5.0

# Lx = 10. Ly= 5.
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# Enter x0,y0,v0x,vOy:
5.0 0.0 1.27 1.33
# x0= 5. y0= 0. vOx= 1.27 v0Oy= 1.33
# Enter tO,tf  dt:
0 50 0.01
# t0= 0. tf= 50. dt= 0.01
# Number of collisions:
# nx= 6 ny= 13
> gnuplot

gnuplot> plot "box2D_1.dat” using 1:2 w lines title 7x (t)”
gnuplot> replot "box2D_1.dat” using 1:3 w lines title "y (t)”
gnuplot> plot ”box2D_1.dat” using 1:4 w lines title “vx(t)”
gnuplot> replot ”box2D_1.dat” using 1:5 w lines title “vy(t)”
gnuplot> plot "box2D_1.dat” using 2:3 w lines title ”"x—y”

[Mopatnpodpe ™y teAevtaior Yooup €E6dov amd to mpdypaupo: To
VALXO OMUELD OVOXAGTAL 0Tt TOL XAOETA TOLYWUATA TOL XOLTLOV 6 POPES
(nx= 6) xat amd T 0plovtia 13 (ny=13). Me Ti¢ evtoAéc awTéc Tapvouue

TLG YOOUPLXES TTOPAOTAOCELS TTOL (POLYOVTOL GTO OYMUATO %o .

12 15

)

R —
y ol

10l y(®) | L

05 r

0t

-05 +

0 1 ar

2 . . . . 15 . . . .
0 10 20 30 40 50 0 10 20 30 40 50

Zynea 2.22: Taw awoTeAEop.oTo YLow TO DALXO OMUELDO TTOL XLVELTOL YEOO OE OLOOLATTOTO
%0UT{ OV ToPVOLE O TO TEGYPAUUA box2D_1.£90. Ou Tapdpetpol elvor L, = 10,
Ly = 5, o = 5, Yo = O, Vox = 127, Voy = 133, t() = O, tf = 50, 5t = 0.01.

[No voo xévovpe animation Tng TEOYLAS OYTLYPOPOLUE TO XPYELO
box2D_animate.gnu amd TO GLVOSEVLTIXO AOYLOULXO GTOV XUTAAOYO TTOL
EYOULUE Tor OEDOUEVO OGS %O OLVOVUE TLG EVTOAEG OTO gnuplot:

gnuplot> file = "box2D_1.dat”

gnuplot> Lx = 10 ; Ly = 5

gnuplot> t0 = 0 ; tf = 50; dt = 1

gnuplot> load ”box2D_animate.gnu”

gnuplot> t0 = 0 ; dt = 0.5; load “box2D_animate.gnu”
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t= 48.000000 (x,y)= (5.901700,3.817100)

o = N w BN (631
T

Syfpo 2.23: H tpoytd Tou bALXOU oNelOL TOV GYNLATOS ™0 XEOVLXA oTLYUh t = 48.
H apyn tov Béhovg eivor n opytxn 0€om tov LALXOD anpeiov ot To TEAOG M aTLypLlalo
Tov Béom. To xovti mepLypdpeTor amd Tig TOYLEG YOXUUES.

XNy teEAsvTalon YOoUUY ETOVOARPBoUEe TO animation o1Y] ... ULon ToyD-
ta. MTopeite vou XNOLULOTTOLNOETE ETTLONS TO NON YVWGTO TOOYQX LU
animate2D.gnu TOL TAEPOLGLECAUE GTNY TaEdyEa@o R.1.1. O arharyéc
IOV XAVOUE 0TO box2D_animate.gnu omwAd TPOCHETOLY Evar OYXEDLO TOL
%x0VTLOV XL LTTOAOYLLOLY AVTOROTOL TA OPLOL OYESLATUOD TNG YOOPLUNG
mopdoTaons. Eniong to Stdvuopo mov mopoxorovbel v xivnon tov
ocwpotdiov dev elvar to davuopo B€ong, aAAG VTGO TTOL EVWVEL TNV
oYX HE TNV TEAx B€om Tou.

To emdpevo Pripa eivor va eAéyEovpe Ty axpifeta Twy amoteAsoué-
TOY Log. AuTd YiveETol 0TO TYVELUR TNG OVTILOTOLYNG TOEOLOLOOYS TOV
LOVOOLAOTOTOV TPOBANUATOG XAl PNVETUL OOV QOXNOY YL TOV OV~
YVHOTN.

2.4 Egpoppoyég
2NV Topdypoupo avuty] o Tapovatdcovpe amAd TpoAnuoto eAedBeprg

%xlynong LET’ EUTOBLWY YLOw EEAOUNCY GTOV TROYPOUUATLONG TOVG.
Oo apyioovye e ... pive YxoAe. O Taixtng piyvet to (onuetoxd) yro-
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Adxu oe éva opboywvio emtimedo xovti unxovg TAsLEWY Ly, L, T0 omoto
eivot avolytd oty mAevpd x = 0. To xouti €xel plo TPV *EVTPOL
(e, Ye) xot oxTivag R. Av M pmtdda TETeL PLéaa, 0 TToixTng xePOLLeL. Av 1
UTtaAo Byel ot T ovolyT) TTAELEE, 0 T TG YAveL. o vor eAéyEovpe
OV TO DALXO OMUELD UTTAXE OTNY TTEPLOYN TNG TEVTTAG OTay elvar oty O€om
(z,y) opxel voo edéyEovpe av (z — x.)? + (y — y.)* < R%

t= 45.300000 (x,y)= (7.854117,2.982556)

o = N w B~ )]
T

0 2 4 6 8 10

Zynuoe 2.24: H tpoytd tou LAXOD OMUEIOL TOL TAPAYETAL OO TO TEOYPOULULO
MiniGolf.f90 pe TOPOUETPOVS OUTEG TOL Olvovtal oTo xelpevo. Ameixoviletar 7
oYU ¢ ... emttoyiog! Ty ypovixn otiypn t = 45.3 to LAO onuelo pmaivel otny
TEPLOYT TNG TEVTTAG UE *EVTPO (8,2.5) xow oxtiva 0.5.

To VA onpeio vmotifetar mwg yia tg = 0 Pploxetor otn Oéom
(0,L,/2) xor 0 TolxTNg TO EXTOEEVEL PE TOYVTNTO UETPOL vy UE Y-
viow 6 polpeg mov oynuotiler pe tov aEova z. To mpdypoppa Siveton
TOPAXATW:

|

!File MiniGolf.f

!Motion of a free particle in a box 0<x<Lx 0<y<Ly

!The box is open at x=0 and has a hole at (xc,yc) of radius R
!Ball is shot at (0,Ly/2) with speed vO, angle theta (degrees)
!Use integration with time step dt: x = x + vx*dt y=y+vy*dt
!Ball stops in hole (success) or at x=0 (failure)
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!

program MiniGolf
implicit none
!

!Declaration of variables

real (8) :: Lx,Ly,x0,y0,v0x,v0y

real (8) 1 t0,tf.,dt,t,x,y,vx,vy
real (8) :: v0,theta,xc,yc,R,R2

real (8), parameter :: PI=3.14159265358979324D0
integer :: i,nx,ny

character (7) :: result

!

!Ask user for input:

print *,°# Enter Lx,Ly:’

read *,Lx,Ly

print *,’# Lx = ’,Lx,’ Ly= ’,Ly

if( Lx .le. 0.0) stop ’Lx must be positive.
if( Ly .le. 0.0) stop 'Ly must be positive.
print *,’# Enter hole position and radius: (xc,yc), R:’
read *,xc,yc,R

print *,’# (xc,yc)= ( ’,xc,’ , ’,yc,” ) R= "R

print *,’# Enter vO, theta(degrees):’

read *,v0,theta

print *,°# vO= ’,v0,’ theta= ’,theta,’ degrees’

if (vo .le. 0.0D0 ) stop ’illegal value of v0.’

if (ABS(theta).ge. 90.0D0) stop ’illegal value of theta.’
print *,’# Enter dt:’

read *,dt

print *, '# dt= ' ,dt

]

)

Initialize

t0 = 0.0DO

x0 = 0.00001D0 ! small but non—zero
y0 = Ly/2.0

R2 = R*R

theta = (PI/180.0D0)*theta

vO0x = vO*cos(theta)

vOy = vO*sin(theta)

print * ’# x0= ’,x0,’ y0= ’,y0,’ vOx= ’,v0x,’ vOy=
i =0

)

,v0y

nx =0 ; ny =20

t = tO0

x =x0 ; y = yo0
vx = vOx; vy = vOy

open(unit=11,file="MiniGolf.dat’)
!

!Compute:
do while( .TRUE. ) !forever!
write (11,%)t,x,y,vx,vy
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i=1i +1

t = t0 + i*dt

x = x + vx*dt

y =y + vy*dt

if(x .gt. Lx) then
VX = —VX

nx = nx + 1

endif

if(y .1t. 0.0 .or. y .gt. Ly) then
vy = —Vy

ny = ny + 1

endif

if(x .le. 0.0D0)then
result = ’Failure”’
exit !exit do loop
endif

if ( ((x—xc)*(x—xc)+(y—yc)*(y—yc)) .le. R2)then
result = ’Success’
exit !exit do loop
endif

enddo
close (11)

print *,’# Number of collisions:’
print *,’# Result= "~
end program MiniGolf

) > )

,result,’ nx= ~,nx,’  ny= ’,ny

Mo v to tpgkovpe xdvovpe tor ovvnbiopéva:

> gfortran MiniGolf.f90 —o mg

> ./mg

# Enter Lx,Ly:

10 5

# Lx = 10. Ly= 5.

# Enter hole position and radius: (xc,yc), R:
8 2.5 0.5

# (xc,yc)= ( 8. , 2.5 ) R= 0.5
# Enter vO, theta(degrees):

1 80

# v0= 1. theta=  80. degrees

# Enter dt:

0.01

# dt= 0.01

# x0= 1.E-05 y0= 2.5 vOx=  0.173648178 vOy=  0.984807753
# Number of collisions:
# Result= Success nx= 0 ny= 9

dTidEre o Staypappoto g O€ong xo ™G ToVTNTOS LE TO XEOVO %Ot-
0 o g TEOYLAG XOTA Tt YVWoTd. ['tor SLolox€Saan Tov aVaYVHoTY
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ToEEYOLIE %ot ELOLXO TTPGYPOWLo. animation (LToPEiTE var Y ENOLLOTTOLY-
oete %o To animate2D. gnu). Avtiypdte ard T0 GLVOSELTIRG AOYLOULXO
70 apyelo MiniGolf animate.gnu, EgxtvoTe TO gnuplot ol SWOTE TLG
EVTOAEG:

gnuplot> file = "MiniGolf.dat”
gnuplot> Lx = 10;Ly = 5

gnuplot> xc = 8; yc = 2.5 ; R = 0.5
gnuplot> t0 = 0; dt = 0.1

gnuplot> load ”MiniGolf_animate.gnu”

To oynuo omoTeEAEl adLaPevoTy popTLELO TNG ETTLTLYLOG HOG!

H emduevn epoppoyn pog Ba sivar tpiodidotaty. Qo peAstrioovue
™V xlvnom evig LALXOV ompeiov To OTolo xLvelTal YEoor OE Evor XOALY-
dpo axtivag R xat bdpovg L. H xpodoeig oto torywpotor ot T Baoelg
TOL xVALVOPOL elval EAXCTIXEG oL O XOALVOPOG €lvol OUETOXIVNTOS oL
OTOPOULOPPWTOG. 2TO TPOYPOU TTov Ba Ypoddovpe Taipvovpe Tov xO-
Awdpo va €xel tov aEova ovppetpiog Tov afova twy z. H plo Bdon
Tov tomtobfeteitan oto eminedo z = 0 xaL M GAAn oto z = L. H didtogn
paivetol ato oy 2.26.

To TPOPRANua dev Topovotdlel xapio SVOXOAL OE OYEDN ULE TOL TTOOY-
YoUueva 60 oPOPE TNV %ivNom OToV GEOVA TWY 2, TO CWUATLO OVOXAC-
TOL TTAVW 0T ETUTES TOLYWUATO TWY BAocwy Tov xVAV3pov. To puévo
xowvovpyLo etval M TPoBoAn tng xivnorng oto eminedo x — y, 6oL TO
VALY OMUELD QOLVETOL VO XLVEITOL OE €Vol ETTITTIESO XL VO CUYXOPOVETOL
EAUOTIXA OTO ECWTEPLXO EVOG XVOXAOL axtivag R xol x€YTpo TTévw oToV
aEova Ty z. H xotdotooy meEQLYpaPeTaL oto oYU . Koté v
EAXOTLXY] AVAXANGY] TOV OWUATIOV ATTAL U, — — Uy, EVK 1 Vg REVEL 7 (DLox.
H toydtrto tov owpatidiov oLy ™y xpodon elvol

T = 0,2+,
= v, + vl (2.26)
EVE UETA
7= vt g
= —u, 7+ vg0 (2.27)

Amé T oyéoelg

cos 0z + sin 0y
—sin 62 + cos 0y, (2.28)

>
|

D>
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~

XOL TLG OYEOCELG v, = U - T, Vg = U - 6, Talpvovpe
v, = vzcost + v,sinf
vg = —v,sinf+ v, cosb. (2.29)
AVTLOTEEQOVTAG TLG TTOLLPVOLUE
v, = U,c080 — vgsind
v, = v,sinf+ vycosh. (2.30)

Y

Me o petaoynuotiond v, — —v, N VEX TOYXOTNTO OE XXPTECLAVES OL-
vtetoypéveg Bo eivort

—, cos ) — vy sin 6
= —u,sinf + vycosb. (2.31)

/
UIE

/
Uy

O petaoymuatiopos v, — vy, v, — v, Bo LAoToLnbel oe Pl vIropovL-

Zyhuo 2.25: EAootixy] ovéxAooyn VALXOD oNUElOL TTOL TEQPTEL GTO EGWTEPLXO XOXAOV
oxtivag R = |§\ xOL ®EVTPOV T = X2 + Y.§ 070 onueio ¥ = xZ + yy. 'Exovue R =
(2 — 20)% + (y — 5 )i H tox0mnro apyxd eivon 7 = v,7 + vgh 6mov 7 = R/R. Meté tny
OVEXAOLOY U — — Uy XOL N VEA TOOTYTO TOL LALXOL onueiov eivon ¥ = —u,7 + vgl

tiva reflectVonCircle(vx,vy,x,y,xc,yc,R). Ztnv eloodo Tng divovpe
™y apytxn ToxvTnTee (vx,vy), To onueio xpovong (x,y), TO X€VTPO TOL
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®OXAOL (XC,yC) O TNV XTIV TOV xéxkouﬂ R. Ztnv €Eodo, ta (vx,vy)
éxovy avtixotaotadel e Tic véec Twéd (v, vy)-
To mpdypoppa Tov tpoxvTTeL O To Ppeite oto opyeio Cylinder3D.£90:

!

!File Cylinder3D.f90

!Motion of a free particle in a cylinder with axis the z—axis,
!'radius R and 0<z<L

!Use integration with time step dt: x = x + vx*dt

! y =y + vy*dt

! z = z + vz*dt

!Use subroutine reflectVonCircle for colisions at r=R

!

program Cylinder3D
implicit none

|
!Declaration of variables

real(8) :: x0,y0,z0,v0x,v0y,v0z,t0,tf,dt,t,x,y,z,vx,Vvy,vz
real(8) :: L,R,R2,vxy,rxy,r2xy,XcC,ycC
integer :: i,nr,nz

!

!Ask user for input:

print *,’# Enter R, L:’

read *,R,L

print *,'# R= " R,’ L= °,L

if( R .1le. 0.0) stop 'R must be positive.
if( L .le. 0.0) stop 'L must be positive.’
print *,’# Enter x0,y0,z0,v0x,v0y,v0z:’
read *,x0,y0,z0,v0x,v0y,v0z

rxy = DSQRT(x0*x0+y0*y0)

)

print *,’# x0 = *,x0 ,’ y0O = ’,y0 ,’ z0= ’,z0, ’ rxy= ’,rxy
print *,°'# vOx= ’~,v0x,’ vOy= ’,vO0y, v0Oz= ’,6v0z

if(rxy .gt. R )stop ’‘illegal value of rxy > R’
if(zo .1t. 0.0DO )stop ’‘illegal value of z0 < 0’
if(z0 .gt. L )stop ’illegal value of z0 > L’

if (vOx**2+4v0y**2+v0z**2.eq.0.0)stop ’illegal value of vO = 0.’
print *,’# Enter tO,tf, dt:’

read *,t0,tf,dt

print *,’# t0O= ’,t0,’ tf= ’,tf,’ dt= ’,dt
]

!Tnitialize
i =20
ntr =0 ; nz =20

"Mpopaveg tdovixd Bo toyver R? = (z — z.)? + (y — ye)? oAA& emedn vmhpyet
oLOTNULATLXO OPaApe TN B€on Tng xpovang, emAéyovpe To R vou dlveTod.
®Emiong, 10 A6 onuelo, 6mwe Bor Sodpe, Tomobeteiton axELBWC TAVL GTOV KOXAO.



138 KE®AAAIO 2. IIEPITPA®H THY KINHYHY

t = tO0

x =x0 ; y =y0 ,; =z = z0

vx = vO0x; vy = vO0y; vz = v0z

R2 = R*R

xc = 0.0D0 !center of circle which is the projection of the

yc = 0.0D0 !cylinder on the xy plane

open(un&t—ii file="Cylinder3D . dat’)
!

! Compute:
do while(t .le. tf)
write (11,100)t ,x,y.z,vx,vy,vz

i=1i +1

t = t0 + i *dt

X x + vx*dt

y y 4+ vy*dt

z = z + vz*dt

if(z .1t. 0.0 .or. z .gt. L) then

vZ = —vz ! reflection on cylinder caps
nz = nz + 1

endif

r2xy = x*x+y*y
if ( r2xy .gt. R2)then
call reflectVonCircle(vx,vy,x,y,xc,yc,R)

nr = nr + 1
endif
enddo
close (11)
print *,’# Number of collisions:’
print *,’# nr= ’ ,nr,’ nz= ’,nz

100 FORMAT(100G28.16)

end program Cylinder3D
!
!
!

subroutine reflectVonCircle(vx,vy,x,y,xc,yc,R)
implicit none

real(8) :: vx,vy.x,y.xc,yc,R

real(8) :: theta,cth,sth,vr,vth

theta = atan2(y—yc,x—xc)

cth = cos(theta)

sth = sin(theta)

vr = vx*cth + vy *sth

vth = —vx*sth + vy *cth

VX = —vr*cth — vth*sth !reflect vr —> —vr

vy = —vr*sth + vth*cth
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X = xc + R*cth !put x,y on the circle
v = yc + R*sth
end subroutine reflectVonCircle

No emonuavovpe pévo tig axdAovbeg Aemttopépetes: XpNoLLOTOLOOUE
XOTOPYNY TN CLYAPTNOY atan2 YLo TOV TEOGILOPLOUO TNG YwVLoG theta.
H ovvéptnon avt) pe oplopato atan2(y,x) €mLOTPEQPEL TN Ywvio 0 =
tan"!(y/z) 010 0WOTH TETOPTNOPLO ToL Pploxetor To onueio (z,y). H
Ywvio Tov {nTape divetal amd TV EVIOAY] atan2 (y-yc,x—-XC). LT OUVE-
yero epapudlovue i oyéoetc (2.29) xon (2.31), evid otic terevtaice Sto
YOOUUES ETULRAANOLUE UETA TNY xPOVGY] TO LALXO onuelo vo eivot TTavw
070 anuelo Tov xOxAoL (. + Rcosb,y. + Rsinb).

t= 500.000000 (x,y,z)= (2.227212,0.469828,7.088600)

10

o N A O ©

Zyxnuoe 2.26: H tpoxtd Tou owportidiov Tov avaxAdToL 6To e0WTEPLXO XVALVSPOUL uE
R =10, L = 10 obppwva pe to mpdypopupo Cylinder3D.£90. ‘Exovue emtAéEet 7y =
1.02 4 2.29 4 3.12, Ty = 0.932 — 0.899 4 0.742, ¢ty = 0, t; = 500.0, 6t = 0.01.

H petoyAdttion xot To TPEELLO YIVOVTaL XoTd To YVWOTA:

> gfortran Cylinder3D.f90 —o cl
> ./cl

# Enter R, L:

10.0 10.0

# R= 10. L= 10.
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# Enter x0,y0,z0,v0x,v0y,vO0z:

1.0 2.2 3.1 0.93 —0.89 0.74

# x0 = 1. y0 = 2.2 z0= 3.1 rxy= 2.41660919
# vOx= 0.93 vOy= —-0.89 v0z= 0.74

# Enter tO,tf ,dt:

0.0 500.0 0.01

# t0= 0. tf= 500. dt= 0.01

# Number of collisions:

# nr= 33 nz= 37

Mo vao ptidEovpe T YoopLxég mapaotdoets g H€ong/toxdtnrog ov-
YOPTYOEL TOL YPOVOL SLVOLUE TLG EVTOAESG gnuplot XATE TO YVWOTA:

gnuplot> file="Cylinder3D .dat”

gnuplot> plot file using 1:2 with lines title 7 x(t)”,\
file using 1:3 with lines title 7 y(t)”,\
file using 1:4 with lines title 7 z(t)”

gnuplot> plot file using 1:5 with lines title "v_x(t)”,\
file using 1:6 with lines title “v_y(t)”,\
file using 1:7 with lines title "v_z(t)”

Mmopodpe vo 3odpe xaL Ty amdoTooy TOL XLyNToL amd Tov dEova Tov
xOALVSpoL 7 (t) = \/x(t)? + y(t)? wg CLYEEPTNON PE TO YPGVO UE TNV EVTOAN

gnuplot> plot file using 1:(sqrt($2**2+$3**2)) w 1 t "r(t)”

Mo va gTidEovpe to oxfuor g TpoxLds poll pe tov x0ALVSpo divovpue
TLG EVTOAEG

gnuplot> L = 10 ; R = 10

gnuplot> set urange [0:2.0%pi]

gnuplot> set vrange [0:L]

gnuplot> set parametric

gnuplot> splot file using 2:3:4 with lines notitle,\
R*cos(u) ,R*sin(u) ,v notitle

Me tnv evtoAn set parametric YUTOPOVUE Vo QTLAEOVIE T YOOPLXT TTO-
pbotoon pLag SLodLAoTUTNG ETULQAVELNS TNG LOPONS T(u,v) = x(u, v) T +

y(u,v) § + 2(u,v) 2. O xOAVSpog (ywpic Tic Pdoetg Tov) divetor amd TLg
TaPOUETOLXEG eELodoelg T(u, v) = Rcosui + Rsinuy+v Z pe u € [0, 27),

v e [0, L]

"o To animation g tpoyLéig avTiypddte T0 orpyelo Cylinder3D_animate.gnu

OTOY XATAAOYO TTOU XAVETE TNV AVAALOY] XOL LEaa attd To gnuplot SWOTE

TLG EVTOAEG
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gnuplot> R=10;L=10;t0=0;t£=500;dt=10
gnuplot> load ”Cylinder3D_animate.gnu”

Balovrtog puoLrd TG TAPUUETPOVCS TTOL YPNoLpoTooate eocis. To amo-
TEAECUOL QOLVETOL GTO OYNUO .

TeAevtaio eappoyn Oo elvort Eva amAd TEGTLTTO Y WPEOYPOVLXNG OXOV-
AxdtpuTog (spacetime wormhole). H ywpoypovixy oxovAxdtpuma eivor
N OTTAY YWEOYPOVLXYN YEWUETPLXL TTOL CLVOEEL GVO ATTOUAXQUOUEVES TIE-
PLOYEG TOL XWEOL OL OTOlEG Elval aoLUTTTWTLXG eTtintedeg (3NA. o ap-
XETA UEYOAAN OTOOTOOY OTTO TOL GTOULO TNG OXOVALXOTOUTIOG, O YWOEOG
elvor oyedoy emtinedoc). Mo TETolo YEWRETPIOL PALVETHL GTO OYALO .
H amdéotoon mov Stavdel ®xEmoLog TEPVWVTAG oTtd To GTOULO TNG TEV-
TG, UTTOPEL vou elvolt TTOAD ULXPOTEPN OTTO TNV ATOGTAUOY] TWY OTOUIWY
TIOL SLOVOEL XOVELG EXTOS TNG OXOLALXOTOLTIOG OTOTE, HewpEnTiXd ToL-
AbiyLoTov, Umopovy vor xenoLomolniody yior StooTtetxd / dtoryahaELoxd
ToEidia. ‘H, OTtwg @aivetor ot oTo oYNUe, YO ETILXOLYWYNOOLY TTEPLOYES
TOL YWEOL ToL o NTaY SLoPOoPETIXA oVVIETEG PeTaED Tovg. Now om-
UELWOOLUE TTAVTWG, OTL TOPOAO TTOL TETOLEG YEWUETPLEG €Youy eEQeL
NV QOVTOOLO TWY QUOLXWY, OAAL XOL TWY CLUYYPOPEWY ETULOTNULOVLXNG
POVTOOLOG, Y] VAOTIOLMOT TOVG OTa TAGLOLO TG TPEYOLOAS Dewplag yior T
Bapvtnta, ™ [evinn Oewplio Tg Lyetixdtnrog, dev elvar Suvoat. ['ia ™y
XOTOOXKELY] TOVG, T eElowon Tov Einstein amoaltel eEwTtinod tiTOL VAN
UE aEYNTLXY] TLUXVOTNTA EVEPYELOG M OoTtolar Oev €xel mopatnoniel ot
@Von. Tétoleg eEwtinég yewpetpleg eivar duvatdy vo mopovatdllovtot
GE LXPOGROTURS ETUTESO WS XPaVTLRES SLaXLUAYGELS TS YewueTpiod ).

2y e@oppoyn aut Bor peAetoovue plor TOAD atAY] TETOLOL YEW-
petplon oto emimedo, xobwg xaL Ty eAedbepy xivnon ocwpoatidiov péoo
oc oco'w'ﬂ. [Tatpvovpe to emimedo xoal aparpodue V0 3ioxoug axtivog
R mov Ta ®x€vtpor Toug aTEYOLY ATOGTAON d OTIWS PALVETAL OTO OO
. Tavtomolodpe T oNuelor TWY XOXAWY €TOL WOTE TO onueilo 1 otov
0pLoTEPO *VOXAO va TowTileTor pe To onueio 1 ato dekLd, To onueio 2 pe
70 onueio 2 x.0.x. Ot d3Vo xOxAoL divovtol oo TLG TOPUUETOLXES EELOW-
oewg z(A) = d/2 + Rcos0, y(#) = Rsinf, —m < § < 7 yia T0 €&l xO%A0
xot z(0) = —d/2 — Rcosb, y(f) = Rsinf, —m < 6 < 7 yioe Tov 0pLotepd.
To onueta pe o {dto 6 otovg dvo xOxAovg tawvtilovtal. ‘Eva owudtio

®AwoBdote to evdiapépoy PifAio tov K.S. Thorne “Black Holes and Time Wraps:
Eistein’s Outrageous Legacy”, W.W. Norton, New York xat xottdEte 1t givar o ywpo-
YoovLxdg oppdg (spacetime foam) tov A. Wheeler.

“H 13éa owth elvo doxnon oo BifAio tou J. B. Hartle, “Gravity: An Introduction to
Einstein’s General Relativity”, Addison Wesley 2003, Keg. 7, Aox. 25.
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Zyhuor 2.27: H ywpwxy Yewpetplar Tg o%0LAXGTPLTOG. ADO OGLUTTTWTLXA ETTiTTESOL
UEPY TOUL YWEOL cLYSEovToL e éval “Aotpd” 6 omolog UTopel vor XavovloTel vor efva
ULXEOV NXO0VGE.

mov Pubiletor 6T0 APLOTEPH GTOULO TNG OXOLALXATOLTIOG LE TOYOTTOL U
ovodVETAL Aueoa amtd To Ol pe TaydT™Ta ¥ OTTWwS QaiveToL 6TO OYNULO

2

Ov otoyoL pog eivot:

1. Na ypadovpe éva mpdypop o Tov vo LTTOAOYLLEL TNV TPOYLA Ow-

wottdiov oL wveital 6T YewueTpio Tov oyfuatoc 2.28. Ta dpta
™g xivnong elvon —L/2 <z < L/2 xou —L/2 < y < L/2. Oty 70
OWUATLO BYEL EXTOS TWY THEATIAVL 0piwy Bor Thpovpe TTEPLOdLXES
ouvopLoxég ovvbnxeg, dNA. Ba tawtioovpe Tar onueior Tov gvHL-
YOOULLOL TUNpatog © = —L/2 pe awtéd tov © = +L/2 xobwdg xon
oTé ToL LHVYPOLLOL TPAROTOC Yy = —L /2 pe awtéd Tov y = +L /2.
O yonotng b Topéyetl tig Topapétpous R, d xou L xobdg xot Tig
apYIxég auvinxes (o, yo), (vo, P) 6TOL Uy = vy(cos ¢ + sin ¢y). Oa
dlvel emiong TLg YPOVIXEG TToPOUETOOVS Ty %o dt yiar xivnon oo
Xe0vo ato didotmua t € [tp = 0,t] ue Brua dt.

. 2N yewpetplo pe L = 20,d = 5, R = 1, vou o(EGLACOLPE TNV TEOYLA

Tov owuoTdiov pe (zo,yo) = (0,—1), (vo,¢) = (1,10°) pe t; = 40,
dt = 0.05.

3. Na Bpodpe tpoyLd mov va eival xAetot) Ywpelg vo Tepvael omd
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Zynpo 2.28: ATTAG TTPOTLTO TNG YWELKNG YEWIETOLOG TNG OXOLALXATPVTOG TTOL DElYVE-
TOL OTO OYNUO . To owpotidio xtveiton ae 6Ao T0 enimedd exTOG amtd TOLVG dloKOVG
oL €xovue opoLpéoel. O AaLUOG TNG THOVALXOTPLTIOG TTPOTVTTOTOLELTOL ATTd TOLG dVO
xOxdovg z(0) = +d/2 + Rcosf, y(0) = Rsinf, —m < 6 < 7 xow éxel pundevind uinog
EYOVTOG TOTLOoEL Tor ompelor TOL YeELAOLG TNg oxoLAxdTPLTOG. H Tarvtomoinoy yiveton
LE GUYXEXPLLEYT POoPA TowTilovTag Tor onpeio Le To (8Lo 0, €Tal Wate Ay. To onuela 1,
2, 3, xo 4 vo TowtiCovron (Umopeite vou pavtaoTelTte TL YiveTor oy SLTAWOETE TO YT
XOTA UAXOG TOL GEOVEL TWV Y %ot XOMACETE TOLG VO xUxAovg poli). To BvBLopa evig
oWUOTLOLOL LETO OTY OXOLAXOTOLTI XAl 1] OVABLOY OTtd TO AAAO YELAOG YiveTal dTtwg
Qaiveton yLow To Stavvopo U — .
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o axpo x| = L/2, |y = L/2 xow v e€gtdoovpe av avt glvot
eVOTOONG WG TTPOG ULXPES OANXYES TWVY OPYLXWY CLYONUGY.

4. No Bpolue GAAeC XAELOTEG TPOYLES TTOV YO TTEPVAVE UET OTTO TOL
XELAN NG ox0LALXOTPLTIOG KoL Vo eEgTdoovpe av elvor evatabeig
WG TTPOS ULXPES HAAXYES TWY QPYLXWDY cLYONUOY.

5. Na mpoabféoovpe oto mpdypoppor ™) duvotdtnTo. vor vTToAoYLleL
™V AtOoTOGY TTOL JLAVVOE TO owuatidto. ‘Eva owudtio Eextvaet
o6 ™ 0éom (—xg,0) xo xveiton TEOg TV +x Stevbuvor péypt ™
0éon (x0,0) pe zg > R+ d/2. Eoeic oyedidote ato yopti Ty Tpo)Ld
oL oxOAOLOEL Xt LTTOAOYLOTE TNV ATTOGTUON TTOL SLAYLOE. 2T
oLVEYELA, ETULRERALWOTE TOVG LTTOAOYLOROVGS OGS UE TO TEOYPOULLOL.

6. Zav AoxNoyn oTo TEAOG, VO UETUPAAETE TO TPOYPOUUE €TOL WOTE

ota axpa x| = L/2, |y| = L/2 10 6wpdTio vo avoxAdtol EAGTLXA.
Emovooyedidote TG TPOYLEG TTOL UEAETNOOUE TTOOATIAVW.

Opilovpe to Skl xOXAO ¢ OTTO TNV TAPOUETOLYY] OXEOT
x(e):g—l—RCOSQ, y(0) = Rsin?, —rT<0<m, (2.32)
X0l TOV OPLOTEPD XOXAO Co OO TNV TOLOOUETOLXY] OYEDT
d :
x(@)Z—E—RCOSQ, y(0) = Rsind, —r<f<m. (2.33)

Ye xabe ypovixn otypn, mpowbhodue 10 cwpatidio odupwva pe TLg
OYEOELG

t; = ddt
Ti = Ti_q +vdt
Yi = Yi—1 +uydl

(2.34)

it =1,2,... pe dedopéva (xo, o), to = 0 xa 600 t; < ty. Av 10 onueio
(i, ;) elvor extédg Ty 0plwy || = L/2, |y| = L/2, T0 emavopépovue pe
TG oyéoelg x; — x; = L, y; — y; £ L avdhoya pe tnv mepintwon. Ta
onuelon pe to (dto € atovg 300 xOxAoLg TawTilovTal, elvor dNA. Tar (Sto
onuelon Tov xWEoL. Av To anuelo (x;,y;) TEPdoeL péao amtd Tov xOXAO ¢
N Co, “BYALOVUE” TO CWUATLO EEW OTTO TOV AAANO XOXAO.
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Zynue 2.29: To owpotidio mepvdet péoa oto Seki xOxAo ¢q pe TaydTTa U %ot avado-
ETOL Ot TOV o e TogUTTe U Tow otivind / ywvioxd povoadiaio Stavboporta (é,,€q),
(€L, €p) TouTilovTal amd TNV TOEUUETOLXT THVTOTTONOYN TwY V0 XVOXAWY €1 XOL Co.

To mépaopo péoa oTov ®O%AO ¢; TO ETLONUALVEL 1| OYEOM
d ? 2 2
2Ny TEPIMTWon auTy, bIToAoyilovpe TN Ywvin § amd ™) oyéon

f=tan' [ 2], (2.36)

xo To onuelo (x;,y;) ometxoviletal oto onuelo (24, y:) émov
/ d /
x4:—§—Rc059, v =i, (2.37)

OTTWG PALVETOL GTO GYNULO . [ v ametxdvion g ToxdT™Tog U — U
LTTOAOYLLOLUE TTPWTO Tl SLAVOOULOT

D>

é.= cosfi + sin@g)}%{ p= —cosfi + sinfy (2.38)

.
g = —sinfi + cosfy €y = sinfdz + cosfy
€TOL WOTE 7N To(VTNTU

T=uv.6+v9ég — T =—v.¢6 +uvgéy, (2.39)
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OOV OL OXTLVLXEG OLVLOTWOEG U, = U - €, XOL Vg = U - €g. 'EToL, oL TeALEg
OYEOELS TTOL oG dLvouy TNV ToLTNTA “ovéddvong” v elvot oL

v, = vzcos + wv,sinf
vg = —Uysinf + wv,cosd
vl = wv.cosf + vpsinf (2.40)
v; = —v,.sinf) + wycosb

Avéroyo epyolOUaOTE ®OL YLOL TO TTEQAOUO LECA GTOV XUOXAO Co TO
OTtOl0 TWPO ETLONUALVEL 1 OXEoM

d 2
<%+§>—uﬁ332 (2.41)

2ty mepimTtwon auty vToAoyilovue T Ywvio O amd TN oxéon

ezw—mn*< %d), (2.42)

iL’i+§

xo To onuelo (z;,y;) omewxoviletor oto onuelo (), y.) émov
/ d /
x, = §—|—RCOSQ, Ui =i . (2.43)

Mo v amewxdvion g ToyxdTTog ¥ — v vIToAoYLLoLUE TO SLoVHTUATOL

é = —cosfz + sinfy e, = cosfz + sinfy
€g = sinfz + cosfy }_>{ éy= —sinfz + cosfy '’ (2.44)
ETOL WOTE 1) TOYOTNTO
T=uv.é+v96g — T =—v.¢€ +uvgéy. (2.45)

Topa oL TeMxég oyéoelg Tov pog divovy ™y ToydTNTe “ovadvong” v
elvot ot

v, = —vzcost + wv,sind
Vg = vysinf + wv,cosd
: 030 (2.46)
v, = —v.cosl — wysind
v, = —wvu.sinf + wycosb

Yy
Taw CLETNUATLXA TPAALOTO. TTPOEPYOVTAL LOVO OTO TO. TEQPATUOATO
HETO OTN OXOLALXOTPLTOL. Ay LTTAPYOLY CLOTNUATIXG CPAALXTO OTO
Tépaopo Twy opiwy || = L/2, ly| = L/2 (yroti;). Zxereite tpdmoug vo
TO AYTLUETWTILOETE OTO TTPOYPAUUA 006, xS xoL vou Tor LEAETNOETE.
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OL xAeLtotég TPOoYLEG TTOL {NTOVYTOL TTPOXVTTTOLY, A )., ATTO TLS OEYLXES
ovvOxeg
(l‘o,QmUo,Qﬁ) = (0707170) (247)

IOV EVWVEL Tl ompeiar 1 Tov oYNUATOG . Eivar aotabyg, xow awtd
umopeite vo to delte Talpvovtog ¢ — ¢ + €.

Ot xA€LOTEG TPOYLEG TTOL TTEPYOVY TY] GXOVALXOTOUTIA, GAAQ “TtEQLTL-
Alyovton” TTPoxVOTTTOLY AY. 0Tt TLG 0PYLXES aLVOTXEG

(.TD,Z/O,UO,Q” = (—9,0,1,0)
(m07y07U07¢) = (257_37 1’900)
TTOL TTEPYOVY amd 3 — 3 xaL 2 — 2 — 4 — 4 avtiotoryo. Eivor emiorng

ootobdeic 6Twg evxoAa pmopel va peietnbel pe to TEdYpoppa Tov Ho
Yodete. To TEOYPOUO 0VTO TOPATLOETAL TTOLEOXATW YLOL TTANEOTNTOL:

!

program WormHole2D
implicit none
!

!Declaration of variables
real(8), parameter :: PI=3.14159265358979324D0

real(8) :: Lx,Ly,L,R,d

real(8) :: x0,y0,v0,theta
real(8) :: tO0,tf,dt

real(8) :: t.,x,y.vx,vy

real(8) :: xcl,ycl,xc2,yc2,rl,r2
integer :: i

!

!Ask user for input:

print *,’# Enter L,d.R:’

read *,L,d.R

print *,’# L= °,L,’ d= ’,d,’ R= ’,R

if( L .le. d+2.0D0O*R) stop 'L <= d+2*R’

if( d .1le. 2.0D0O*R) stop 'd <=  2*R’

print *,’# Enter (x0,y0), vO, theta(degrees):’
read *,x0,y0,v0,theta

print *,’# x0= ’,x0,’ yO = ’,y0
print *,’# vO= ’,v0,’ theta= ’,theta,’ degrees’
if (vo .1le. 0.0D0 ) stop ’illegal value of vO.’

)

print *,’# Enter tf, dt:
read *,tf, dt
print *, '# tf=

)

,tf, 7 dt= 7 ,dt
|

!Initialize
theta = (PI/180.0D0)*theta
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i = 0
& = 0.0D0
X = x0 ;Y = yo

VX

vO*cos(theta); vy vO*sin (theta)
print *,’# x0= ’,x,’ y0= ’,y,’ vOx= ’,vx,’ vOy= ’,vy
!Wormhole’s centers:

xcl = 0.5D0*d; yc1 = 0.0D0
xc2 = —0.5D0*d; yc2 = 0.0D0
!Box limits coordinates:

Lx = 0.5D0*L; Ly = (0.5D0*L
!Test if already inside cut region:
rl = sqrt ((x—xc1)**2+(y—ycl)**2)
r2 = sqrt ((x—xc2)**2+(y—yc2)**2)
if(r1 .le. R ) stop 'rl <= R’
if ( r2 .le. R ) stop 'r2 <= R’

!Test if outside box limits:

if (ABS(x) .ge. Lx) stop ’'Ix| >= Lx’
if (ABS(y) .ge. Ly) stop 'lyl >= Ly’
open(unit=11, file="Wormhole. dat )

]

!Compute:
do while( t .1t. tf )
write (11.,%)t,x,y,vx, vy

i = i+1

& = ¥l

X =x + vx*dt; y =y + vy*dt
! Toroidal boundary conditions:

if( x .gt. Lx) x =x — L

if( x .1t. -Lx) x =x + L

if(y .gt. Ly) y =y -—1L
if(y .1t. -Ly) y =y + L
! Test if inside the cut disks
rl = sqrt((x—xc1)**2+(y—yc1)**2)
r2 = sqrt ((x—xc2)**2+(y—yc2)**2)
if( r1 .1t. R)then
! Notice: we pass rl as radius of circle, not R
call crossCi(x,y,vx,vy,dt,rl,d)
else if( r2 .1t. R)then
call crossC2(x,y,vx,vy,dt,r2,d)
endif
! small chance here that still in C1 or C2, but OK since
! another dt—advance given at the beginning of do—loop
enddo !do while( t .1t. tf )

end program WormHole2D
!

subroutine crossC1(x,y,vx,vy,dt,R,d)
implicit none
real(8) :: x.,y.,vx,vy.dt.R.,d
real(8) :: wvr,vo !v0 —> vtheta




2.4. EQAPMOI'EX

real(8) :: theta,xc,yc

print *,’# Inside C1: (x,y,vx,vy.R)z ' ,X,y,VX,Vy,R
xc = 0.5D0*d !center of C1

yc = 0.0D0

theta = atan2(y—yc,x—xc)

x = —xc — R*cos(theta) !new x—value, y invariant
! Velocity transformation:

vr = vx*cos(theta)+vy*sin(theta)

vO = —vx*sin (theta)+vy*cos(theta)

VX = vr*cos(theta)+vO0*sin(theta)

vy = —vr*sin (theta)+v0*cos(theta)

!ladvance x,y, hopefully outside C2:

X = x + vx*dt

v =y + vy*dt

print *, ’# Exit C2: (x,y,vx,vy )=
end subroutine crossCi1

TLX,Y,VX,VY

!

subroutine crossC2(x,y,vx,vy,dt,R,d)
implicit none

real (8), parameter :: PI=3.14159265358979324D0

real(8) :: x,y,vx,vy.dt,R,d
real(8) :: vr,vo !vO —> vtheta
real(8) :: theta,xc,yc

print *,’# Inside C2: (x,y,vx,vy,R)=

b
,X,y,vx,vy,R

xc = —0.5D0*d !center of C2

yc = 0.0D0

theta = PI-atan2(y—yc,x—xc)

X = —xc + R*cos(theta) !new x—value, y invariant

!Velocity transformation:
vr = —vx*cos(theta)+vy*sin (theta)

v0 = vx*sin(theta)+vy*cos(theta)
VX = —vr*cos(theta)—v0*sin (theta)
vy = —vr*sin (theta)+v0*cos(theta)
ladvance x,y, hopefully outside Ci:

X = x + vx*dt

v =y + vy*dt

print *,’# Exit Cl: (x,y,vx,vy )=
end subroutine crossC2

T L,X,¥,VX,Vy
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To medypoppor LETAYAWTTI(ETOL KOl TPEXEL XOTA TA YVWOTA. %TO

oLYOJEVLTLXO AoYLoptxd Bo Bpeite Tar opyelor Wormhole. csh xo

Wormhole_animate.gnu Tov Uwopody va cog Bondnocovy otny ametxdvion
™G TEOYLAG. Zextynote To gnuplot, Oéote Tig emtbuuntég Topapétpovg

070 Wormhole.csh o 3WOTE TLG EVTOAEG

gnuplot> file = ”"Wormbhole.dat”
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gnuplot> R=1;d=5;L=20;
gnuplot> ! ./Wormhole.csh
gnuplot> t0=0;dt=0.2;load "Wormhole_animate.gnu”

Mmopeite TP Vor ATOYTACETE XAl TLG VTTOAOLTIEG EPWTNOELS TTOL DETae
TOPATIAVW GTOVG GTOYOVG UOG...
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2.5 Aoxnvoclg

2.1 Yto mpoéypoppo Circle.£90 dWOTE TLG EVTOAEG TTOL ATTOLLTOVVTAL,
WOTE TO TPOYPAUUO YO TUTIWOVEL TOV aPLUd Twv TANPWY XOXAWY
oL Stéypoue TO HLYNTO.

2.2 X710 mpoypoppo Circle. £90 Tpoohéate GAa Tor ovayxolol TEGT OTLG
TOPAUETPOVG TTOL ELOAYEL O YPNOTNG, ETOL OTE TO TEOYPOULO VOU
elvor eyyunuévo ot Ho TpéEet opard. Kavete to (3Lo xot otar dA o
TPOYQAULUATO TTOL 3{VOYTOL GTO XEPAAXLO OVUTO.

2.3 YAwx6 onueio xiveiton TAVe o€ XOXAO UE XEVTPO TNV OPYN TwV oES-
vy e otabepn yowvioxn toayxdtnTa w. Tn ypovixn otiypn to = 0
T0 owpdTio PBploxetor ato anuelo (xo,yo). Lpddte To TESYPOULOL
CircularMotion.f90 mov va ametxovilel Ty Tpoytd. O xpnotng Ha
dlvel oty €loodo ta w, xg, Yo, to, L5, 0t. XNy €E0do Ba malpver To
Oed0pEVL OORPWYO UE TO TTPOYPoLUo Circle.£90.

2.4 Metatpédte to TPdHYPOUUo SimplePendulum. £90, €ToL YOTE O YO-
oTNG Vo UTTOPEL vou SEvel xoil i Undevixy] ToOTNTo WS QEYLXY) CLUV-
0.

2.5 Meietote 10 6pL0 k — 0 070 TEOPANUO NG BOANG oL dlveTon
am6 g Tygoerg @.40). Avantitte 1o e H =1 — Kt + L (kt)? + ...
XL XPOTNOTE TOLG Opovg Tov Oe undevilovtar oto 6pto k — 0.
2T OLVEYELNL, XPOTNOTE TOVG OPOVG E TNV OUEOWG ULXPOTEET OL-
vopn tov k. Hpoypaupotiote Tig eELOWOELS ALTEG O Eval olPYELO
ProjectileSmallAirResistance.f90. Qeswpnote TLG XEYLXES OGULV-
OMxeg U = T 4§ xow voAoyiote apLbunTixd To BeAnvexéc Tng TPO-
Lo LE Tor dV0 TTpoYpappato ProjectileSmallAirResistance. £90,
ProjectileAirResistance.f90. [Ipoodiopiote Tig TLnég TOL K YLt
TLG OTTOLEG TOL ATTOTEAECLATA GOLG GLULPWYOLY UE oxPlfeLor XxoAbTEPY
o6 5%.

2.6 Ilpoypoppoatiote Ty xivnon g BoAng, dtov 1 ddvoun g avtioTo-
OMG TOL OEPOL EYEL LETPO OLVOAOYO TOL TETPOYWYOL TG TAYVTNTOG.
Yuyxpivete To BEANVEXES TNG TPOYLAG TTOV TTPOXVTTEL UE OVTO TTOV
vToAoyiletar amd to TEOHYPopUo ProjectileAirResistance.f90
YLOL TLG TTOPOUETOOVS TOV TYNULOTOS .

2.7 Kéwvete tig amopaitnreg LETATPOTES 0TO TEOYPOLUo Lissajous. £90,
(WOTE 0 YPNOTNG VO LTOPEL Vou SLVEL SLOPOPETIXO TTAATOS KO OOYLXN
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pdéomn otny xivnon oo yivetar otn dtevbuvon tov dEova Twy y. Me-
AETNOTE TLG TPOYLES OTOY TO TTAATOG fvot {00 %ot 1 dLapopd pdong
elvaw /4, w/2, m, —m xow ToO (S0 dTay To TAATOG 0T Stevbuvaon Tov
aEova Ty y lvor SLTAGGLO.

2.8 Kdéwvete Tig amapaltnTeEG LETATPOTES GTO TEOYOAUULLOL
ProjectileAirResistance.f90, (h0Te Vo UTOPEL Vo CLUUTTEPLAGPEL
%o ™ REAETY TNG TepimTtwong k = 0.

2.9 Kdéwvete Tig aTapoltnTES LETATPOTES GTO TROYPAULILOL
ProjectileAirResistance.f90, ®yote vo bTOAOYIOTE TNV %{VNOY TOL
LALX0U onueiov ato ywpo. Kédvete ta dtaypdppotoa g H€ong/to-
YOTNTAG CLVUPTNOEL TOL YPOVOL X0l TNG TELOOLAOTUTNG TEOXLES
KE TNV EVTOAY] splot 070 gnuplot. XPNOLLOTIOLNOTE TO TTEOYQOULUOL
animate3D.gnu yLot Vo XAVETE animation T0g TPOYLAG.

2.10 Kavete T amopaltnTtes LETATPOTES 0T0 TEOYpaU o ChargeInB. £90,
oTE Vo LTTOAOYLLEL TOV oPLOUG TWY TTANPWY GTPOPLY TTOL EYEL X4~
VEL 7 TPOBOAT TNG TPOYLAG TOL (POPTLOL CGTO ETTITESO = — Y.

2.11 Metafdrete to mTElOypoupa box1D_1.£90, €T0L HOTE VO TUTTWVEL
o7to stdout Tov opLipd TV xPovoEWY TOL LALXOD oMUeEiOL GTO aPEL-
otEP0 TolYWUa, 0TO OeEl xoL TO GLUYOALXO.

2.12 EnavoAéfete to (3o yioe T0 mTpdypoappo box1D_2.£90. ZopTANQW-
ote oc 000 OTNAEG OTOV Tivoxa Tng LeA. T0 OLVOALXO oPLBud
TWY XPOVOEWY TTOL TTPOXVTTTOVY XOL OYOALAOTE.

2.13 Xto mpdypopupo boxlD_1.£90 emtAéEre L= 10, v0=1. EAattwote
70 dt pé€ypl To LAXO onuelo vo oTapatiosl va xwveltot. Mo oo
TN Tov dt ovpPaiver awtd; AvEnote to v0=10,100. MéypL ol
TLN Tov dt pmopeite va ptéoste Twpo; ot

2.14 X710 TpoYpOop o box1D_1.£90 aAAGETE Tig dNAwOoelg REAL—REAL(8)
xo otic otofepéc mpoobéate Tov exbétn DO (A.). 0.0—0.0D0). Me-
AETNOTE TN OLOUPOPE GTO ATIOTEAEGUATA TTOV TTNPATE GTNV AVEALOY]
¢ mopaypdepov 2.3.9. EnavaddBete ty &oxnon 213, Tu mapa-
TNpelTe;

2.15 Metafdiete to TpdYpappo box1D_1.£90, hOTE VO UEAETNOETE TNV
TEPITTTWOY TTOL TO ALYNTO CLUYXPOVETOL Y] EAAOTIXO LE TOL TOLY -
LLOLTOL TOL XOLTLOV, €ToL WaTe v = —ev, 0 < e < 1.



2.5.

2.16

2.17

2.18

2.19

2.20

2.21

2.22

AYKHXYEIY 153

MetafdAete To Tpdypappo box2D_1.£90, WOTE YO LEAETNOETE TNV
TEPLTTTWOY TTOV TO XLYNTO GUYXPOVETAL U1 EAACTIXE UE TOL TOLYW-
LOTOL TOV XOUTLOD, ETOL WOTE U, = —eUy, v; =—ev,, 0 <e<1.

Xpnotpomoteiote ™) péHodo vToAoyLoLoL TOL YPGVOL TToL Bploxe-
ToL O0TOL TTPOYPAUoTo box1D_4.£90 xow box1D_5.f90 xoL avoro-

PAYETE TOL ATTOTEAECLOLTOL TOV OYNLOLTOG .

Kivntd méprer eAedbepa oty xotoxdpuen dtevbuvon Eextvavtog
oo neepion oard BPog h. Xto ddmedo vploTator un EAXoTLXN XPoVOoT,
€T0L WOTE PETA TNV %povon v, = —ev, pe 0 < e < 1 mopdipe-
TP0G. MEAETNOTE YPAPOVTOGS XOUTAAAAO TTOOYQOULLO TNV XIVNOT YLOU
e=10.1,0.5,0.9,1.0.

[levixedote 10 TPONYOOLUEVO TTEOYPAUUO YL Ty = Vo, T. KéveTE TO
animation tng TEOYLAG.

MeAetiote v %iynon LAxOV onuelov GTO xOLTL TOL OYNUKTOG
R.30. Metpriote oe x&Be Porf TdaEC XPOVOELC TTaiPVETE UEYQL TO
LVALX6 onpeio vo Byel artd To xouTi.

A

SyAue 2.30: Aoxnon 2.20.

MeAetnote v xivnom LAV onueiov oto “pumtALéEd0” Tov oYN-
watoc 2.31. Metpfiote o xdbe Bohf| mooec xpodoeLe éyete UéyQL
vou TtetoyeTe plor “tpima’. To TEOYPOUUO YOU ONUELWDVEL OE TTOLOL
TOOTTOL UTTNXE 7 UTTLALOL.

[Mpoypoppatiote Ty xlynoy evog bALXOV onueiov péoa aTo eTtinedo
XOLTL TOL OYNULOTOG . XTO XEVTPO TOL LTAPYEL XKOXAOG TTAVW
oTov 0Tt0lo To LAG ompeio oxeddleton ehaotixd (Ymod.: Xpnot-
pwomoteiote TNy vopovtiva reflectVonCircle TOL TEOYPAUUATOG
Cylinder3D.£90).
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LX

Syfue 2.31: Aoxnon 2.21.

Zynea 2.32: Aoxnon 2..

2.23 Tomobetnote 0T0 ®0LTL TNG TEONYOVUEVNG oxNONG & KOXAOLG TTEVW
oToLG 0TToloLS Bor avoAdTal To LAS onueio (oyAuo ).

2.24 Bewphote ™) S&TaEn Tov oyfuatoc .34. Kébe popd mov 0 Axd
onueio oxeddletor oe Eva xOxA0, 0 xOxAog “cEapoavileton”. H xi-
YNON OTOUOTAEL, OTay OAoL oL xOxAol eEapaviotody. Kdbe popd
TTOL TO VALXO OMUELO YTUTIAEL TOY OPLOTEPD TOLYO, YAVETE EVa TO-
vto. [lpoomabfote va SLaAéETe TPOYLEG TTOL EAOYLOTOTTOLOVY TOLG
XOUUEVOLG TTOVTOUG.
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Syhua 2.33: Aoxnon 2.23.
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Zynua 2.34: Aoxnon 2.@.
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KED®AAAIO 3

H Aoyltotixn Ameinovioy

Ov un Yoo pixnég StapopLxéc eELGWOELS TTEQLYPAPOLY EVOLAPEPOYTO V-
VOULXA CUCTAUOTO. GTY] PLOLXY, TV BLOAOYLOL XOL TLG OLXOVOWLXES ETLOTY-
UEG. XTO XEQOANLO OVTO PeEASTAUE opLOunTIXd TN SLoxELT] AOYLOTLXN
OTELXOVLON WG “Eval OTTAG LolMUOTIXG TEOTLUTTO UE TTOADTTAOXES SLVOL-
uxég tdtres” [20] ot omoleg ovvavTWVTAL G TOAAG OO TOL TEOO-
voepopeva ocvotripote. H eEiowon avt mTapovoLtdlel yooTixy] cLUTE-
OLPOPAL YLOL XATIOLEG TLUES TNG OUVOULYNG TTOPOUETOPOL TG %ot €Tol Ha
uog dobel n evxarpla voo ayyltEovpe awtd To TOAD evdiopépoy BEpa pe
ONUAYTIXEG ETULTTTWOELS 0T QULOLXA Qawvopeva. To potvdpevo awtd me-
pLopilel onuavTixd T SLYOTOTNTEG oG YLow Yonolues TPOoBAEDELS ot
xoovixn eEENEYN evig, xaTd T’ GAAAL, YTETEQPULVLOTIXOD SLYOULXOD CLOTY-
LOTOG: TOL ATTOTEAETUOTA LETPNOEWY UE OLOPOPETIXES OPYLXES oLV KES
oxoAovfody xatavour) ov dev pmopel vor SLaxwELoTEL OTd VTN LG
OELYUOTOANTITLXYG OLVAPTNOYS ULag Tuyoiog dtepyaotioc. To edio awtd
™G UEAETNG U YOOULXWY SUVOULXWY CUOTNUATWY ELVOL TEQAOTLO XOL
TOPATIEUTTOVUE TOY VOYVWoTn 0Ty PLpAoypapio yiow utor TANEEGTEEY
uweAétn [20,21,22,23,24,25,26,37].

3.1 Ewoaynyn

H 1o yvwot e@oppoyy g Staxpltng AoYLoTixyg eElowong TPogpyeTaL
ol ™) REAETN BLoAoyixwy TANOLOUWY OL OTOLOL AVUTIAPAYOVTAL AVE
ToXTA Ypovixd Staotiuato. To amAd TpdtuTTar TTEOLTOOETOLY OL YEVEES
VO LYY ETILXOADTTTOVTOL.

To mo amAd (ko operéc) mPdTLTO Elval aWTO TTOL XAVEL TNV V-
Aoyn vébeon bt o pLOUGG adEnang dP(t)/dt evog TAnbvopob P(t) eivor

157
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OVAAOYOS TOU 1Y LTAPYOVTOS TANHLGUOV:

dP(t)

i EP(t). (3.1
H yevxr Aoon tng Topamdve eEicwong eivar P(t) = P(0)e* xow vwo-
INAdveL exbetixn adEnon tov TANHvopod yio k > 0 xor pelwon yLo
k < 0. [Tpopavwg oavtd To LOVTEAD UTOPEL Vo LoyVeL 660 0 TTANBLoUAG
elvot TOAD uLxpog xoit umopel voo oryvonbel v aAAnAemtidpoon pe to TEQL-
Bé&Arov (emtbpxreta Tpo@Yc, aabéveiee, OnpeuTéc xATT), aAAG ival Povepd
OTL Oy pmopel vo LoyVEL YLor oPXETA UEYEAOVLG YpOvous. O TLo amAdg
TPOTOG YL vau AdBovpe LTTOYN TOLG TAPAYOVTEG OAANAETTLIPAOYNG TOL
TANOLOPOV pe TO TEPLREANOY EVOL VO ELOAYOVE EVOY U] YOOULULXO OPO
oty eklowon, €10l ote

dP(t)
dt

H mapdpetpog k Sivel to uéytoto pubud avamtuEng Tov TAnHLoROY, Ve
70 b eAEYyEL TN SLYTHTNTA TOUL E{GOVE VO GLYTNPNOEL EVOL GUYKEXPLUEVO
entinedo mAnBuopod. H ekiowon (B.A) pmopei va Staxprtomoinbei oto
xo6vo vmobétovtag dtL xdbe yeved avamopdyetal, xdbe §t xar M n-
00T YeEWd éyet mAnbvopd P, = P(t,) 6mov t, = ty + (n — 1)dt. Téte
P(tns1) = P(t,) 4 0tP'(t,) xou 7 eEiowon B.1) yiveton

PTL+1 - TPn ; (3.3)

= kP(t)(1—bP(1)). (3.2)

6mov r = 1 + kdt. Ov Adoelg g Topamave eElowong o TEémel vo
mpooeyyilovy T P, ~ PyeFtn o e"D" xou éyovue exbBetinry adEnon
TANOLGUOY, GTay 7 > 1 xat ueiwon, 6tay r < 1. H eEiowon (B.2) umopst
Tote vo draxprtomoiniel wg ekng:

Poy1 = P,(r —bP,). (3.4)
Me tov optopd x, = (b/r)P, molpvovue TN AOYLOTIXY] ATTELXOVLOY
Tpy1 = rap(l —x,) . (3.5)
Optlovpe TLg oLVOPTNOELG
f(z) =rz(l —x), F(z,r) =rz(1—x) (3.6)

(n pévn dropopd toug eivar GTL oty TEHOTN To 1 Bewpeiton dedouévn
TOPBLETPOC), €TOL WOTE

Tpt1 = f(l'n) = f(2)(xn71) = ... = f(n)(xl) = f(n+1)(x0) > (37)
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6oL ypnotporotioope To cuuBohoud fU(x) = f(x), fA(z) = f(f(z)),
fOx) = f(f(f(2))), ... yroo Tq 6OVBeon cLVAETAGEWY. H Taipdywyog g
ovvapToNg f B pog YENOLUEDTEL OPXETE OTA TTAPOXATW:

_ OF (z,r)

f'(z) o = r(l —2x). (3.8)

Emeldy eppunvedovpe tny mToodtnta x, g TOGOGTO ETTL TOV HUEYLGTOV
dvvatob Anbvopod, Ho mpénel 0 < z,, < 1 vt xdﬂs n. H ovvéptnon
f(z) mapovoldlet péytoto yra z = 1/2 to omoto eivon oo pe f(1/2) = r/4.
Apa, av r > 4, tote f(1/2) > 1 T0 omOlO PE XATAAANAY ETULAOYY] TOL T
0o 0dnynoeL o 11 = f(x,) > 1 yio xdmwoto n. OTOTE TO EVILOPEPOY

eVPOG TWY SLYATOY TLUWY TNG TTOPAUETOOL T ELVOLL
0<r<4. (3.9)

H loyiotind anewévion (B.5) umopel vor Oewpndei ooy eEicwon me-
TIEQATUEVMY SLOPOPWY, AAAA N TEALXN TNG EXPEOOT ELVOL ULOL ETTOYWYLXY
oxéon evig Pruoatos. ‘Etot, dedopévng ULog apytxng TLUNG o, LECW Ow-
TG TopaYETOL Lo axoAovBion Ty {zg, 1, ..., Ty, ... } oTNY oTTOlo Ot
OVOUPEPOUATTE]| G TNV TPOXLE TOV Tj. LTLG ETOUEVES TTOPAYPAPOVS TOU
xe@oAolov awToV, Oor emixevTpwHoOVUE O0TN PEAETN TWY LOLOTNTWY TWV
TOOYLWY OVTWY WG CLVAPTNON TNG TTOPOULETOOL T

Ov Adoelg g AoYLoTLxyg amexdOviong Oev lvol YVWOTES TTopd LOVO
yiao r =2 xou r = 4. [N r = 2 éxovpe
(1—(1—a0)*) (3.10)

Ty —

N[ —

evadf] Yo = 4
1
r, = sin?(2"n0), 6= —sin"\/zg. (3.11)
™

Cwoer = 2, limy, 00 T, = 1/2, €V Yot r = 4 €YoLPE TTEPLOSLUES TPOYLES YL
xo oL Btvovy PNTod O %o pun TEEPLOdLXES, dtav divovy dppnTo 0. o Tig
LVTTOAOLTIEG TLUEG TOL 1 Hor epyaaTOVUE oPLOUNTIXE YLOL YO (LEAETOOLUE
TLG LOLOTNTES TWV TPOYLWY TNG AOYLOTLXYG EElOWONG.

Tlopoatnehote 6t av o, > 1, T0TE T\tq < 0, oméTE OV BéAovYE T, > 0 Yiow %&b N,
To6te O TpEme z, < 1 yia x&be n.

X podnpotixd BAloypaio avapépetor xoL we “splinter of 2" (splinter=opéda
oL SNULOVEYEITOL OTTH TO BLaYWELOUS PLOG LEYOADTEPYS OUESaC).

*E. Schroder, “Uber iterierte Funktionen”, Math. Ann. 3 (1870) 296; E. Lorenz, “The
problem of deducing the climate from the governing equations”, Tellus 16 (1964) 1
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3.2 ZXrabspd Eypeio ot 2" KdxAot

Eivaw @ovepd 611 av 10 ompuelo x* elvor ploe Aon tng ekiowong x =
f(z), 61€ ©,, = % = Tpy = ¢F Y x&be k > 0. [N ™ ovyxexpLpévn
ovvaptnoy f(z) = rz(l — x) éxovpe 300 AOOELG

;=0 xou ay=1-1/r. (3.12)

Oa dovpe 6TL T oNpeior VTA EIVOL EAXVOTES TWV TPOYLWY YLOL XUTAAAN-
AEg TLEG TOL 1. AUTO onpaivel OTL YLa Evor EVPOG TLUWY TNG OPYLXNG TLUNG
0 <z < 1, n axorovbio {z,} TANOLELEL AOVUTTWTIXA XATTOLO OTth WV TE
T onpela xobdg n — oo. Tpogoaveig To (LéTpov undév) oBVoAa oEYLXWY
oy {zo} = {27} xow {xo} = {z}} Sivouvy Tpo)Lég TTOL EAXVOVTOL OTTH
T o} xow i avtiotoryo. o va dodpe moteg amd tig dVo TLUES “pOoTL-
pLovv” oL apyLxég ouvbnxeg ato daotnua (0,1), opxel va peAetioovpe
™V evatabeto Ty dVo atabepdy onueinwy o} xou x5, Ag vmobéaovpe 6Tt
YLOL XATTOLO 1 M TLUN Ty, ELVOL XTTELPOOTA %OVTé& 6T0 0Tabepd onuelo =¥,
€ToL OOoTE

T, = 2" +e,
Tpil = T 4 €pgr- (3.13)

Téte, emeldn
Tnpr = [(2) = (2" + &) = f(2") + euf'(2") = 2" + e f'(27),  (3.14)

OTTOL YPMNOLULOTIOLNOOPE TO awvdTTuYpo xata Taylor g f(z* + €,) YOpw
oo To z*, xobg xow ™ oyxéon x* = f(x*), éxovpe OTL €,41 = €, f ().
Omote Loydet 6TL

€n+1

= |f'(z)] . (3.15)

€n

Apa, av |f'(z*)] < 1, Tt lim,,_,o €, = 0 %o T0 oTobepd onueio z* eivor
evotabég: N oxolovbion {x, ;} TANoLéleL aoLUTTWTLXE *OVTE GTO x*.
Ay |f'(z*)] > 1, t6te N oxorovbiow {z, 1} omopoaxpdvetor amd to z*
xot 1o otobepd onueio eivar aotalfés. H mepimtwon |f'(2*)| = 1 elvon
0pLOXY] XL XOTOOELXVVEL OAAYT] OLUTEPLPOPAS. Tlpémel va peietndel
AT TEPITTTWOY] XL GUVIEETAL UE TNV EUPAVLOY ONUELWY SLOXAGSWONG
7oL Ot GLINTNOOVLLE TTOPAARATE.

Mo ™y ewden mepintwon g f(z) = ra(l — z) pe f'(z) = r(1 —
2z) éyovpe 6 f'(0) = r xou f'(1 —1/r) = 2 —r. Apa, 6tav r < 1,
T0 onpeio x} = 0 elvor eEAxLGTAG, eved To =5 = 1 — 1/r < 0 xow Sev
eppaviletal. Otay r > 1, 10 2§ = 0 8tvel | f'(z])| = r > 1, omtde T0 27 elvor
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ootafég. Omoladnmote opyLxnn cLYONUN o XOVTA GTO X} ATTOUOXPVVETAL
artd owtd. Emetdn yroo 1 < r < 3 éyoovpe 0 < [f'(z3)| =12 —7r] < 1, T0
x5 elvar eAxvotig. Omortadnmote opyixy cvvinxn zo € (0,1) TAnoLalet
OLOVUTITWOTLXA XOVTA 0Ty Tl 25 = 1—1/r. Otayv r = r) =1, gYovpe TNV
optoxn xotdotoon x; = x5 = 0 xow AEue 4Tt TNy XELoLUN TLUN rY =110
xpiowo onueio z} Staxiaddvetar (bifurcates) otor 3o otabepd onueio
] KOl T5.

Ot droxAadwoetg avtég ovveyilovtal, xabwe to r awEavet. [lpdypore,
btay r = r) = 3, éxovpe fl(x3) =2—r=—1xayr > r® 7o x5 ylveTon
aotaféc otabepd onueio. Oswpriote ™ Ao ¢ ekiowone © = fP) ().
Av 0 < z* < 1 elvow ploe Abon g %o ‘YLO( XATTOLO N EYOVLUE T,, = ¥, TOTE
Tpyo = Tpag = .. = Tpyor = ... = ¥, xolBOC xol 401 = Tpyg = ..
Tpiokr1 = ... = f(a*) (dpo xow 0 f( ) elvort Abom g idLog sELowong)
Ay 0 < 25 < 2 < 1 elvor 300 TéToleg StaxpopeTixnés Nooelg ue zi = f(x}),
x; = f(x}), 16T TO GVOTNUO EXTEAEL Lo TTEPLODLXY] TPOYLE (e TtEPLODO 2.
To 3%, x; elvot T€Tola, HOTE vau elvol TEAYULoTIXES AOOELS TNG eElowang

f(Q)(l‘) _ 7’2[E(1 _ [E)(l _ T’JZ(l _ JZ)) =z, (316)

eved TowTdypova Bor TpEmeL var uny elvar oL Aoelg o} 25 g eElowong
r = f( ) Emetdy ta onueio 23 = 0 23 = 1 — 1/r eivow Moeid| o e
r = fP(z), 10 TOEATAVL TOALWYLUO UTOPEL VO YOOPTEL GTN LOPEY
(3eite [21] yro TepLooGTEPES AeTTTOUEPELES)

x<x—<1—%)>(Ax2+Bx+C'):O, (3.17)
ométe avantdooovtac o tohvdvope (B.16), (B.17 xar cuyxpivovtoc
TOLG GLYTEAEGTEG TOLG oupuTepaivovpe 6Tt A = —1r3, B = r?(r + 1) xou
C = —r(r+1). Ou pileg Tov dLwVHLOL GTNY () xoboptlovtol amd
droxpivovoo A = r?(r+1)(r—3). o TG TLLES TOUL T TTOL LOLC EVILOPEPOLY
(1 < r < 4) n draxpivovoa yivetow Oetinh, btay r > r? = 3 xou téTE
gxovpe 300 dLoxPLTEG AVOELG

i =((r+1)FVr2—2r—-3)/(2r) a=34. (3.18)

Otoy 1 =1t ¢ gyovpe pLa SLAY pila, dpa €va povoadind otabepd onueio
OTtWG ELOUUE KOL TTOPATIAV.

Mot peréty g evotdbeiag twv Moewv g = = fP(z) axo-
AovBodue ™y (Sta Topeio oL pag 0dynoe oty ekiowon (B.15) xow

‘Enedi av o = f(z*) = fO(z*) = f(f(=*)) = f(z*) = 2* %.0.x., T0 onpeio z*
elvo %o Abom g = = f) (z%).
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eketdlovpe av m P (z) éxer améALTN TLUY ULXEOTEQEN, UEYOADTEQON 1
ton e wovédac. Tapatnodvrog 6tf] @ (z5) = [ (z4) = f/(x3)f (24)
= —r2 4 2r 4+ 4, BAémovpe 6t yior =) =3, f@'(23) = f@'(22) = 1 %o
yioer =78 =146 ~ 3.4495, f@(z3) = f@'(2,) = —1. Stic evdLpeoES
Tpéc 3 < r < 146 oL mapdrywyor | fP(z2)] < 1 yie o = 3, 4. Apox Tox on-
peto vt elvor evotabeic Aboeic gz = £ (1) xou éxovpe droxhdSwon
TwY otabepdy onuelwy x], 25 ot x), o =1,2,3,4 vy r = r$? = 3. Xxe-
Jd6v OAeg oL TPOYLEG LE opyLxég auvbfxeg ato Stdatnua [0, 1] eAxdovtar
OOLUTITWTIXG ATTO TNV TEPLOOLXY] TPOYLA UE TEPLOdO 2, TOV “2-%xU®A0”
{3, 23}

Me tov (3o TpdTTO pTopPOoVE Vo Bpodue TTwg oTo onueio r = r® =
1 + /6 éxovpe dLoxAédwon Twy otabepwy onueiwy r%, a = 1,2,3,4 o

le'%s

oxt onuelo ), o = 1,...,8. Avta elvor mpaypotixéc Adoelg tng eki-
GWOMNG TOV 4-XOXAOL TN AoyloTixic eElowone = = f@W(z). Tw r?) < r <
rY & 3.5441 ta TeAevTAin onuelo x¥, a = 5,...,8 amwOTEAOVY EAXLOTY|

70U eiva évaig 4-xOXAOC ULOS YEVIRAC TEOXLES TS AoYLoTixfc eEiowand].
[Mopdpotor yroo r << gyovpe StaxAadwon oe 16 otabepd on-
et g © = f®(z) oL 0dMYodY oE 8-xUxA0 o Yo rE) < 1 < i
oe 16-x6xh0 %.0.4|. To Qawvduevo awtd Aéyetan StTAAGLAOUGE TTEPLGSOL
xa ovveyilet e’ ametpov. Ta onueio i TTANOLALoVY dLaPXKG UETAED
Toug €tal, wote lim,, r{ = r, &~ 3.56994567. Ontwe o dodpe, N TLpn
Te ONUOTOBOTEL TNV EVOEYN UN TTEPLOBLXNG, XHOTLXYG CUUTEQLPOPES TWY
TEOYLWY TNG AOYLOTLXYG XTTELXOVLONG.

Ov ohyePpLxol vToAoYLoUOL TV oNUELWY SLOXAASWOTNG €lvol TOAD-
TTAOXOL %Ol €TOL OVOYXOLOUOOTE VO XOTOPUYOLUE Ot apLtiunTinég pe-
f6dovg vToAoYLoPOL TovE. Apytxd Oo Ypdupovue éva TTEOYPOUUA TTOV
vou pog OLVeEL TPOYLES TNG AOYLOTLXYG OTTELXOVLONG YLOL ETILASYLEVES TLUEG
Tou 1 %o xy. To mpdypoppa Bo To Ppeite oto apyeio logistic.£90 xou
Topatifetol ToPaxATw.

|

!Discrete Logistic Map

PAT6 tov xavévae g ahvaidac dh(g(x))/dx = W (g(xz))g (z) éyovpe 6t fP (x}) =
df(f(w3)/de = F/(F@)f (x3) = F(@3)f/(x3) ow avéhoye yio Ty f@(x). Te-
vixedovtog UTmopodpe vou amodetEovpe OTL Yo Tig 1 AOGELS T) 1, Ty 9, - -, Th, TOU
owixoLY GTov n-xOxho g ekiowong x = f(x) éyovpe 6t fV (2,4) = f(Tni1)
f(@ng2) . f(x2n) La %60 i = 1,...,n.

Ta zf, a =1,...,4 eivar aotob) otalbepd onpeion xow 2-xOxAoOC.

Tevixd, yro 1™ < v < 1" < 1, & 356994567 éxovpe 2" otabepd onueio Tng

7 n—1 z — 7 7 Z
ekiowone z = f3" ) (x) xow eppdvion 2" -xOxAwVY TToL elvar EARVOTEC.



3.2. XTAOEPA XHMEIA KAI 2V KYKAOI 163

0.9
0.14 +
0.8
0.12 + 4
0.7 | iy
011 06
0.08 | 05 |
0.06 i 1 04 r
0.04 -“ =05 —— -+ 03
‘ r=0.99 |
i r=1/0.9 - - L/
0.02 “‘ = 1/0.88 0.2 |
. r=1085 o bl | | | |
0O 20 40 60 80 100 120 140 160 180 200 0 10 20 30 40 50

Zynuo 3.1: 1o aplotepd oo QolvovTol TPOYLES TNG AOYLOTLXNG eEloWOoNg Yot o =
0.1. Araxpiveton 1 TEHTN SLOXAGSWON YLow r& =1 amé 1o zf=00t025=1-1/r. %10
Ockl oyfuo yonotpomotobue r = 3.5, TETOLO WOTE r < <o TEELG XOUTIOAEG
eivor yroo tplor dropopetind apyixd onuela. To odotnuo, LETE amd pLa LETOBoTixn
PGom oL eEaPTATAL OTtO TO aEPYLXO onuelo, axolovbel TpoyLd Tov elvor 2-xbxiog. O
optLovtieg Yoo pég eivan oL avopevdpeveg Twwég o3, = ((r + 1) F vVr? —2r —3)/(2r)
TTOL OVOLPEPOVTAL GTO XELUEVO.

!

program logistic_map
implicit none

integer :: NSTEPS,i
real(8) :: r,x0,x1
! —— Input:

print *,’# Enter NSTEPS, r, x0:°
read * ,NSTEPS,r,xO

print *,’# NSTEPS = ’ ,NSTEPS
print * # r = ' r
print *,’# x0 = 7,x0

! ———— Initialize:
open(unit=33,file="log.dat’)
write (33,*) 0,x0
I Calculate:
do i=1,NSTEPS
x1 =1 * x0 * (1.0D0—x0)
write (33,%)1i,x1
x0 = x1
enddo
close (33)
end program logistic_map

To mpdypoppor LETOYAWTTILETOL XOL TPEYEL XATA TA YVWOTA:

‘> gfortran logistic.f90 —o 1
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‘> echo 7100 0.5 0.1 | ./1

OTTOL E TNV EVTOAY echo EXTUTIWVOLUE 0TO stdout TLG TLUES TWY TTAOO-
©wETpwy NSTEPS=100, r=0.5 xot x0=0.1, xot TLg SLOYETEVOLUE LETW pipe
070 stdin TOL TPOYPEUUATOS TTOL TEEYEL UE TNV EVTOAY . /1. Tow amote-
Aéopota Bo T Bpovpe o dV0 oTNAeg 0TO apyeio log.dat %o LTTOPOVUE
vo Tar S0VUE PE TO gnuplot. Me Tov TPOTO atUTO PTLAYVOVULE T CYNUOTO

. 2€ aUTE UTTOPOVUE VO SOVUE TLG OV0 TPWTES OLAXAASWOELS, xobtg
OVEAVETAL TO 1 XOL EETTEPVAEL TLG TLUEG r xow r?. Me Tov 8o TPOTTO
LTTOPOVUE VO LEAETYIOOVILE TPOYLES TTOL [BPLOKOVTOL XCLUTTTWTLXA XOVTO

271_ 7 7\ /6 Z 7 /2 (nfl)
oe 2"-x0xhovg xabe Qopd oL TO 1 EETEPVAEL TNV TN ¢ .

07f T@] S ol
06 Lo 0.7 -
05t 1 06
0.4 051

04 r
03} ;

03t
0.2 ;

02t
0.1r 1 0.1}

0 ‘ 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Eyduor 3.2: Eninedn ametxdvion Twv Tpoxtodv g Aoylotixig eEioworng (cobweb plot)
o r = 2.8 xa 3.3. 10 apLotepd oxfuo fAémovpe Topddetypo otabepod onueiov ¥ =
f(x*). Arewxovileton 1 ouvdptnon f(x) (Tpdowvn xowmdAn), N cuvéptnon [P (z) (umie
XOPTOAN), x0Bg xat 1 Starydviog. H tpoytd xotadfiyel ot povadin un undevixi topy
TWY XOUTOALY TG Storywviov xot g f(z), To atabepd onueio x5 = 1 — 1/r. H tpoytd
téuver Ty [P (2) oo (Sto onueio. Asy vdpyoLY dAa onueia Toprg T f P (z) pe ™
Stoydvio. AgkLd éxovpe mopdderypa 2-xOxhov. H f2)(z) téuver ) doryddvio xaw oe
dvo Stopopetixd onueion Tov slvor tor xf xo x. Atoxplvovpe 10 2-x0xAo 6TOV 0TTOLO
XOUTOAYEL OLUTITWTLXA 1] TPOYLG Tov eivar To opboydwvio (x5, x%), (af, z3), (x},x}),
(23, 27)-

"Evag aAAog TpOTOG Yo LEAETNOOVIE XOL VO XATUAGBOLUE YOXPLUA
ToUG 2"-XOUAOVG ELVAL TO SLAYPOUUO TTOV XATUOXEVALETAL UE TOV OXO-
Aovbo tpdTo (cobweb plot): Eto eminedo emAéyovpe apyLxd To onueio
(20, 0). LN ovvéyeta, voAoyilovpe To onueilo (xg,x1), 6oL x1 = f(z0)
X0l TO OTTOLO ELVOL TIAVW OTNY XOUTTOAN TNG YOOPLXNG THOACTOONG TNG
f(z). To (x¢,x1) TO “TPOPBEANOLUE” TTAVL GTN SLOYWVLO y = = TOLEYO-
vTag To onuelo (21, x1). Emavoiopufdvovpe avt) ™ Stadixaoia Toipvo-
VToG TOL ONUELDL (Tp, Tpa1) ROL (Tpi1, Tpy1) TOVE OTNY XOUTOAN y = f(x)
xol y = x ovtiotoya. To atabepd onpelon x* = f(z*) elvor M TouN TV
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Zynuo 3.3: Aptotepd PAETOLIE TOV 4-*O%AO TOV OTTO{0 TTANOLALEL ACVUTTTWTLXA 1 TOO-
& oo 7 = 3.5. H pmhe xoumdAn eivon tdpo 1 ouvdptnon 4 (x) n omota téuver
SLoywvlo o Téooepa ONUELR Ty, @ = 5,6,7,8 ot 0 4-xOxAOg TTEPVAEL aTtd Tow onpelo
owTé. TéAog, Bkl TOPOTNEOVIE Lol N TIEPLOBLXY TPOYLA TTOL TTPOXVTITEL YLl 1 = 3.7,
6TV TO COOTNUO TTOPOVLGLALEL YOOTLXY] CUUTIEQLPOPEL.

XOPUTIOAWY XVTWY XKAL OV 1 TPOYLA EAXVETOL OTTO QAVTA, TOTE M axoAovbio
TWY TTOEOATIEYVL oNuelwy Bo cuyxAlvel oe avtd. Ay eipoote o 2"-xOxAo,
ToTE Ot TOPALTNPYOOVLE TNV TTEPLOBLXY TPOYLA TTOV TTEPVA OLTTO TOL ONILELDL
mov efvon Aboetc g = @) (z). T vor LAOTTOLRGOLIE TNV TOEATTEVE
aoxnom, Yodwovue To axdlovbo Tpdypaupa to omoio Bo PBpeite oto
opyeio logisticl.£90:

!

! Discrete Logistic Map

! Map the trajectory in 2d space (plane)
!

program logistic_map
implicit none

integer :: NSTEPS,i
real(8) :: r,x0,x1
| ——— Input:

print *,°# Enter NSTEPS, r, x0:°
read *,NSTEPS,r,x0

print *,’# NSTEPS = ’ ,NSTEPS
print *, '# r =’ .r
print *,’# x0 = ’.,x0

D Initialize :
open(unit=33,file="trj.dat’)
! ———— Calculate:
write (33,*) 0, x0,0
do i=1,NSTEPS
x1 =1 * x0 * (1.0D0—x0)
write(33,*) 2*i—3,x0,x1
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write (33,*) 2*i—2,x1,x1
x0 = x1
enddo
close (33)
end program logistic_map

H petayAdttion xow 1o Tp€ELpo yivetal axplBwg 6mTwg xoL yiow To Tpo-
Yooppo logistic.£90. T amoteAéopoTar LTTOPOVPE VO ToL SOVUE UE TO
gnuplot. "o wapddetypo, n Tévw oPLOTEPA YPOPLXY] TTHOAOTOON GTO
oYNUo WTTOPEL Vou YIVEL UE TLG EVTOAEC:

gnuplot> set size square

gnuplot> f(x) = r*x*(1.0—x)

gnuplot> r = 3.3

gnuplot> plot “<echo 50 3.3 0.21./1;cat trj.dat” using 2:3 w 1
gnuplot> replot f(x) ,f(£(x)),.x

Me Ty evToAn plot TEEXOLIE TO TTEOYPOULO OTIWE OTTO TN YOO EVTO-
ADY XOL OTY] OLVEYELX XAVOLUE TY] YOOPLXY] TTOPAOTAOY] ATtd TO op)Elo
trj.dat. Xty emoéuevy Yoouuy TPOGHETOLUE TIG YOOPLXKES TTOOOOT -
oeg e f(z), fP(z) = f(f(x)) o g Sraywviov y = x. Tt GYHLOTO
%ol BAETOLPE TTOPAdELYROTO OTtd EAXVOTEG aToEP®Y onpeiwy,
2-x0%AwY xoL 4-xOxAwv. Emiong, dlvetor xot To TOQASELYUO ULOG KN
TLEPLOOLUNG TPOYLAG TTOV TTOLPOVLGLALETOL, OTAY TO GUGTNUO TTAPOLOLALEL
XOOTLXY] CUUTIEQLYPOPA YLOL 1 > T R 3.56994567.

3.3 Abypoppo SLoxA&IWOoYS

Ou doxAadwoeLg NG AOYLOTIXNG EELOWONG UTOPOVY YO OTTELXOVLGTOVY
YoopLxa 0T0 “OLaypoppa dtoxAadwons’. Ouuilovue 4Tl oL TEWTES SLoi-
xAodwoelg ovpBalvovy yior XpLloLUeS TLUES TOL T

rD <r@ < r® < <M< <, (3.19)

6mov ) =1, 1P =3, 1P =14 V6 xou 1. = lim, ., 7" ~ 3.56994567.
o ™ < ¢ < it gyovpe 2" otabepd onpela zi, a = 1,2,...,2"
e v = f@)(z). Arewovilovtoc avtd to onueion X (1) wg cLYEETNON
TOU 7 PTLAYVOLUE TO JLAYPoUUe OLoxAadwons. Avtéd Oa Tta vToAoyi-
oovpe aplbuntixd pe 10 mpdypappo bifurcate.£90. Xto TEOYPOUUOK
oTO ETLAEYOVPE TLG TLUES TOL 1 TTOL OEAOLUE VO LEAETNIOOVLUE %O YLOL

%GO pio omd avtéc xataypdpovue To anueio Twv 2" -xbxhwvl z* (1),

o va efpaote oxpiPeic, pe Tov T6To awTd SV PTLEYVOLUE TO SLEYEOULLO SLOXAS-
dworg (bifurcation diagram) to omoio éyxet xow tor aotadf onueio, oA To Stéyporpo
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a =2t 1,2t 4200 2" Autd pmopel vo yiver ebxoha av epo-
UOoOLUE ETTOYWYLXA TN AOYLOTLXY EELOWON OPXETES (POPEC, ETOL HOTE OL
TEOYLEC VOL PTAGOLY VO EXTEAODY TTROXTLXE LGYO ToLg 2" t-xixAovg. XTo
TEOYQOLUA, ] TTORAUETPOG TtoL xobopilel Tow onuelot TNG TEOYLAS TTOV
“metdpe” elvar  NTRANS. Metéd xataypdupovpe NSTEPS onpeion Tng To0-
¥Lag T omoior vtofETovpe Gt To NTRANS elvort PXETA UEYEAO, ETOL WOTE
Vo xoTorypaovpe povo tor onueia twy 2" -xdxiwy. To mtpdypappo Si-
VETOL TTOLOXATW:

!

! Bifurcation Diagram of the Logistic Map
!

program bifurcation_diagram
implicit none

real (8) ,parameter :: rmin = 2.5D0

real (8) ,parameter :: rmax = 4.0DO

integer ,parameter :: NTRANS = 500 !Number of discarted steps
integer ,parameter :: NSTEPS = 100 !Number of recorded steps
integer ,parameter :: RSTEPS = 2000 !Number of values of r
integer 52 4

real (8) :: r,dr,x0,x1

D — Initialize :
open(unit=33,file="bif.dat’)

dr = (rmax—rmin)/RSTEPS !Increment in r
D Calculate:
r = rmin
do while ( r .le. rmax)
x0 = 0.5D0

! —— Transient steps: skip
do i=1,NTRANS
x1 =1 * x0 * (1.0D0—x0)
x0 = x1
enddo
do i=1,NSTEPS
x1 =1 * x0 * (1.0D0—x0)
write(33.,*) r,x1
x0 = x1
enddo
r = r + dr
enddo ! do while
close (33)
end program bifurcation_diagram

To mpdypo o LETAYAWTTICETOL XOL TPEYXEL TTOAD OTTAQL UE TLG EVTOAEG

TpoyLwyv (orbit diagram). Tor atAGTTAL YENOLLOTTOLOVPE TO (L0 Gvop.o.
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Zynuoe 3.4: Aplotepd SelyveTal To SLAYPAUUO SLOXAASWONG OTWS TEOXVTTEL ATTO TO
TeoYpo e bifurcate.£90 ya 2.5 < r < 4. [opatnpodpe TG TEWTES SLoXAASHOELS OL
oTtoieg axoAoLBOVVTOL TG SLOSOYLXEG TTEPLOYES OLOTLXWY, L1 TIEPLOSLXWY, TEOYLODY UE
“Sradeippoto’” TEPLOSLXWY TEOYLWY. OL YOOTIXEG TPOYLEG TTalPYOLY TLUES OE LTTOSLOOTY-
porta Tov dtaotipatog (0,1) uéxpt yia r = 4 6oL TAlPYoLY TLUES PHETO OE OAOXATPO
10 drdotuen. Mopotnpodpe yio r = 1++/8 ~ 3.8284 tov 3-x0%A0 0 0TOLOg GTN GUVEYELDL
Stoxhodwvetar oe 3 - 2™-xOxAovg. AgELd peyebdvoovpe To dLaypopo o pLor TEQLOYN
TLLGY TOL T TTOL XaTASELXVUEL TNV awTopotdtta (self-similarity) tov Storypdpp.ortog oe
OAeg TLG *ALpOXES.

> gfortran bifurcate.f90 —o b
> ./b;

XOUL LTTOPOVLE VO XU TOOXEVAOOVE TO OPLOTEPS OYNULOL @ UE To gnuplot

gnuplot> plot “bif.dat” with dots

[Mopatnpodpe Ta evotabn otabepd onueion xow Tovg 2™-*OXAOLG YLoL
r < r.. MOALG TO 7 EgTEQBOEL TNV TLUN T(, OL TPOYLEG ELVOLL UN-TTEQLOBLUEG
X0l TO OOOTNUO TTOPOLOLALEL YAOTLXY] CLUUTEQLPOPE. Ba culnTnoovye
TNV EVVOLOL TNG YOLOTLXYG OUULTIEQLPOPAS UE TTEPLOTOTEQPY] AETTOUEQELD OE
ETOUEYY TTORAYPaPO. [t TNy oo, atAd etonp.aivovpe 6TL artd To SLd-
YOOUUO UTTOPOVUE VO LETPYCOVILE TNV OTTOCTUON UETAED TwV XPLOLUWY
onuetwy Art = i g 7 oTolo SLAPAWS UELWVETOL OXESOV YEWUE-
TOXA UE TO N, €TOL WOTE

lim i)) =0 ~ 4.669201 609, (3.20)

n—oo Ar(ntl

omov 9§ elvar  otabepd Touv Feigenbaum. Eniong, mapatnpeitor Tt to
TAGTN TV StoxAodwoewy Aw, emiong LELWOVOVTOL, ETOL WOTE
Awy,
lim —— " — o &~ 2502907875 . (3.21)
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Eivar evdiapépov, emtiong va emionuavovpe v ep@avion otobepod 3-
xOxhov YLow 7 = 1 + /8 ~ 3.8284 > r.! Xpnowwomoldvtag o Bedpnuo
Sharkovskii, ot Li and Yorkef| Scifave Ttwe omotod#mote povodidotato
oVoTo EXEL 3-xVU%A0OVLG, TOTE O €xEL xoL XOXAOVLG OTTOLOVINTTOTE UNKOVG
%o YooTixég TpoyLES. O 3-x0xAog xaw N evotabeld Tov UToPel vor LTTOAO-
yrotel peAeTwvToc T Aoelc ¢ eEiowaone = = fO) () dmwg x&vope pe
1c oyéoetc (B.16) xow (B.17) (Seite [21] yrx Aemropépetec). Meyedbvoupe
€var xA&d30 awTol ToL 3-xUxAoL 670 oY B.5. KdxAovg dpotovg pe tov
3-%0%A0 LTTOPOVUE VO SOVUE VO ETTOVOALBAVOVTOL GE SLOPOPETLXES HAL-
Hoxeg Omwg oalvetor xol oto Okl oxnua @ 2T0 oYNUo @ TP TN

0.52

0.51

05 |

0.49

0.48

0.47

0.46

3.83 3.835 3.84 3.845 3.85

Zynuoe 3.5 Meyébuvon plog amd Tig TEELS SLOXAASWOELS TOV 3-xOxAov Yo 7 > 1 +
V8. AQLOTEPE TOEOTNEOVUE TNY TPOGWELVY TG TNG YAOTLXAS GUUTEQPLPOPES TGV
TEOYLWY 1 OTOlo ETOVEQYETAL OEELG LETE aTtO EVOL DLAAELILLOL TEEQLODLYWY TEOYLWDVY.

POVUE OTL VAUETO OTLG YUOTLXEG TPOYLES TNG AOYLOTIXYG eEloworng Tto-
povatalovtor “Topdbvpa” TEPLOGLXWY TPOYLWY. AVTA ELVOL ATTELPO. GTOV
opLBuo, A& optbunotpo. Axopor o evdLaPEPoY Elvol To YEYOVOS OTL,
oY TTAPOLUE EVval XAADO PEaa o auTd Tar TTapdbuvpa xot Tov peyefvvoupe,
o THG Elval OLoLog Ue 0AOxANpo Tto dtaypoppa! ‘Eva tétoto mopadetypo
Uopovue vor dovpue oto dekl oynua @ Agpe 6tL 1O SLaypo oL SLOKAGL-
dwomg Tapovaotdlet Wtdtrteg awtopotdtTog (self-similarity). Yrdpyovy
%o AANEG EVOLOUPEPOVLTES LOLOTNTES TOL SLALYQAULATOS OLOXAASWONG YL
TLG OTTOLEG TTOLPATIEUTIOVILE TOV OVOYVWOTY 011 PLpAtoypapior.
KAeivovtog, vo onuetdoovpe 6Tt oL TOLOTLXES LOLOTNTES TOL OLOYPE -
LOTOG SLOXAADWOYG ELVOL OLOLEG YLOL [LLOL OAOXATOY XAAOY] OO GLYOLQ-
moetg. O Feigenbaum oavoxdAvde ot extdég amd 0 AOYLOTIXY OTEL-
xoviom, xd&be ocvvapton Tov elvar xOlAY] He HOVAOLXO UEYLOTO €XEL TLG

*T.Y. Li, J.A. Yorke, “Period Three Implies Chaos”, American Mathematical Monthly
82 (1975) 985.
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(OLeg LOLOTNTEG, OTTWG VLA TTAPADELYLOL OL oovocp‘w']ostgﬂ g(x) = ze"(1=),
uw(x) = rsin(rz) xow w(z) = b — 2% Ov otabepég § xou a Twy oyé-
cewy (B.20) xow (B.21) eivar ov idtec yia dAec avTéc Tic CLVAETHTELC.
OL omtetxovioeLlg oL TOPAYOVY YOOTLXY] CUUTIEQLPOPA LEAETWVIAL UE
TOAD evdlopépov xar umopeite vo Bpeite pta Aloto amd awTtég oY
ovoupopa [27].

3.4 M:£0odog Newton-Raphson

[N tov evtomtiopd twv onueiwy StaxAddwong o ypstaotel voo Aboovyue
TG, U YOORULXEC TOADLVLULKES ahyePoxée eEtowaec © = ) (1) xou
f™(2) = —1. T T0 AOY0 QVTH TEETEL VO XOTAPUYOVUE GE TLPOGEY YL
oo, opthuntind voAoytoud, xor n oAy puébodog Newton-Raphson Oo
omodetybel pLor xoAn ETLAOY.

H pébodoc Newton-Raphson yio tnv €dpeon twv ptlwy pLag ckiow-
ong g(z) = 0 elvar pLoe emtorywytxy LEbodog Tov yeNoLLoToLEl EVar oY LXO
onueto xy xow vtohoyilet pe T BoNnbeta Tng ToPaYWYOL ¢ (x) StodoyLrd
onuelo T1, o, . .., Ty, Tpil, - .. T OTOLOL ELVOIL OAOEVOL XOL XOADTEQEG TTO-
oeyyloelg pLag amod T pileg tng ekiowone. H emaywyn otopatdast dtoy
omopooioovpe 0Tl TeTOYaUE To eOuunTd emtimedo o¥yxAlong. Y'TobéE-
ToVTaG OTL M GLYAETNGN g(x) Elvol aVOAVTIXY, Ot TO OVATTTUYUA TNG
xaté Taylor yopw amd to onpeio x, maipvovpe

9(Tni1) = g(Tn) + (Tns1 — a:n)g’(x) T (3.22)

Av 0élovpe vo €xovpe g(x,41) = 0, TOTE TPETEL VO TTAPOVLLE

(0 (3.23)
9,<xn)

H mopamdve cEiowon Siver xor tov adydptbuo tng pebddov o omolog
elvot pLor Emoywytxy] oxéon evog BRuatos.

AroupopeTtixd onueion xg Oor 0dnyNoovy o SLopopeTixég pileg Tng €Ei-
owarg, 0Tay v abYxALon elvor emttuyng. H obdyxAion g pebddov eivour
TETPOYWYLXY] LE TOV aplBud Twy emtavorfPewy, GToy oL Topdywyot ¢'(x),
g"(z) elvo un undevixéc otn pila xow M TEITN TOE&YWYOS Elval QEoy-
wévn: Ymapyet ptoe TepLoyn g ellag, €0Tw o, TETOL WOTE 1M ATOCTUON
ATpi1 = Ty — a voetvor Az, o< (Ax,)? Av 1 pilo o elvor. TOAOTTAR,

""H ovvdptnon zexp(r(l — x)) éyet yonorpomownbel wg povtého mTAnBuopdy mov 1
LEYEAN Toug TTLXVHTNTA TTePLopLleTal amd emdnuieg. Ot TAnbvopol eivor Twavto Hetixol
aveEgptnta amd Tig (0eTinée) apyixég ouvbvxeg xa ™V TRy ToL T.
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ToTE M oOYXALON lval Tio opYY. Ot amodeitelg elvar amAég xo LTopovy
vo Bpebody otny [28].

H pébodog avt elvar amAn oTov TEOYPOUUATIONG %Ol TLG TTEPLO-
OOTEPES (POPEG OPXETY YLO. TV ADOY] OPXETWY TEOPRANUATWY. AAAG 0N
YevLx] TEPITTWOY SOVASVEL XOAL LOVO XOVTE GTNY TEPLOYY] TwY PLLWV.
Oa mpémeL emiong vo €xovpe oTo vou pog otL 1 Lébodog ot amotuy-
¥Gver og anAéc mepintwoetls: Otav ¢'(z,) = 0 yia xamoto n, 1 puébodog
OTOUOTAEL. ZE OLYXPTNOELS TTOL Telvovy oTo 0 dtay © — £oo elvar €0-
XOAO VO XAYOLPLE XOXY] ETILAOYY] TOV o TTOL VO 1] GUYXALVEL TTPOG XATTOL
otla. I'tor vor artoOYOLE TNV XaXY| ETTLAOYY] TOU T( UTTOPOVUE VO GLV-
dvaoovue ™ pébodo Newton-Raphson pe ™ pébodo tng Stxotéunong
(bisection method). Otav 7 mopdywyog ¢'(z) amoxiver oty pile, pmo-
pel va éyovpe mpoPAuota. Mo mapadeiypa, n eElowon |z = 0 pe
0 < v < 1/2 dev divel ouyxAivovao oxohovbic. e 0PLOUEVES TTEQLTTT-
oelg, N né€bodog umopel vor 0dNyNoeL xot o un-ovyxAivovteg xOxAovg [8].
Y& moLo oporég ouvapTioeLlg N TtepLoy eAxvopol (basin of attaraction)
utag ptlog pmopel vo elval mapo TOAD ULxpY). AuTég elval oL TEPLOYES
OTOV TPOYULOTIXO AEOVO TTOL A ETILASYOVY wg Ty B 0dMynoovy o1y ov-
Yrexpuévn pilo. Asite Ty doxnon [L3.

[No va Tpoypappaticovue ™ pébodo Newton-Raphson ag mapovpue
TO TToPAdELYUO TG eElowang

2

etane = \/p? — €2 (3.24)

N omolo TPOXVTTEL aTtd TNV eTiAvoN NG eElowong Schrodinger yio Ty
eVPEDY] TOL EVEPYELAXOD PAOUATOG EVOG CwUaTLOLOL Udlog m o€ Eva po-
VOOLAGTOTO TtNYA&dt duvautxob Pabovg Vo ol mAdtoug L. Ou otabepég
e = /mL2E/(2h) o p = \/mL?Vy/(2h). ETtAdovtag g mpog € dedop.é-
YOU TOU p UTTOPOVUE VO DTTOAOYLOOLUE TLG BUVATES TLUES TNG EVEQYELOG
E. H ovvéptnon g(x) g omoiog avalnrodue tig pileg xow 1 Topdywyodg
™g ¢'(x) elvor

g(x) = ztanz — y/p? — 22

(2) = x N x
g N V/p? — a2 costm

To mpéYpoppa To omolo LAoToLeL TN LEBOBO YLaL TNV TTOPATIAV®L GLYAE-
om Ho to Bpeite oto apyeio nr.£90:

+tanz. (3.25)

!

!Newton Raphson for a function of one variable
!
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program NewtonRaphson
implicit none

real (8), parameter :: rho = 15.0D0

real(8), parameter :: eps = 1D-6

integer , parameter :: NMAX = 1000

real(8) :: x0, x1, err, g, gp

integer :: i

print *, ’Enter x0: °’

read *, x0

err = 1.0D0

print *,’iter X error ’
print *,° ’
print *, 0,x0,err

do i=1,NMAX
!value of function g(x):
g = x0*tan(x0)—sqrt(rho*rho—x0%*x0)
!value of the derivative g’(x):
gp x0/sqrt(rho*rho—x0*x0)+x0/(cos(x0) **2)+tan (x0)
x1 = x0 — g/gp
err = ABS(x1-x0)
print *,i,x1,err
if(err .1t. eps) exit
x0 = x1
enddo
end program NewtonRaphson

2T0 TOPATAV® TEOYPOUU {NTEUE amd To XPNoT™ LOVO TO apyLxd on-
peto g =x0, eved B€tovpe TRV TOP&PETEO p = rho = 15. 'l vau Aboovpe
T0 TPOBANuUa, PBonbder vo xdvovpe TN YOPLXY] TTAPAOTOOY TNG ().
Me 70 gnuplot TOLGTEVOLUE YOG Tor SHo wéAn e (B.24) xar amé
Tow ONULELX TOUNG TOVG LTTOPOVUE VO EXTLULNOOLUE TTOL Bploxovtal oL pileg
IOV OVOLNTAPE ETOL DOTE VO ETUAEEOVILE XATAAANAO QOYLKAL ONUELDL Xt

gnuplot> gl(x) = x*tan(x)
gnuplot> g2(x) = sqrt(rho*rho—x*x)
gnuplot> plot [0:20][0:20] gi1(x), g2(x)

Mmopodpe Tpo var LETOYAWTTIOOVE %O VoL TPEEOLUE TO TTROYOOULLLOL:

> gfortran nr.f90 —o n
> echo 71.471./n
Enter xO:
iter x error

0 1.3999999999999999 1.0000000000000000
1 1.5254292024457967 0.12542920244579681
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Zynuo 3.6: Ipapixy) Topdotaoy Twy cuvaETIoewy TTov PBploxovtal ota dVO UEAN TNG
(B.24). O Touéc TwV *oUTOHAGY Sivouy TEOGEYYLOTIXG Tic AVOELS TN eElomang o
umopovy va ypnotpomotnbody we apyixd onueio otn nébodo Newton-Raphson.

1.5009739120496131
1.4807207017202200
1.4731630533073483
1.4724779331237687
1.4724731072313519
1.4724731069952235

N O Uk WO N

2.4455290396183660E—002
2.0253210329393090E—-002
7.5576484128716537E—-003
6.8512018357957949E—-004
4.8258924167932093E—-006
2.3612845012621619E—-010

Yvpmepaivovpe g pLta pila g eElowong eivor 1 € ~ 1.472473107. Me
ovaAoYOo TPOTTO LTTOAOYLLOLUE O TLG LTTOAOLTEG PLLES, X&TL TO OTTOlO TO

OPNYOLUE GOV AOXNOY GTOV OVOYVHOTY).

H mopamave pébodog umopet vor yevixeutel xot yio €vor s0oTnUor oo
0V0 oAyePBpixég eklowoets. ‘'Eotw 6Tl €xovpe vo Aboovpe Tig eELOWOELS
g1(x1,29) = 0 xow go(z1,29) = 0. I vo Bpodpe T0 avAAoYOo ETTOYWYLXO
oxnuwo mov o 0dnynoel oe pLa ocuyYxAlvovoo TPOG WLoe Pl oLXOAOL-
Bio (ZElO, 1‘20), (ZL‘H, .%'21), Cee (ZEln, I’Qn), (xl(n—&—l)u Ig(n+1)>, cee O(VOCTCTOO'O'OUHS
xota Taylor tig Vo ovvapToelg YOPw amd T0 oNuelo (T1y,, T2y,)

391 ($1m $2n)

G T1(nt1)s T2(nt1)) = G1(@1ns Ton) + (T1(ng1) — T1n) 9z,

091 (T1n; Tan
g1(71 2)+

+ n - n
(1’2( +1) — 22 ) D7y
092(T1n, Ton)
92(5E1(n+1),1’2(n+1)) = 92($1n7$2n) + ($1(n+1) - ﬂfln)(@T

+  (T2nt1) — Ton)

392($1m $2n)

... (3.2
s + (3.26)

Opilovtag dx1 = (T1(nt1) — Tin) KOL 0Ty = (Tami1) — T2n) XOL HETOVTOG
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a1 (xl(n—l—l); Iz(n+1)) ~ 0, 92($1(n+1), I2(n+1)) ~ 0, maipvovue

(9g1 391 -
(Siﬂla—xl -+ (Sl‘ga—@ = —0
8901 81‘2

AvTo elvar éva Yoo putxd 2 x 2 odotnuo

A0z + Apdzre = by
AQl(Sl'l -+ A226x2 = b2 s (328)

o6mov A;; = 0g;/0x; xow b, = —g; pe i,j = 1,2. Abvovtoag wg Tpog dz;
TOLPVOLULE TNV ETAYWYLXY OYXEON

Tint1) = Tip + 017
I2(n+1) = Zoy + 5?[72 . (329)

O aAyopLbupog otapatder dtoy Tor dx; YIVOLY OEXETA LK.

T Topddetypo Bo Aboovpe tic eEtowoetg pe g1 (1) = 202 —3zy+y—2,
g2(z) =3x +xy+y — 1."Exovpe Ay =4x — 3y, Ajo=1—3z, Ayy =3+,
Ay =1+ z. I'pcpovpe to TpdYpoupo 0T0 apyeio nr2.£90:

|

!Newton Raphson of two functions of two variables
!

program NewtonRaphson2
implicit none

real (8), parameter :: eps = 1D—6
integer , parameter :: NMAX = 1000
real(8) :: A(2,2),b(2),dx(2)
real(8) :: x,y, err

integer :: i

)

print *, ’Enter x0,y0:
read *, x,y

err = 1.0D0
print *,’iter X y error ’
print *,° ’

print *, 0.,x,y,err
do i=1,NMAX

b(1) = —(2.0D0*x*x—3.0D0*x*y+y—2.0D0) ! —gl(x.y)

b(2) = —(3.0D0*x + x*y + y — 1.0D0) ! —g2(x.,y)
! dgt/dx dgt/dy

A(1,1) = 4.0D0*x—3.0D0*y; A(1,2) = 1.0D0—3.0D0*x

! dg2/dx dg2/dy
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A(2,1) = 3.0D0+y ; A(2,2) = 1.0D0+x
call solve2x2(A,B,dx)

x =x + dx(1)

y =y + dx(2)

err = 0.5D0*SQRT(dx (1) **2+dx(2)**2)

print *,i,x,y,err

if C(err .1t. eps) exit

enddo

end program NewtonRaphson2
!

subroutine solve2x2(A,b,dx)
implicit none
real(8) :: A(2,2).b(2),dx(2)
real(8) :: numl,num?2,det
numl = A(2,2)*b(1)—A(1,2)*b(2)
num2 = A(1,1)*b(2)—A(2,1)*b(1)
det = A(1,1)*A(2,2)-A(1,2)*A(2,1)
if (det .eq. 0.0D0) stop ’solve2x2: det=0’
dx(1)= numl/det
dx(2)= num?2/det
end subroutine solve2x2

[Na vo wépovpe pro t3€a o TepiToL elval oL TEaYUaTIXES PLleg TOL
OLUOTNULOTOS, XAVOLUE EVOL TPLOOLAOTOTO YOAPNUO UE TO gnuplot:

gnuplot> set isosamples 20
gnuplot> set hidden3d
gnuplot> splot 2*x**2_-3*x*y+y—2,3*x+y*x+y—1,0

Extéc amd tig gi(z,y) xévovpue xot ™ Ypoupix TapaoTtooy Tov x = 0
ETUTTESOV XL ATTO TNV TOWY] TWVY TOLWY ETLPAVELWY eVTOTIL{OLUE TG PLLEC.
H petoyAdttion xal To TpEELo Tou TPOYPAUKoTOS SiveL:

> gfortran nr2.f90 —o n
> echo 2.2 1.5 |./n
Enter x0,y0:

iter X y error
0 2.20000000 1.50000000 1.0000
1 0.76427104 0.26899383 0.9456
2 0.73939531 —0.68668275 0.4780
3 0.74744506 -0.71105605 1.2834E—-002
4 0.74735933 —-0.71083147 1.2019E-004
5 0.74735932 —0.71083145 1.2029E-008

> echo 01 |./n

5 —0.10899022 1.48928857 4.3461E—-012
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> echo -5 0l./n
6 —6.13836909 —3.77845711 3.2165E-—-013

Bonxope étot tpetg pileg (0.74735932, —0.71083145), (—0.10899022, 1.48928857),
(—6.13836909, —3.77845711).

H pébodog Newton-Raphson yia moAAég petofAntéc yiveton axplBn:
EYOVUE EXTOG ATTO TOV LTTOAOYLOUO TG CLVAPTNOYNG XL TOY VTTOAOYLOWUO
TWY TOEOYWOYWY TTOL UTOPEL Vor YIVEL ATTAYOPELTIXE OxELBOG oS 0pL-
ouéva mpoPAanuata. Emiong, yivetow mpoBAnuatixdg o evTomoUOG TWY
AOoewy aod M LéBodog ouyxAivel YpNyopo LOVO XOVTA GTNV TEQLOYN
Ty plwy. [apaméumovue Tov avayvwotn oty [8] yio mepLtoodtepeg
TTANPOPOPLES YLOL TO TS AVTLUETWTLLOVTOL AVTA T TTEOPANULOTO.

3.5 YmoAoyiopdg Xnuelwy AtoaxAddworg

Mo Tov evtomiopd Twy onuelwy StoxAddwaong Yo r < 1. Bor Aboovpe Tig
onyePpunée ektowoeic v = fH)(z) xou [P (2) = —1. Tt onueta T, Ho
gyovpe ToUG k-xUxAovg vo yivovtol aotabelc xow vo yivovtol otabepol
oL 2k-xOxhot. Auté yivetow 6ty = i pe k = 272, Qo avolnrhoovpe
wg AVoeLg Tar onuelo (xg,rén)) Yoo a=k+1,k+2,...,2k

Optlovpe g ovvaptioec F(x,r) = f(x) = ro(l —x) xow F® (2, r) =
f®) (z) 6mweg bvope oty (B.6). T vor evtomticovpe Tor onueion SLokhéi-
dworg o Adoovpe TLg ahyeBpixég eElowoels:

gi(z,r) = z—F®(zr)=0
OF®) (z,7)

Gz, 1) = — +1=0. (3.30)

ZOUQYO LE TNV TTEONYOVUEYT] TTOPAYEAPO, YLO. TOV VTTOAOYLOUO TWY OL-
L&y TwY Topamdve eElowaosny o Aboove To Yoouuxd abotuo (8.28)
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UE TOUG OLVTEAEOTEG

by = —gi(x,r)=—z+F®(xr)
OF ™M) (z,
by = —92(%7“):—#—
_ Ogi(z,r) OF®) (z,7)
An = ox =1- ox
A = ogi(w,r) _8F(k)(a:,r)
o or or
A — dga(w,7) O?F®) (x, 1)
A or 0x?
_ Oga(w,r)  O*F®(z,r)
Az or oxor (3.31)

Tig Tapoywyoug Sev UTOPOVUE Vo TLG DTTOAOYLOOVIE OVOALTIXE, OTTOTE
Oo xatopdyovpe oY TPOGEYYLON

OF®) (1) N F®(z+e7)— F®(x —er)
Ox - 2¢
OF®) (z,7) - F(k)(x,T—I—E)—F(k)(x,T—E)’ (3.32)
or 2¢
%O YLOL TLG OEVTEPES TTAPOLYWYOLG
) (g€ 1 (k) (€ 1
PFW(x,r) = 5;2’ o éx 2r)
0? - 2¢
B 1 {F(k)(:r; +er)—F®(z,r) F®(xr)— F® (g — e,r)}
€ € €

1
= —2{F(k)(x—i—e,r)—2F(k)(x,r)+F(k)(x—e,r)}
€

PFW(x,r) OF M) (atep,r)  IFW) (w—ey,r)

~ or or
0xO0r 2¢,
1 [FPatenr+e)— FO(x+e,r—e¢)
a Z{ 2€,
F®O(z —epr+e)— FF(z—epr—e)
a 2¢, }
1

= 3 {FP@+er+e)— FO (@ +epr —¢)
6:1367'

_F(k)($—6177*+6T)+F(k)<l'—6x,7'—€r)} (333)
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Mmopobue va ypddovpe twpo to mpdypoupa yio T Newton-Raphson
OTTWS XOL OTNY TEOMNYOVUEVY TTapaypopo. H pévn dtapopd ba eivar o
UTTOAOYLOWULOG TWY TOPOYWYWY OTTO TLG TTOPOUTIOV® TOOCEYYLOTLXES OYE-
oELg %o 0 LTOAOYLOPOC TN F V) (2, 1) aumd GuVEETNEM oL Bow GLYDETEL TNV
f(z) k-popég. To mpdypappa Ha to Bpeite oto apyelo bifurcationPoints. £90:

!

! bifurcationPoints . f

! Calculate bifurcation points of the discrete logistic map
! at period k by solving the condition

! g1(x,r) = x — F(k,x,r) =0

! g2(x,r) = dF(k,x,r)/dx+1 = 0
!
!
!
!

determining when the Floquet multiplier bacomes 1
F(k,x,r) iterates F(x,r) = r*x*(x—1) k times
The equations are solved by using a Newton—Raphson method

program bifurcationPoints
implicit none
real (8) ,parameter :: tol=1.0D—10
integer :: k,iter
real(8) :: r0,x0
real(8) :: A(2.,2),B(2),dx(2)

real(8) :: error
real(8) :: F,dFdx,dFdr,d2Fdx2,d2Fdrdx
! —— Input:

print *,’# Enter k,r0,x0:’
read *,k,r0,x0
print *,’# Period k= ’ .k

print *,’# rO= °,r0,’ x0= ’,x0

! —— Initialize

error = 1.0D0 !initial large value of error>tol
iter =0

do while(error .gt. tol)
! —— Calculate jacobian matrix
A(1.1) = 1.0D0—dFdx(k,x0,r0)

A(1,2) = —dFdr (k,x0,r0)
A(2,1) = d2Fdx2 (k,x0,r0)
A(2,2) = d2Fdrdx  (k,x0,r0)
B(1) = —x0 + F(k,x0,r0)
B(2) = —dFdx (k,x0,r0) —1.0DO

! —— Solve a 2x2 linear system:
call solve2x2(A,B,dX)

x0 = x0 + dx(1)
r0 = r0 + dx(2)
error = 0.5D0*sqrt(dX(1)**2+dX(2)**2)

iter = iter+1
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i}

print*, iter, 'x0= ~,x0,  rO= ',r0,’ err=’,error
enddo !do while(error .gt. tol)

end program bifurcationPoints
!

! Function F(k.x.,r) and its derivatives
real (8) function F(k,x.,r)

implicit none

real(8) :: x,r,x0

integer k,i

x0 = x
do i=1,k
x0 = r*x0*(1.0D0—x0)
enddo
F = 5d0)

end function F
|

real (8) function dFdx(k,x.,r)
implicit none

real(8) :: x.r,eps

real(8) :: F

integer k

eps = 1.0D—-6*x

dFdx = (F(k,x+eps,r)-F(k,x—eps.r))/(2.0D0*eps)

end function dFdx
'

real (8) function dFdr(k,x,r)
implicit none

real(8) :: x.,r,eps

real(8) :: F

integer k

eps = 1.0D—6*r

dFdr = (F(k,x,r+eps)-F(k,x,r—eps))/(2.0D0*eps)

end function dFdr
|

real (8) function d2Fdx2(k,x,r)
implicit none

real(8) :: x,r,eps

real(8) :: F

integer k

eps = 1.0D—-6*x

d2Fdx2 = (F(k,x+eps,r)—2.0D0*F(k,x,r)+F(k,x—eps,r))/(eps*eps)

end function d2Fdx2
'

real (8) function d2Fdrdx(k,x,r)
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implicit none

real(8) :: x,r,epsx,epsr

real(8) :: F

integer k

epsx = 1.0D—6*x

epsr = 1.0D—6*r

d2Fdrdx = (F(k,x+epsx,r+epsr)—F(k,x+epsx,r—epsr) &
—F(k,x—epsx,r+epsr)+F(k,x—epsx,r—epsr)) &

/(4.0D0*epsx*epsr)
end function d2Fdrdx
|

subroutine solve2x2(A,b,dx)

implicit none

real (8) :: A(2,2).b(2),dx(2)
real(8) :: numl,num?2,det

numl = A(2,2)*b(1) — A(1,2)*b(2)
num2 = A(1,1)*b(2) — A(2,1)*b(1)
det = A(1.,1)*A(2,2)— A(1.,2)*A(2.,1)
if (det .eq. 0.0D0) stop ’'solve2x2: det = 0’
dx (1) = numl/det

dx(2) = num2/det

end subroutine solve2x2

H petoyAdTTion Tov TEOYPAULOTOS XOL N EXTEAEDY] TOU YIVETOL LE TLG
EVTOAEG:

> gfortran bifurcationPoints.f90 —o b

> echo 2 3.5 0.5 1./b

Enter k,r0,x0:

Period k= 2

rO= 3.5000000000000 x0= 0.50000000000

x0= 0.4455758353187 r0= 3.38523275827 err= 6.35088E—-002
x0= 0.4396562547624 r0= 3.45290970406 err= 3.39676E—002
x0= 0.4399593001407 r0= 3.44949859951 err= 1.71226E-003
x0= 0.4399601690333 r0= 3.44948974267 err= 4.44967E—006
x0= 0.4399601689937 r0= 3.44948974281 err= 7.22160E—011
> echo 2 3.5 0.85 | ./b

QU W N = H FH F

4 x0= 0.8499377795512 r0= 3.44948974275 err= 1.85082E—-011
> echo 4 3.5 0.5 I|./b

5 x0= 0.5235947861540 r0= 3.54409035953 err= 1.86318E—-011
> echo 4 3.5 0.35 | ./b

5 x0= 0.3632903374118 r0= 3.54409035955 err= 5.91653E-013

[Mopoamave delyvovpe Taw onueior TOL 2-xOXAOL XaL LEQLXA OTTO TOL OY)-
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pueta tov 4-xOxAov. Emiong pumopobue vor ouyxpivoupe Ttny TLUY TOU
r$¥ = 3.449490132 mov VTTOAOYLLOVUE LE TNV OVAUEVOUEYT r® =1+6
A 3.449489742. A@Nvovpe wG AOXNOY GTOY AVOYVWOTY Yo BEATLOCEL TNV
oxPiPBELal LELWVOVTOG TO CUOTNUATIXE CPAALOTO TOV VTTOAOYLOULOV, %O

B xow vo TeTOYEL peyYorAbTEON axpifeltor oY TIUN TOL r,

3.6 Ex0¢teg Liapunov

Ornwg eidape, 6tay r > r. ~ 3.56994567 oL TPOYLES TNG AOYLOTLXNG €E(-
OWOYG TTOLEOLGLALOVY YOOTLXY] CUUTEQLPOPE. ALTO xVLPELWG onualvel OTL
oL TPOYLEG elvar evalobnteg oty eMAOYN TWY 0EYLXWY cLVONXWY, ETol
(WOTE TPOYLES TIOL EEXLVAVE ATTO ATTELPOGTA XOVTA OLPYLXA ONUELR, O UL-
%006 apLiud Brnudtwy draépovy onuovtixd. Autd cuveTdyeTOL, ETTLONG,
WG LTTAPYEL OOVOAO OTTO APYLXES GLVONKES TTOL KOAVTTTOVY TTLXVA XA~
motoe vtodtoa AT Tov (0, 1) TV oTolwy oL TPoYLéEg Sev TANGLALOoLY
0PLOXE XAVEVOL XOXAO OTTOLOLINTTOTE LNHOVG.

[Tto ovyxexpLpéva, €0Tw dV0 TPOYLES OL OTTOLEG EXOVY WG OPYLXA OY-
KELO TOL g, T awvTloToLYo Xo Axy = 2o — Tg. OTAY YLOL MEXETE ULXOA N TOL
ETOUEVOL ONUEL Ty, Ty ATEYOLY OTTOOTAOYN ALy, = Ty, — T, TTOLV AVEAVEL
exBetixd pe to n (“ypbévo”), dnrod+

Az, ~ Azge™, A>0, (3.34)

oVTO OTTOTEAEL EVIELEY] XOOTLXOV ouo'w’)ptoc'cogﬂ. O exbétng A\ Aéyeton ex-
Bétng Liapunov. ['ia Tov voAoytoud tov exbétn slvar xpnoLtpwo vo xon-
OLUOTTOLOOLE TNV axdAovdy oyxéon:

n—1

A= lim =S In £ (a)] (3.35)

n—oo M
k=0

H toydg avtig g oxéomng amodeixvdetor Hewpwvtog amelpootd € =

"AT6 poévn e N evonabnoia 0T aEYIKéC CLYBTKEC BE GUVETEYETOL OVOYXOLOTLXE
ybog. Xpetdleton vor LTAEYEL %ol TOTOAOYLXA avdulEn (topological mixing) xow mo-
xvég mepLodixég tpoytég (density of periodic orbits). Tomohoyixy avéutEn onpaiver ot
OTTOLOSNTOTE AYOLXTO GUVOAO TOL XWEOL TwY PAoEwY, av eEeAtybel apxetd pe to Ypdvo,
Do €xel emxdALYPN e OTTOLOINTOTE AAAO avoLxTd o¥voro. TTuxvdTnTor TEPLOBLUWY TPO-
KLY ONUOLVEL TTWE OTTOLOSNTTOTE GNUELO TOV YWPEOL TWY PACEWY TTANOLaleTaL owbaipeta
®oVTé ortd x&ToLo TEPLODLXY] TPOYLA.
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|Azg| étoL hote A = lim lim LIn|Az,|/c. "Etot, éxovue

Ty = f(%0) = flxo+e€) = f(xo) + ef (w0)
= I+ €f/<£L'0) =
AiCl .i'l — X

= ~ f'(x0)

€ €

Ty = f(@1) = f(z1+ef(x0)) = fa1) + (ef (20)) f'(21)
= za+ef'(xo)f'(21) =
AQ?Q {ig — X

= - 2 x [ (o) f' (1)

T3 = [(Z2) = flwa+ef'(wo)f(w1)) = fx2) + (ef (w0) f'(x1)) [ (22)
= T3+ ef'(zo) f'(x1) f'(w2) =

Axs Tg— T

— : S [ (wo) f (@) f (w2) - (3.36)

€

Ométe emaywyxd deiyvovpe 6t |Az,|/e =~ f/(xo) f (1) f (x2) ... f(n-1)
%o, Tolpvovtog To Aoyaptbuo xot tor dpLa, amtodetxvoETaL 1 ().

Apyxéd, propodpe vo vtohoyioovpe toug exbéteg Liapunov ypnotpo-
TTOLOVTOG TOY OPLOWULO (). MetafBarhovpe XATEAANAR TO TTEOYQOULUO
logistic.£90, étol YoTE Vo LTTOAOYLLEL VO TPOYLEG TTOL APYLKA ATEYOVY
omOoTOOY € = epsilon:

!

!Discrete Logistic Map:
!Two trajectories with close initial conditions.
!

program logistic_map
implicit none

integer :: NSTEPS,i
real(8) :: r,x0,x1,x0t,x1t,epsilon
! —— Input:

print *,’# Enter NSTEPS, r, x0, epsilon:’
read * ,NSTEPS,r,x0,epsilon

print *,’# NSTEPS = ’ NSTEPS
print *,’# r = ' .r

print *,’# x0 = ’.,x0
print *,’# epsilon = ’,epsilon

x0t = xO+epsilon
b Initialize:
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le+16 - - - - . . . ; :
le+14
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le+10 | rlwme“wv :
1e+08
le+06
10000
100
1l

0.01 :
0O 20 40 60 80 100 120 140 160 180 200

n

|AX, /e

Syfuo 3.7: Tpopixn Topdotaon g |Ax, |/ yio ™) Aoytotxn e€iowon pe r = 3.6, zg =
0.2. Mapotnpodpe T GOYXALOY TWY XOPUTOADY 0TO 0pLo € — O XAl TNV TEOCEYYLOTLXY
exfeTinn) CLUTEPLPOPE TNG YOAPLXNG TTOPAOTAOYS 0TO 6pLo avTd. Tar ddo evHdypaupo
Tuhpota elvoe Tpocapuoyn oty ekiowon (B.34) ko Sivouy A = 0.213(4) xow A =
0.217(6) avtioToyot.

open(unit=33,file="lia.dat’)
write (33,*%) 1,x0,x0t,ABS(x0t—x0)/epsilon
[ Calculate:
do i=2,NSTEPS
x1 =1 * x0 * (1.0D0—x0 )
xlt = r * x0t * (1.0D0—x0t)
write (33,%)i,x1,x1t,ABS(x1t—x1)/epsilon

x0 = x1; x0t = x1t
enddo
close(33)

end program logistic_map

Aot to tpéEovue PBploxovue oY TETOPTY OTNAN TOL pPyelov lia.dat
™y ey |Azx,|/e. Mmopodpe €tol vor @TLAEOLUE XOUTIOAEG OTTWG GTO
oyfue B.7 pe tic evtorée:

> gfortran liapunovl.f90 —o 1
> gnuplot
gnuplot> set logscale y
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gnuplot> plot \
”<{echo 200 3.6 0.2 1e—15 [./1l;cat lia.dat” u 1:4 w 1

2NV TEASLTOLO YUY XAVOVULE YOOPLXY] TTOPAGTOOT 0Tt TO stdout TNg
EVTOANG U€oa oTo eloaywYlxd. H mTpwtn evtoAn Tpéyel To0 Tpdypaupo
./1 dwafBalovtag amd to stdin Tig Topopétpovg NSTEPS = 200, r = 3.6,
x0 = 0.2 xa epsilon = 10715, H dedtepn tumwvel 6to stdout Tow Te-
ptexopeva tov opyeiov lia.dat To omoio dtofdletor amd To gnuplot
TTOU XAVEL TN YOOPLXY TOPAOTOOY. Me v evtoAn set logscale y o07To
gnuplot, xavovue Aoyopltiuixn Ty xAlpoxa pévo otov y-dkova. ‘Etot
pLtoe exbetiny] ovvaEToN TOPLOTAVETOL YPoPLXa omd pio evbeio. Xto
oy B.7 mopatmpodpe tétola evbeion SLaTaEN Twy onueiwy |Az,|/e 1
omotar yiveTtal oAoéva ol xaAOTEPY 600 To € utxpaivel. H xAlon twv
evbLYPAUUWY VTWY TUNUETWY pog Sivel Toy exbBétn A. Emiong, mapoa-
TNEOVPE TIOPAAANAO eLOVYPaUMO TUNRLOTO. LE TNV (OLor TTEPLTTOL XALoM
TT0L oYTLETOLYOVY 070 (Lo A. H diatakyn Twv onpeinwy dev elvar axpLfug
evbelor odTE 0 LTTOAOYLOUOG TOL \ EVEYEL GPAAULATO, OTIWG ONIULELWVOVE
X0l OTO oYU @ ANGLovtog Ty apytxy] cuyOxN TolEYOLE EANPEE
OLOPOPETLXY] TLUY YLOL TO A X0l €TOL LTTOPOVULE VO TTAPOLUE YLOL TNV TLUN
TOL A\ TN LEOT TLUY TWY UETPNOEWY LOG XOL VO EXTLUYOOVUE TO COAALO
WG TO CQOALA TNG HEOMS TLUNG. AUTO OLPNVETOL YLl AOXNOY], OTOV OVOL-
YVWOOoT.

Ac ToVpE TEQLANTTTIXA TTWG TTOPEL XAVELS VoL DTTOAOYLOEL TO A UE TTPO-
ooppoyY g exBeTixng ouvdpTnong ota onuein |Ax,|/e. Emedn |Ax,|/e ~
Cexp(An) = In(|Az,|/e) = An+c, omdTe PTOPOVUE VO XEVOLUE TTPOCO-
©noy" o evbeio Yoo pun. Avté yivetol eOXOAa PE TN YPNON TOL gnuplot:

gnuplot> fit [5:53] a*x+b \
”lecho 500 3.6 0.2 1e—15 |./1;cat lia.dat”\
using 1:(log($4)) via a.,b

gnuplot> replot exp(a*x+b)

Me v mopamdvw evtoA] TEocoPUOLOVUE GTY] CLYAPTNOY a*x+b To Oe-
dopéva e 11g %o ToL Aoyopibuov g 4ng othAng (using 1: (log($4)))
Tov stdout TNg EVTOANG TTOL TTOPAYEL T OEOUEVO OTIWG XAUL GTY] YOOPLXY
TOPATTAOY] TTOV XOAVAUE TTOPUTIOVW. Tow SESOPEVO TTOL ETULAEYOVLE ELVOLL
yioe 5 < n <53 ([5:53]) xow oL TUEAPETEOL TTOL TTPOTaPUOlovTaL oL a,b
(via a,b). X1 dedtepn Yoouwy Tpochétovpe T YOOPLXY ToPEOTHOT
Tou exbeTinob g evbeiog Tov vToAoyileTal.

Oa yprotponotioovye e ) oxéon (B.35) yia tov vToroYLoUS TOL
A. H oyéon ot eivor mpooeyylotind owot, 6tay (o) éxovue Moy Uret
ot WOV xotdotaoy, xal (B) oto 6pLo peydrov n. T 10 Adyo awtd
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SyApo 3.8: Tpapiny mopdotaoy tov abpoiopartog (1/n) ,ivjﬁ_l In|f'(z1)| wg oLVGp-
™oN ToL n YL TN Aoytotixn ekiowon pe r = 3.8, N = 2000 yLor SLopOPETIXES QPYLXES
ovvBfxeg xp = 0.20,0.35,0.50,0.75, 0.90. HHopotnpodue ) 6OYXALO TWY XOUTOAWY GTO
6pto n — 0o 1N omoleg pag Sivouy A = 0.4325(10).

Do TEETEL VO UEAETNOOVIE OV 1| OYXEDY] CUYXALVEL LXAVOTTOLNTLXA, XoDMG
(o) “metdEovpe” éva opLbud armd NTRANS BAnata, (B) vroioyicovue to
éBpotopa (8.35) pe ohoéva avEavdpevo NSTEPS= n xau () voloyioovpe
70 dBpotopa (B.35) Eextvidvroc T Aoyiotiny eElowon amd Stopopetind
opY®O oMueio xg. Oor TPETEL Vou XAVOLPE TN UEAETN LT TTPOCEXTLXA
Yo xé&be Ty Tov r mov o Hewpnoovpe, xabg oe xdbe mepiTtTwon N
oLVELGPOPA %A be Tapdyovta TN cOY*ALGT Tov A Do elval SLopopeTiny:
Ye TepLoyéc évTtovng YooTixfic ouumePLpopds (LeydAo \) 71 olyxAion
Yivetow pe mo apyd pvbud. To mpdypoappa Bo o PBpeite oto opyeto
liapunov2.£90:

!

!Discrete Logistic Map:

! Liapunov exponent from sum_i Inlf’(x_i)|

! NTRANS: number of discarted iteration in order to discart
! transient behaviour

! NSTEPS: number of terms in the sum
1
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program logistic_map
implicit none

integer :: NTRANS, K NSTEPS,i
real(8) :: r,x0,xl,sum
! —— Input:

print *,’# Enter NTRANS,NSTEPS, r, x0:’
read * NTRANS ,NSTEPS,r, x0

print *,’# NTRANS = ’ NTRANS
print *,’# NSTEPS = ’ NSTEPS
print *,'# r = ' .r
print *,’# x0 = ’.,x0

do i=1,NTRANS
x1 =1 * x0 * (1.0D0—x0 )
x0 = x1
enddo
sum = log (ABS(r*(1.0D0—2.0D0*x0)))
D Initialize:
open(unit=33,file="1lia.dat’)
write(33,*) 1,x0,sum
! ——— Calculate:
do i=2,NSTEPS
x1 =1 * x0 * (1.0D0—x0 )
sum = sum + log(ABS(r*(1.0D0—2.0D0*x1)))
write(33,*)i,x1,sum/i

x0 = x1
enddo
close(33)

end program logistic_map

To Tpbypappo, opod exteréoet NTRANS Brpota 11 = f(z,), bTTOAOYICEL
NSTEPS ¢opég to dbpotopa twv épwv In |f/(x)| = In|r(1l — 2x;)| To owoio
xaL amofnxeder ot petofAnty sum. Xe xdbe Puo TuTWVETOL GTO -
¥elo lia.dat Tto abporopor sum Stopepévo pe Tov oplbpd Ty Bnudtwy
i. Y10 oo @ OE(YVOLUE TO ATIOTEAECUOTA TWY LETPNOEWY LOG YLO
r = 3.8. Elvaw onueio dmov 10 abotnuor €xeL LOYLEN YOOTLXY] GUUTIEQL-
@opd xoL Yo va Beforwbodue yio ™ o¥yxAloy Tov abpoiopotog TEEmeL
vo. vtoAoyioovue éva peydho aplbud amd dpovg oo dbpotopa. Xonot-
pototwvtag NTRANS = 2000 xow NSTEPS ~ 70 000 mtetuyaivovpe oxpifeto
miepimov 0.2% pe A = 0.4325 £+ 0.0010 = 0.4325(10). H xdpLoe ouvelapopd
O0TO GQAALO TTPOEPYETOL OTTO TLS OLOPOPETLXES “OLaOPOUES” OUYXALOYG
Lo x&be opyxd onuelo mov emtAéEape. To oyua (@) WUTTOPEL Vo YiveL
UE TLS EVTOAEG:

‘> gfortran liapunov2.f90 —o 1
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> gnuplot

gnuplot> plot \
”<echo 2000 70000 3.8 0.20 I|./1l;cat lia.dat” u 1:3 w 1,\
”<echo 2000 70000 3.8 0.35 |./1;cat lia.dat” u 1:3 w 1,\
”<echo 2000 70000 3.8 0.50 I|./1;cat lia.dat” u 1:3 w 1,\
”<echo 2000 70000 3.8 0.75 |./1;cat lia.dat” u 1:3 w 1,\
”<Cecho 2000 70000 3.8 0.90 I|./1;cat lia.dat” u 1:3 w 1

Méoo oty €vtoAn plot TEEYOLUE TO TEOYPOAUUE . /1 UE TAOOUETPOVS
NTRANS = 2000, NSTEPS = 70000, r = 3.8 o x0 = 0.20, 0.35, 0.50, 0.75, 0.90.
21 ovvéyeLa, To gnuplot Stafalel amd To stdout TNG EVIOAYG cat lia.dat
T TTEPLEYOUEVOL TV OESOUEVWY TTOL EYOVLY xoTaXWENDEl amd To TES-
Yooupo . /1.

Mo va evtomtioovpe Tig TEPLOYXES XOOTLXNG OLUTEPLPOPAS Do eEetd-
oovue Ty eEGptnom Tov exBétn Liapunov and tny mopdpetpo r. Emwee-
AoVpevoL oTtd TNV EULTIELPLO LOG OLTTO TOY TTPOCEXTLXO TTPOGOLOPLGUO TOV A,
Oo TpéEovpe TO TEONYOVEVO TTROYQOLULO YLOL OLOPOPETLXES TLUES TOV T
éxovtog emAéEet otabepéc Tapapétpoug NTRANS = 2000, NSTEPS = 60 000
%o ortd dedopévo apytxd anuelo x0 = 0.2. O voroyLopdg Oo pog dwoet
omoteAéopata Le axpifeta g TaEng Tov 1%. o TpooexTixd LTTOAO-
YLOUEVEG TLUES TOU A E TTPOGOLOPLOUO TOU CYAALATOS 0T UETENOY, O
TEETEL Vo axolovBnoovpe ™ pébodo mov TepLypdaue oTor oYNUATO
@ %o . To mpdypappo o to Bpeite oto apyeilo liapunov3.£90 xou
glvoll ATTAY] TTOPOAACYY] TOU TTPOMYOVLEVOL TTROYPAULATOS, ETOL (OTE VO
EXTEAELTOL YLOL TTOAAEG TLUES TNG TTUOOLETOOD T

!

!Discrete Logistic Map:

! Liapunov exponent from sum i Inlf’(x_i)l

!Calculation for r in [rmin,rmax] with RSTEPS steps

! RSTEPS: values or r studied: r=rmin+(rmax—rmin)/RSTEPS

! NTRANS: number of discarted iteration in order to discart
! transient behaviour

! NSTEPS: number of terms in the sum

! xstart: value of initial x0O for every r

'

program logistic_map
implicit none

real (8) ,parameter :: rmin = 2.5D0
real (8) ,parameter :: rmax = 4.0DO
real (8) ,parameter :: xstart = 0.2DO
integer ,parameter :: RSTEPS = 1000
integer ,parameter :: NSTEPS = 60000
integer ,parameter :: NTRANS = 2000

integer :: i,ir
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real(8) :: r,x0,xl,sum,dr

open(unit=33,file="lia.dat’)
dr = (rmax—rmin)/(RSTEPS—1)
do ir=0,RSTEPS—1

r = rmin+ir*dr

x0= xstart

do i=1,NTRANS

x1 =1 * x0 * (1.0D0—x0 )
x0 = x1
enddo
sum = log (ABS(r*(1.0D0—2.0D0*x0)))
! —— Calculate:

do i=2,NSTEPS
x1 =1 * x0 * (1.0D0—x0 )
sum = sum + log(ABS(r*(1.0D0—2.0D0*x1)))
x0 = x1
enddo
write (33 ,*)r,sum/NSTEPS
enddo !do ir=0,RSTEPS—1
close(33)
end program logistic_map

To mpoypoppo LeTaYAWTTI(ETOL XOL EXTEASLTOL UE TLG EVTOAEG

> gfortran liapunov3.f90 —o 1
> /1 &

OTtoL 1] YPNoM Tov & YiveTal, ETOL WOTE TO TEOYPOUUA . /1 va exTEAEOTEL
oto vtoBoabpo (background).

Toa dedopéva amobnxedovtor oto opyeio lia.dat ol UTTOPOVUE VoL
QTLAEOLUE %O VOU LEAETNOOVLUE TO OYNULOL @ WE TO gnuplot:

gnuplot> plot 7lia.dat” with lines notitle ,0 notitle

To oyfua @ LTTOPOVUE TWEA VOL TO CUYXPLVOLUE UE TO OLAYQOULULOL
SLoxAEIwomg Tov oYNUeTog B.4. Ot tepLoxég A < 0 avTLoTOLXOVY OTLG TTE-
pLoyég pe otabiepodg k-xduhovg, dnhadn otabepéc mepLodixég tpoytés. Ot
TEPLOYEG A > 0 oVTLOTOLYOVY OTLS YOOTLXES TLEQLOYES, TLS TTEPLOYXES HTTOL
epavileton toyved yaog (strong chaos). Ot epLoyéeg awTég ywpilovton
omd xplotpa onuelo pe A = 0. Xt onuelo awta €xovpe aabevég ydog
(weak chaos) 6mov oL YeLTOVLXEC TEOYLEC OTOXALVOLY PETOED TOLG OYL
exfetixd, aAAéd ooy proe ddvopn tov n. ‘Exovpe dnAadn |Ax,| ~ |Azg|n®,
6mov w = 1/(1 — q) eivor évag BeTindg exbétng mov TEETEL Vou LTTOAO-
viotel. Ztn BBAtoypopion yonoipomoteitar ovvnwg o exbétng g xow M
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04 ) “/,»’”“'“w‘ i

Iyfuo 3.9: O exfétrng Liapunov A g Aoytotixg eElowong o omoiog voloyiletal oo
™ oyéon (B.35). Mapatnehiote ™y eU@EVLON YRXOTIXAC GUUTEPLPOPGS GTLC TIEPLOXES
6mov A > 0 xafddg xo ™y gppdvion twy “mopaddpwy’ A < 0 ue otabepodg k-xdxAovg
OTwg elyope Sl xaL 0TO LAYPOLUOL SLOXAASWONG, OYNULO @ Yto xplotpo onuela pe
A = 0 éyovpe ™y exdhHAwon xdovg (onset of chaos, edge of chaos) pe aobevi yootixn
ovuepLpPopd (weak chaos, |Az,| ~ |Axg|n®) dmov cvpPaiver petdfoon ard mepLoyh
ue oTtabepoig k-xO%AOLG OE TEPLOYA UE LOYVEY XOOTLXT CLUTEQLPOPS (strong chaos).
Mopatnpodue v exdNAwon yaovg 6tay 1 = 1. ~ 3.5699 émov A = 0 YL TEWTYN POP&
(yroo pixpdtepa 1 M YooupLx? Tapdotooy @aivetor vor oryYilet ) ypopph A = 0, aAAG
OTNY TPAYLOTIXOTNTA TO A TTOLEVEL TTOAD [LLREEC XOTd aTtOALTY TULY CLEVNTLXES TLUEQ).

exBetinn ovpmepLpopd (LoxvEd Ydog) Taipvetor oto dpto ¢ — 1. Tlapo-
TNEOVUE To “OLAAELLPOTA YEOVS TTOL ELYOUE TLINTNOEL, OTAY UEAETOV-
oape to Stéypoppa StoxAadwong. Ou xplolues TLEG TOL 1 OTLS OTOlEg
ovpPolvovy aTEG oL LETABATELS LTTOPOVY VO LTTOAOYLOTOVY HE oxplfela
eVToTL{OVTOG TOV DTTOAOYLOUO OTO XATAAANAO SLACTNUO TLLWY TOL T OF
OPXETE ULXPY] YELTOVLA TOL xploLtpov onuelov. Me 1o mopamdve TE6-
Yooppa, awtd yivetar eOxoAo aAAGLOVTOG TLG TLUES TWY TTOPAUETOWY
rmin xOl rmax.

"Evoig GANOG TPOTTOG VO LEAETNOOVLUE TLG YOOTLXES LOLOTNTES TWV TOO-
LWV T™NG AoYLoTixyg eElowong elval vor UTTOAOYICOVIE TNV XATAVOUY] TWY
Ty Tov = oto ddotnua (0,1). ETig TEPLOSIXES TPOYLES, POV Te-
paogovpe T peTofPotixy mePlodo, v xotavopn Oo ovyxevTpwveTOL OTO
ONUELD TWV k-XOXAWY, EVE) OTLG YOOTLXES, U1 TTEPLOOLXES, TPOYLES Do xor-
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p(x)
p(x)

2+ ] 2t
1t ] 1t
0 0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1
X X

Eyuer 3.10: Katavopég towv Tnoy p(x) tov z ot Aoytotxy eElowon yio r = 3.59
(oprotepd) o 3.8 (SeELd). ApLotepd M YOOTIXT GUUTEPLPOPS QOUVETAL VO Elval TTLO
oa0evg and 3ekLd, x&tt To 0TTolo Oar WV TLXOTOTTTELOTEL 0T YAUNAGTEPY TLUT TNG EVTIPO-
Tiog. YTapyyovy oAdxAnpeg TtePLoyés Tov = e p(x) = 0. H xoatavouy avt eivot ToAD
dvoxoho vo dtaxpLbel amd Lo mpaypotikd tuyaio xatavous) mhavétnrog.

TOWEUETL TTAVWL e bTtodtaathuato Tov (0, 1). H muxvétnto mboavétrrog
p(z) va Bpodue pLoe TLun = yLor 3e3opéVo 1 elvol aveEAQTNTN TOL aEYL-
%00 onpeiov TNg TPOoYLAS. AvtioTpopa, av pog dobel évag peydiog optb-
oG amd onuelor TOL TAPAYEL M AoYLOTLXY eElowan, Oo NToy TPaxTLXA
odVVATO VOU XUTOALPBOVUE TS TTPOEPYOVTOL TG VOl VIETEQULVLOTLXO
xavova. o to Adyo awTd, YooTiXd CLGTAUATA LTTOPOVY VO Y OYOLULOTIOL-
oy yia TV TopoywYy Pevdotuyainwy oElipwy, 6TTwg Hor dodpe oTo
XEQAAOLO @ Mo va petpnoovpe ™y “toyotdtnTa’” TNG XATOVOUTG, LTTO-
QOVUE VO YONOLLOTTOLNOOLUE TNV EVTPOTILO v OTToloL Elvol €val LETPO TNG
otaklog evég ovotiuatos. Omwe Oo eEnynoovpe Aemtopcpéotepa oT0
we@&ioo [12, avt Siveton amd T oyéon

S==Y plnp, (3.37)
k

OToL py €lvor M TOAYOTNTA EUPAVLONG TNG XaTdoTaons k. Xty TePL-
TTWoN pag, Oo vtoAoyioovue TNV xaTOVOUN Pi XWELLOVTOG TO SLEoTNUO
(0,1) oe vmodtaotipota TAGToLG Ax. low dedopévo r, B Tdpovpe Eva
HeYoAo aplbpud M amd PETPNOELS TWY TLLWY T, TNG AOYLOTLXNG eElow-
ong xat Bo vToOAoylooLUE TO LOTOYPOUUO Ry TNG KAUTOVOUNG TOVG OTO
draotipote (g, xx + Az) mov emtAéEape. H TuxvoTrTo xotovouig avt-
oToLyel 6T0 6pLo NG TToaOTNTAS P = hi /(M Ax) yiow peydia M xow pixpd
Az (peyéro N). Hpdyportt, tote Zszl prAz =1 10 omOlo CUYXALVEL GTO
folp(x) dr = 1. Oc opigovpe t6te S = — S0 | pi In Az,

To mpdypoppo Tov Bo Yodovpe Ba vToAoYIleL Lo TLG ETULAEYLEVES
TLHES TOV T TNV XOTAVOUN P XL OO oLTN TNY EVIPOTL S oVOUQWYA
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p(x)

0O 01 02 03 04 05 06 07 08 09 1

X

Eyfuo 3.11: Katovopésg twv Tpndy p(x) Tou ot Aoytotixn eElowan yia r = 4. Exovue
LOYLEY XOOTIXN CLUUTEPLPOPG xoL 1 p(x) elvar Un-undevixn oe 0AGXANPO TO SLATTNUO
(0,1). Evvoodvtar ot ttpég tov x mouv Ppioxovtor oTo xpo TOL SLAGTALOTOS XAl ¥
evtpoTtio eivol peydAn. H xopmdAn elvon 1 ypopixn TopdoTtoom g YVWOoTNSG [@] YL
r = 4 xotavopyc p(z) = 7 ta~Y2(1 — z)~Y/? (xotavout beta yi a = 1/2, b = 1/2).

ue v B.37. Avté o mpoxtPeL PETABEAAOVTOC TO TEOYPOUULE TOU
opyelov liapunov3.£90 mpoobhétovtog ™y Tapdpetpo NHIST Tov elvor o
0pLBpog Ty StaoTNUATwY N yior To LOTOYPAUMOTO X0l artofnxedovTog
TLg ToxVoTNTES ThavdtnTag oto array p(NHIST). To mpdypoppo Oa to
Bpeite oto apyelo entropy.£90:

!

!Discrete Logistic Map:

!Entropy calculation from S=—sum_i p_i In p_i

!Calculation for r in [rmin,rmax] with RSTEPS steps

! RSTEPS: values or r studied: r=rmin+(rmax—rmin)/RSTEPS

! NHIST : number of histogram bins for calculation of p_i

! NSTEPS: number of values of x in the histograms

! NTRANS: number of discarted iteration in order to discart
! transient behaviour

! xstart: value of initial x0 for every r

!

program logistic_map

implicit none

real (8) ,parameter :: rmin 2.5D0
real (8) ,parameter :: rmax 4.0D0
real (8) ,parameter :: xstart = 0.2DO
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integer ,parameter :: RSTEPS = 1000

integer ,parameter :: NHIST = 10000
integer ,parameter :: NTRANS = 2000

integer ,parameter :: NSTEPS = 5000000

real (8) ,parameter :: xmin=0.0D0,xmax=1.0D0
integer :: i,ir,isum,n

real(8) :: r,x0,xl,sum,dr,dx

real(8) :: p(NHIST),S

open(unit=33,file="entropy.dat’)
p = 0.0DO
dr = (rmax—rmin)/(RSTEPS—1)
dx = (xmax—xmin)/(NHIST —1)
do ir=0,RSTEPS—1
r = rmin+ir*dr
x0= xstart
do i=1,NTRANS

x1 =1 * x0 * (1.0D0—x0 )
x0 = x1
enddo

!make histogram:
n=INT(x0/dx)+1;p(n)=p(n)+1.0DO
do i=2,NSTEPS

x1 =1 * x0 * (1.0D0—x0 )
n = INT(x1/dx)+1
p(n)=p(n)+1.0D0

x0 = x1
enddo

'p(k) is now histogram of x—values.
! Normalize so that sum_k p(k)*dx=1
!to get probability distribution:

P = p/NSTEPS/dx
'sum all non zero terms: p(n)*log(p(n))*dx
S = —SUM(p*log(p) ,MASK=p.gt.0.0D0)*dx

write(33,*)r,S
enddo !do ir=0,RSTEPS—1
close(33)
!print the last probability distribution:
open(unit=34,file="entropy_hist.dat’)
do n=1,NHIST
x0 = xmin +(n—1)*dx + 0.5D0*dx
write (34.,*) r,x0,p(n)
enddo
close(34)
end program logistic_map

[t Tov LTTOAOYLOUO TWY XATAVOUWY %ol TG evipoTiog Ho mEémel
vou ETLAEEOLUE TLG TTOPAUETPOVS E TG oToieg Ba eAéyEovpe Tor oLOTY-
LOTIXE OQOALATO. 0TOVG LTTOAOYLOUOVS pog. H mopdpetpog NTRANS Oo
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_9 1 1 1 1 1 1
35 355 3.6 365 3.7 3.75 3.8 3.85 3.9 3.95 4

r

Iynua 3.12: H evtporntion S = — 3, pr Inp, Az yioe ™) Aoylotixn eElowon wg ouvapTnom
Tov 7. H x&betn yooppm eivor 1 r. ~ 3.56994567 ov oNuatoSOTEL TNV 0PN TOL XAOVLG
%ol v optlévtia M avtiotolyn evtpomio. [lapatnpodue opLtotepd ™ XoUNAY EVTPOTiO
TV oYY 2" evotaloy ®xOxAwy N omola avEdvetol o xdbe Stoxhadwor. H evtpomio
elval LEYBAY OTLG TTEPLOYES TOV YAOVG LE ATTOTOWY] EAATTWOY 0T “SLoAeippoto’” Yéovg.
Daivetor xobopd To StEALUo TOL 3-x0XA0L YLor 1 = 1++/8 & 3.8284 xowt o axdAoLBeC
Staxhadwoelc Tov Tov eidaue xat otor Sirypdupata daxhédwaong (oyhuc B.4) xou

ex0ét Liapunov (oyfuo B.9).

TIPETEL VOU ELVOIL APXETAL LEYEAY, ETOL WOTE v LETOPoTLXN TTEPLODOG VoL U1
“noAbvel” T amoteréopata. O petpnoets pog Ha mpémel va eAeyybody
w¢ TPo¢ Tt otabepdtnTd Tovg peTaBdANoOVTaG TNV TLUN TNG. To (dLo xoun
N TN NG xstart mov Sivel To oPyLxd onuelo YL TN Aoytotixy] eEiowon
Yl x&be . H NHIST eAéyyet ™ Stopépton tou dtaotiuatog (0,1) xor to
unéyebog tov Ax xo Oor TEETEL Vo elvo apxetd peyaAn. H NSTEPS eivou
0 opLiudc Ty “puetpnocwy” yiow xabe TLum Tov r xow Bo TEETEL var elvat
0PXETOG YLow vou petvetol o “06pvog” otny Ty touv pi. Evvoeitar ot
0600 ULXPOTEPO eivor To Az TOOO PLEYOAITEQPO TIPETEL var elvo To NSTEPS.
Me %oTtdAMAES ETTLAOYEG TTALPVOLUE TLG XOTOVOUES P OTIWG POLVETOL
ot oynuote B.40 xow B.41 yio » = 3.59, 3.58 xow 4. Tlxpatnpodue 6t
LOYVEOTEPO YAOG OGLVOEETAL UE TAATOTEQRY] XOTOYOWUY] TWY TLUWY TOV .

0 vToAOYLOUGE TG EvTpoTiac Paiveton oo oxfue B.14. Ot mepLodt-
XEG TPOYLEG EYOVY OYETLXA YOUNAT] EVTPOTILAL EVE) OL YAOTLXES VYNASGTEET,.
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H evtpormio avEdvel Eapyixd pe v €vapEn Tov YEoLS YL ' = 7. XOL
oEdvel xabg To Yd&og yiveton LoyvpdTEPO. XTor “OLaAslppaTo’” YAovg
N EVTPOTLO. TTEQPTEL amdTopor xo dpaoTixd. Mmopodpe va droxpivovpe
WS Tl OLAOTNUOTA OVTA elvo To (Ot e aWTA ToL EldaUE OTO OL-
Yoouuo Stoxhédworne (oxhue B.4) xow otov exbétn Liapunov (oyfuc

). H evtpomion awEdvetor pwéypt ™y Tteh 1 = 4, oAA& owtd e yive-
Tt OpoAG. Meyebvovtog meployés Tou SLaypauaTog BAETOVUE ATTELPO
opLtBud amd amOTOUES TTTWOELS TNG EVTIPOTILAG OE SLAGTNLOTO TOV 7 TTOV
glvorl SLoEXWG ULXPOTEQOL.
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3.7 Aoxnoeig

[ToAAG a6 Tor TpOYEQUMOTO TTOL {NTovVTOL OTLG AoxNoELS, Ho Tor Ppeite
UETO OTOV LTOXATAAOYO Problems TOUL OLYVOSELTIXOD AOYLOULXOD TOU
XEQOALOV.

3.1 Na deiEete 41t oL TPOYLEG TNG AOYLOTLXNG OTELXOVLONG YL 1 < 1
petwvovtor exbetind pe 1o n yioo apxetd peyédho n. Na to emPe-
Bowwoete:

(o)

®)

)

EmAéEte r = 0.5 %ol XQVETE TG YPOPLUES TTOPUOTAOELS TWV
TooLwY Yt g = 0.1 — 0.9 pe Pue 0.1 yrae n = 1,...,1000.
2TLG YOOUPLXES TTOPUOTATELS YO TTRPETE TOV GEova y o AoYO-
ot xAipoxa. Tu oynuor €xovy oL XU TOAES TTOL TTALPVETE
YLOL LOXETA LEYAAO N;

[lpooappdote Ta onpeio z, yioo n > 20 otn ovvapTon ce”
xow vtoAoylote Tig atabepéc a xon c. [lg eEnpTrvton awTég
oTtd To oPYLXO oNuelo xp; Me To gnuplot avTd UTTOPEL Vou Yivel
AX. KE TLG EVTOAEC:

gnuplot> !gfortran logistic.f90 —o 1
gnuplot> a=0.7;c=0.4;

gnuplot> fit [10:] c*exp(—a*x) \

”<Cecho 1000 0.5 0.51./1;cat log.dat” via a,c
gnuplot> plot c*exp(—a*x),\

”<Cecho 1000 0.5 0.5!1./1;cat log.dat” w 1

[Mopoamave Oéoope NSTEPS = 1000, r = 0.5, x0 = 0.5. O¢-
Tovtog Ta 6ptoe [10:] oty evtoAy] fit, mpooapu.élovpe LéVo
ot onuelo z, > 10, amopedyoviag €Tol T UETOPOTLNY] TE-
plodo xoaL Y amdxALon amd TNy exbeTinn CLUTEQLPOPA YL
ULXOA N.

EmavoraBoate yioo r = 0.3 — 0.9 pe Brpo 0.1, xabdg xon yio
r = 0.99,0.999. IIpocoyn, xabw¢ to r TAnoL&lel ™ povado Oo
YXOELAOTEL VU TTIETAEETE TEPLOGOTEQO OOYLXE OMUELD YLOL [LLOL
XOAN TTPOoaPP.oYN xo TLhovdg vo avEnoete To NSTEPS. EAEy-
YETE TAVTA YOAPLXE O 1] EXOETLXY] CLYAPTNOY TTOL LTTOAOYL-
Cete Touplélel pe ta onuelo z, Yoo peyoro n. dtdEre éva
Tivoxo. e Tov exb€Tn a wg oLYAPTNON TOVL T.

O Moetc ¢ eElowane (B.3) eivor D7, Ti suumepaivete omd Tic
TLUES TTOL LTIOAOYLOOTE OTOY TTLVaxO TTOL PTLAENTE;
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MeAetnote ™ Aoylotixn ametxdévion yioe r = 2. [l NSTEPS=100,
LVTTOAOYLOTE TLS TPOYLEG TTOL TtalpveTe Yo x0=0.2, 0.3, 0.5, 0.7,
0.9 %o XAVTE TLG YPAPLXES TOVG TIOPAUOTATELS OTO (OLO YOAPMULOL.
Ymoloyiote To otabepd onuelo x5 xo CLYXPLVETE UE TNV AVOUEVO-
pevy ttpn 1 — 1/r. ErovordPote yra x0= 107 yioe v = —1, —2, —5,
—10, —20, —25. T ovpmepaivete Yo To onuelo =i = 0;

MeAetiote ™) Aoytotixn ametxdévion yio r = 2.9,2.99,2.999. Yro-
Aoyiote 10 otabepd onuelo x5 ko CLYXPLVETE UE TNV AVOULEVOUEYN
tpn 1 — 1/r. Tl6co peydho NSTEPS TmpémeL va Tapete x&be Qopda.
Mmopeite vo emiAéEete x0=0. 3.

MeAetnote ™ Aoyrtotxy] amewxodvion yroo r = 3.2. [I&pte x0=0.3,
0.5, 0.9 xow NSTEPS=300 %0t XAVTE TLG YOOUPLYES TTOUPAOTAOCELS TWV
TEOYLWY TTOL TTPOXVTTTOVY. I'TTOAOYloTE Tor oToepd onueio o5 xow
LE TNV €VTOAN tail log.dat. AvEnote to NSTEPS xot emavaAdBete
o va BePorwbeite Twg M TpoyLd €YEL OLYXALVEL GTOV 2-xU%AO.
Toyxpivete Tic TLpéc Toug ue ) oxéon (B.18). o x0=0.3 xdvte
YOOPLXY] TTOLPAGTOOY XOL [LE TOLG EENG TPOTTOLG:

gnuplot> plot \
”Cecho 300 3.2 0.31./1;awk ’NR%2==0" log.dat” w 1
gnuplot> replot \
’<Cecho 300 3.2 0.3l./1;awk °'NR%2==1" log.dat” w 1

TL TpoxVTTTEL,

EmoavoAdfote v mponyoduevy doxnon yioe r = 3.4494. I16co pe-
YA&Ao NSTEPS TpETEL Vo TAPETE, DOTE VO VTTOAOYLOETE TOL X5 XOL T
pe oxpifeta 6 dexodinwy Pneiwy;

Emavohéfoate Ty mponyoduevn doxnon yio r = 3.5 xow 3.55. Emt-
AéEte NSTEPS=1000, x0=0.5. AciEte 4Tt oL TpOyLég axoAovbovy 4-
xO*AO %ot 8-x0OxA0 avtiotolyo. YToAoylote to onuelar xi-rf o
To=Tig-

Kdvete ™ Yoo mopdotoon tov ouvapticewy f(z), f@(z),
fW(z), = yioo ™ hoyotiny amewévion Yoo SeSopévo r ato (Sto
oNuo. XpYOLLOTIOLELOTE TLG EVTOAEG:

gnuplot> set samples 1000
gnuplot> f(x) = r*x*(1—x)
gnuplot> r=1;plot [0:1] x,£f(x).£(£(x)) . £(£(£(£(x))))




3.7. AYKHYEIY 197

H evtoA] r=1 xabopilel v tipn tov r. [lapte dadoyixd r = 2.5,
3, 3.2, 1 + /6, 3.5. A6 Tig Topéc TOV XOPTOADY UE TN SLoryvto,
TpoodLopiote Tor oTabepd onuelor xow Tor ONUELX TWY k-KOXAWY.

3.8 Noa @TtidEete T cobweb plots Twy oynudtwy %o @ YL =
2.8,3.3 xaw 3.5. Na emavaiaBete amopplimtovag Stadoyixd omd To
oYNUa OAO X0 TEPLOCOTEPR OTTO TOL TTEWTA ONUELX TWY TEOYLWDY
KEYOL Vor TEoxDYPoLY UOVO Tor onuelor TwY k-xUxAwy. Kdavete To
(3o yra r = 3.55.

3.9 Na @ridkete xow Tor 300 SLAYPAUUOTO SLOXAADWOTG TOL OYNUOTOG

3.10 Noa @riéEete to dtaypoppor StoxAadwong yro 3.840 < r < 3.851 xow
yioe 0.458 < x < 0.523. Me peyébuvon tng xatédAANANG TTEPLOYNG TOL
SLOYPAUUOTOG, TTPOCGILOPLOTE T TEGOEPX TTPWTO ONULELX SLOUXAAD W~
ong Le axpifeta 5 onpavtixdy Pneiny. No mdpete NTRANS=15000.

3.11 Noa @tidEete 10 Sdypoppo daxAadwons yta 2.9 < r < 3.57. Y'ro-
AOYLOTE YOOUPLXA TOL ONULELDL SLOXAADWOYG i vioen =2,3,4,5,6,7,8.
BeBouwbeite 6Tt Tor amoteAéopata oag ivor oTabepd wg TPOg ™
ULETOPOAN Twv TTopapétpwy NTRANS, NSTEPS xaftg xotl amd tny
ETULAOYY TOU XAADOL TOL eTULAEYETE var peyebdvete Ao Tig TLpég
twy " mou Yvwpeilete vt n = 2,3, xaL and v evoncbnoio Twy
TLLWY AT TG TTOPOATIAVE ETLAOYEG, EXTLUNOTE TNV oxplfelor TOL
TETLYOLVETE UE TN YPoPLX] ot HEBodo. Y'ToAoYyioTe ToLg AdYyoug
(& — 7Y /(Y Y son suyxplvete tar omoteAéopoté cog

pe tn oxéon ( ).

3.12 EmAéEte Tipég ToL p oMY (), €TOL WOTE Yo €YETE HUOVO €va
EVEQYELOXO ETITIESO, YLOL TO OTOLO %Ol VO TTPOOOLOPLOETE TNV TLUN
Tov e. [I6te €yovpe Tplar evepyetoxnd emimeda;

3.13 Aivetar t0 mohvwvopo g(z) = 23 — 222 — 11z + 12. Na Bpeite tic pi-
Ceg Tov TOALWYVEOL ToL Ttaipvete pe ™ LEHodo Newton-Raphson
v emAéEETE 1) = 2.35287527, 2.35284172, 2.35283735, 2.352836327,
2.352836323. Tt OLUTIEPALVETE OYETIXA UE TLG TTEPLOYXES EAXVLOUOD
TwY PL{OY TOL TOALWYVLOL; AQPOV XAVETE TN YPOPLXY] TTOLPAOTAOY
TOU TTOAVWYVULOV, SOXLUACTE oL GAAC oy Lxd onueior Tov Ho cog
dwoovy xdbe plo amd T piles.

3.14 YmoAoyiote pe n pébodo Newton-Raphson ta onueio tov 4-xdxAov
TE, ..., xE TNG AOYLOTLUNG ATTELXOVLONG. XOYOLLOTTOLNOTE TO LAY QOO
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T’((;n) n ’I“gn)

3.0000000000 | 10 | 3.56994317604
3.4494897429 11 | 3.569945137342
3.544090360 12 | 3.5699455573912
3.564407266 13 | 3.569945647353
3.5687594195 | 14 | 3.5699456666199
3.5696916098 | 15 | 3.5699456707464
3.56989125938 | 16 | 3.56994567163008
3.56993401837 | 17 | 3.5699456718193
Te = 3.56994567 . ..

O 00 g0 ULk W3

(n)

MMivoxag 3.1: Ouv TLpég re’ YL TN AOYLOTLXY] OTELXOVLOY] OTTWE LTOAOYIoVTOL OTNY

Goxnom [ Ty tpn rl™

3.15

3.16

3.17

3.18

) =r, ™y Talpvovue amd T BLBAoypapio.

OLOUAGBWOTNG LEYEODVOVTOG TLE XATAAANAEG TTEPLOYES €TOL HOTE VX
ETUAEEETE XATAANACL 0EYIXA oNueio YLoL TLG ETOVOANPELS TNG ME-
B6dov. Na eAéyEete av ot TLpég Tov r mov Bor VTTOAOYLOTOVY Elvort
(dteg yroe xabe x . Pubuiote Tig mopohéTpoug oTo TEOYPOUUA, ETOL
WoTe Vo BeATidoeTe TNV oxpiBElo OTLS UETPNOELS GOC.

No emavaraBete tnv mponyodueyn aoxnon yLo To onuelo Tov 8-
XOXAOU I, . .., TTg XOL TNY TLUN ) NS AOYLOTLXNG OTTELXOVLOYG.

Noa emavordfete Ty mponyodueyn doxnon yLo To. onuelo Tov 16-
XOXAOU 7., ..., Thy XOL TNV TLUT r® ™G AOYLOTLXNG OTTELXOVLOTG.
No voloyioete Ta xpiotpa onueio ri viaen =3,...,17 tng Aoyt-
oTNg amelxoviong ue ™ Lébodo Newton-Raphson. I v to xd-
vete auTO Dot TTPETEL Vo EVTOTILOETE TTPOTEXTIXA OTTO TO OLAYQOUULOL
OLOUAGSWOoTNG Tow onueior SLAXAEIWONG xOL YO ETULAEEETE TOL XEYLXAL
onueto ot nébodo Newton-Raphson and ta onueia wov Ha vroro-
vioete yooupixnd. Qo mpeémet To TPdHYPOo e bifurcationPoints.£90
vou SLofBalel TLG TAPOUETPOVGS eps, epsX, epsr oo To stdin, WoTe
vo uropéoete va Tig pubuilete, xabwg avEavetal to n. Ay owtég
Ol TTOLPAPLETPOL ELVOL TTOAD [LXEES, Do €xete aotabela, eved av elvorn
HeYOAes, O €xete ovotnUaTIXE oPaALaTo. Me awTtdy TOV TEOTTO
TPOOTTAONOTE VO OVOTTOLPAYETE TOV TTLVOX XL

A6 o amotedéopato Tov Sivovton atov mivaxa B.1 vmoroyi-
7 (n) (n+1) ’ 3
oTe ToLG Adyoug Are’ /Are mov Sivovtar ot oyéon B.20 xow
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omd owToVg deite Ue OO axpiBelo LTTOPELTE Vo LTTOAOYLOETE TOV
optbud tou Feigenbaum.

Extiunote tov aptbud touv Feigenbaum 6 xow v xplowun tun
r. vmoBétovtac amd ™ oxéon (B.20) 6t Yo xpxetd pey&ro n
ri &, — O lpoocapuéote to SeSouéva Tov Tivaxo B.1 o
GULVEETNGY GVTH XL LTTOAOYIGTE TOL T § XL 7. 27O oYW B.13
emBePordvetar N vdbeon pog xon oivetol N exbeTinn oOYXALON
Ty " oty TN 7. Not @TLAEETE TO (BL0 OYNUA UE TLE TTAQOULE-
Tpovg Tov Ho vToAoyioeTe.

Yt6detEn: Mmopeite amd 10 gnuplot Voo SWOETE TLG EVTOAECS:

gnuplot> nmin=2;nmax=17

gnuplot> r(x)= rc—c*d**(—x)

gnuplot> fit [mnmin:nmax] r(x) “rcrit” u 1:2 via rc,c,d
gnuplot> plot "rcrit”, r(x)

gnuplot> print rc,d

OTov oto opyelo rcrit €xete amobnxedoel TG TLES TOL Tivoxa
@. MetafdAete T TIWEG TWY nmin, nmax Xl EMOVOAABETE WE-
YOL Yo TRpETE OTAOEPES TUUES KO LXOYOTIOLYTLXY] TTPOOAPUOYY] 0T
oedopéva.

0.01 1

0.0001 | ‘ ]

1le-06 1

1e-08 E

le-10 E

1e_12 Il Il Il Il Il Il Il
2 4 6 8 10 12 14 16 18

n

Zynue 3.13: EmBefaiwon tng oxéong r™ ~r.— C5™ mov eEetdleton oty doxnon
@. Ou TLpEg TwV ToEUUETPWY 0TO0 oYU elval mepimov r. = 3.5699457, § = 4.669196
xor C = 12.292.
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3.20 No vmoAoyioete Tar 3 TEWTA ONUELN SLAXAASWONG LETE TNV EUQA-
VLG7 ToL 3-xOxAoL Ylor 7 = 1+ /8 pe ™ péBodo Newton-Raphson.
No emiAéEete éva onpeio dtoxAadwaong Tov 3-xUxAov, €va. Tov 6-
xOXAOL xo €var Tov 12-xUxAov xol vor peyebvete to SLéypaupo
SLOXAADWOYNG OTNY TEPLOYY] TOVG.

3.21 OswpnoTte ™V ATELXOVLON TTOL TEQLYPAPEL TNV cEEALEN VoG TTAN-
Buopod
Tt = P(an) = T, (3.38)

(o) Not xGQveTe TN YOOUPLXT TTOPAGTAOY] TWY CLYAPTAGEWY T, p(T),
p?(x), p¥(z) yroe 7 = 1.8,2, 2.6, 2.67, 2.689 yio 0 < z < 8. INax
TCOLEG TLUEG TOL 7 TTEPLULEVETE VoL TTAPETE oTabepolg k-xOxAovg;

(B) T tic (dteg TLLéC TOL T TOPOOTAGTE YOUPLXE TEOXLES UE CLO-
xxa onuetor xg = 0.2,0.5,0.7. INoe x&be r va pTiaEete pion ypor-
QLN TOPAOTOON.

(Y) Me ™ pébodo Newton-Raphson vo evtomtioete tow onueio r.(n)
v n = 3,4,5 xabwg xow T Vo mMpw T onueian SLoaxA&dwoNg
ToL 3-%xVUxAov.

(&) No @téEete t0 Sbypopuo StoxAddwone yioo 1.8 < r < 4.
No evtomtioete to onueto EvapEng yaovg xabwg xor To onuelo
EVopENg Tov 3-x0xAoL xaL va Tor pLeyebdvete YOpw amd Eva
#xAG&d0 Tov Ho eTLAEEETE.

(") Na extpnoete Tov apLbuo d Tou Feigenbaum 6mtwe otny doxnon
@. Eivaw oupfotd to amotéAeopd oog UE TNV TOYXOGULOTNTO
Tov apLipod avtov; Elvar n ttun touv 7. {Star pe awt) g Ao-
YLoTLXNG eElowang;

3.22 Oewpnote Ty amexdvion (sine map):
Tpi1 = S(x,) = rsin(rx,) . (3.39)

(o) Nou xbvete ™0 YoapLx? TOPAOTOON TWY CLYOPTACEWY T, S(T),
s (z), sW(x), s®(z) yrae r = 0.65, 0.75, 0.84, 0.86, 0.88. It
TIOLEG TUULEG TOV 1" TTEPLULEVETE YOl TAPETE aTaotlepoVg k-%xOXAOVG;

(B) T Tig (dreg TLLEC TOL T VL TOPAGTHOTE YOUPLXE TPOXLES UE
opytxd onueior g = 0.2,0.5,0.7. It %&b r voo TidEete plo
YOOUPLXT] TTOLPATTOO).

(y) Me 0 puébodo Newton-Raphson va evtormtioete to onueior ri”

Yo no = 3,4, 5, xa0g xo Tor 300 TEWTO oNUELO SLOXAEDWONG
ToL 3-%xVxAov.
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(3) Na @téEete to déypoppo dtoxAddwong yioo 0.6 < r < 1.
Méoa oe mora dpLor xtvovvtar ol Tipég Tov z; EmavardBote
vioe 0.6 < r < 2. Tv mopatnpeite; No evtomtioete t0 onueio
EvopENg ybovg, xobwg xal To onuelo évapEng tov 3-xUxAoL
xat v Toe peyebvete Yopw amd éva xAddo mov Oo eTlAEEETE.

OewpENoTe ™V aTELUOVLON:

Tpi1 = 1— m‘i. (3.40)

(o) Na ptLéEete T0 Stéypoppo Stoxhddworng yia 0 < r < 2. Méoa
oc Tolo opLar xtvovvtor ot Tnég tov x; Now evtomioete To
onueio évapEng xaovg, xobwg xor To onueilo EvopEng tov 3-
xOXAOL oL vo Toe peyebvete yOpw amd éva xAddo mov o
eTLAEEETE.

() Me 1 pébodo Newton-Raphson vo evtomioete tor onpeio ri

Yoo n= 3,4, 5, xabwg xo T 3V0 TEWT oNUEL SLOXAEDWOTNG
Tou 3-xU%AoL.

Oewpriote TV amexdvioy (tent map):
rT 0<z, <1
_ . _ _ n — n —= 2
Tpy1 = rmin{x,, 1 —z,} = { (1 — 2,) % z <1 (3.41)

Noa @rtidEete to didypappo StoxAddwong yioe 0 < r < 2. Méoa
o ToLL OPLOL ®LYOUYTOL OL TUULEG TOL T; XTO (OLO SLEAYPOUUO VO
TOPAOTAGTE YOOPLXE TLC CUVOTAGELS 7/2, 1 — 12 /2.

MeyeOvvete v mepLoy tov dtoypdppotog yioe 1.407 < r < 1.416
xor 0.580 < x < 0.588. Ze moto onpeio tar dVo PN cLVEXTIXA dLoi-
OTNUOTO. UECO OTOL OTOLOL TTOLPYOLY TLUES T T, OUYYWYEVOVTOL
oc éva; 2T ovveéyela peyebvvete ta draotiuota 1.0 < r < 1.1,
0.4998 < z < 0.5004 o 1.00 < r < 1.03, 0.4999998 < z < 0.5000003
%O EVTOTTLOTE TOL ONULELDL CLYYWVELONG OVO (L7 GUVEXTIXWY OLOOTY-
LETWY pPEoo OTOL OTTOLOL TTAL{PYOLY TULES TOL Tp,.

Oswpnote TV ametxdvioy (gauss map 1 mouse map):
Tni1 =€ " 4 q. (3.42)

Noa @tidEete to Stbypoppa StoxAadwong vyt —1 < ¢ < 1 xaw r =
4.5,4.9,7.5. Na xévete 10 TEOYPOULO VTTOAOYLOKLOV TOU SLOLYQOUL-
LOTOG VO TTOLPVEL WG 0PYLXO ONUELD TNG VENS TPOYLAG TO TEAELTALO
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NG TTEONYOVUEVNG oL Yo ETLAEEETE 9 = 0 Ylor ¢ = —1. Emavoié-
Bate pe xy = 0.7,0.5, —0.7. Tv mapatnpeeite; [lapatnenote otL, xo-
0¢g avEdvel To ¢, Exovpe SLOXAUSWOELS XL “oVTL-OLaxAadWoeLs”.

3.26 Oewprote v amexdvion (circle map):
Tpy1 =[x, +7r — gsin(27z,)] mod 1. (3.43)

(TTpoooyh oto TEGYPOWL, oL TLpég Tov 0 < x, < 1). No @tidEete
70 Saypappo dtoxAadwong yio 0 < ¢ < 2 xow r = 1/3.

3.27 Xpnoipomoate To TEOYpop o liapunov. £90 yla vor UTTOAOYLOETE
™Y améoToon V0 TEOYLWY TNG AOYLOTIXNG OTELXOVLONG UE T =
3.6 ov omoieg apyxd améyovy Azg = 1071°. EmAéEre 2o = 0.1,
0.2,0.3, 0.4, 0.5,0.6, 0.7,0.8, 0.9, 0.99,0.999 xot vTOAOYIOTE TOV EX-
0¢tn Liapunov pe mpooapuoyy svbeiog yooauung otor xatdAAnAx
dtooTNpoto. YTTOAOYLOTE TN KEDY] TLUYN TOUG XOL TO OQPOAALO TNG
neéomng Tung.

3.28 YmoAoytote Ttov exfétn Liapunov yio r = 3.58, 3.60, 3.65, 3.70,
3.80 ot pe Toug VO TPOTOLG TOL AVATTOGCOVTINL OTO XELUEVO.
XENOLLOTIONOTE TOLAGYLOTOY D OLAPOPETIXA OEYLXE OMUELOL %O
VTOAOYLOTE TY] HE€OM TLUY TOULG XL TO CQOAULN TNG UEONG TLUNG.
2UYXPLVETE TLG TLUES TTOU TTALPVETE YL TO A XOL OYOALAOTE.

3.29 Ymohoyiote apltbuntixd Ty xplotun TLun r. Tou lvar to épto lim,, i

vioe T Aoytotixn eElowon pe axpifeta 9 dexodinwy Pneiwy. Xon-
OLUOTIOLYOTE TOY LTTOAOYLOUO Tov exbéty Liapunov A mouv Siveton

a6 ™ oyéon (B.35).

3.30 YmoAoyiote aptbuntixd TG xplotpeg TLUES TOL T TNG AOYLOTLXNG
eEloworng otic omoieg (o) etogpydpaote oTov oTtabepd 3-xOxho, ()
ETTAVEQYETOL 7 YOOTLXY] CUUTIEQLPOPE LETE 0Tt TLG SLOXAXDWDTELS
Tou 3-xOxAov. Kdvete tov vmoAoyiopd pe tn Ponbeta tov exbéty
Liapunov xot emiBefotwyote o0 amOTEAEOUATE GOG GLYXPLVOYTAG
UE TO SLAYOOUULO OLOXARSWOTNG.

3.31 Yrmohoyiote Tov exbétn Liapunov pe ™ Bonbeta tc oyéone (B.35)
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Yt TG oaxdAovbeg ametxovioets:

Tpi1 = z,e" 1) , 18<r<4
Tpr1 = rsin(nz,), 06<r<l1
Tpy1 = 1—7"1*3” 0<r<?2
Tpi1l = e " 4 q, r=75—-1<qg<1
1
Tpp1 = |z, + 3~ gsin(2rz,)| mod 1, 0<q<2,(3.44)

o vor @TLGEeTe Tar avéhoya oyAuate pe o B.9. No avtimopodé-
oETE TaL oYNUoTor oL o PTLAEETE e Tor avTioToLOl SLOYQOUULOLTO
droaxAédworng (umopeite va BéAete xow tar Vo oTo (3Lo oyApa). TN
gauss map (z,,1 = e "n + ¢) VO XAVETE TOV LTOAOYLOWS YL SO
opywxa onueior xg = 0,0.2 oL vor TOEATNENOETE TN SLOPOPA. XN
circle map (x,41 = [z, + 1/3 — ¢sin(27z,)] mod 1) va peietioete
wiaitepo Ty Teptoyxn 0 < ¢ < 0.15.

3.32 Apob avamapdyete T oynuorte: 3.10, B.11 xow B.12, vor vtohoyicete
™ ovvapTon p(x) Yo r = 3.68, 3.80, 3.93 xaw 3.98. Now oulntioete
OE TIOLOL OMUELD EYETE LOYLPOTEPY] XOOTLXY] CLUTIEQLPOPA OTTO TLG
p(z) %ol oo TG AVTLOTOLYXEG TLUES TNG EVIPOTLOG. XTYN GUVEYELX,
vo. btoAoyioete ™y evipoTtion Yoo ato diaotnuo r € (3.95,4.00)
molpvovtag RSTEPS=2000 Xl vou EXTIUNOETE TLG TLULEG TOL T ETHL
0TO SLAOTNUO OVTO TTOL €YoLpE €lood0 %ot €E000 amd TO YAOG.
2UYXPIVETE TOL ATTOTEAEOUOTA OO UE TOY OVTLOTOLYO LTTOAOYLOUO
mov B xdvete Yo Tov exBétn Liapunov.

3.33 Bewprote v ameixdévion (Hénon map):

Tpp1 = Yo+ 1—ax)
Yn+1 = bxn (345)

(o) DTLdETE TOL VO SLOYPEULULOTO SLAXAGASWOTG YL TLS TULES Ty Yn
vioe b= 0.3, 1.0 < a < 1.5. EAéyEte av o tipég a = 1.01, 1.4 Tov
B yonorpomoLnoovpe TOPOXATW aVTLoTOLXOVY o oTobepég
TIEPLOOLUEG TPOYLES 1] XOOTLXY] CUUTIEQLPOPAL.

(B) Tpddre éva mpbdypoppo attractor.£90 mov Ha mwafpver NINIT
= NL X NL apyixég ovvbvxeg (zo(i),y0(i)) ¢ = 1,... NL Thvw
oc évor NLXNL TAEYUO TLUWY OTO TETPAYWVO T, < zo < Ty,
YUm < Yo < yu. Kabe éva amd ta onpeia (xo(i), yo(i)) O eke-
AMooetat adupwva pe ) oyéon (B.45) yio n = NSTEPS Bruoro.
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To mpdypoppo téte Bor exTuTdveL Tow onueia (2, (i), y, (7)) oto
stdout. EmAéEte 2, = y,, = 0.6, x5y = yur = 0.8, NL= 200.

(Y) EmréEre a = 1.01, b = 0.3 xow @TéETE 070 (S0 oyAno ™
YOOQLXY] TOPAOTOON TWY ONUELWY (2,(7), yn(i)) Yt n =0, 1, 2,
3, 10, 20, 30, 40, 60, 1000.

(8) EmAéEte a = 1.4, b = 0.3 xo QTL4ETE 070 (dLO oYALO TN YOO
QN TOPAGTOOY TWY oNUElLY (2,(1), Y, (1)) Ytao n =0,...,7.

() EmréEre a = 14, b = 0.3 xou @TuaETe 0TO BLO0 OoYAUO T
YOOPLXY TToPAoTOGN TWY ONUELLY (2,(7), Yy, (7)) Yiao n = 999.
Hopoatnphote tov mopdEevo eaxvoty Hénon (Hénon strange
attractor) xoi Tic fractal 13totnTtéc Tov. ATy YopoxTEileTOL
oo OLdoToo Hausdorffﬁ dy = 1.261 £ 0.003. Meyebovete Tig
TLEPLOYES

(z,y)] —1.290 < z < —1.270, 0.378 <y < 0.384},
{(z,y)] 1150 <z < —1.130, 0.366 <y < 0.372},
{(z,y)] 0108 <z <0.114, 0238 <y <0241},
{(z,y)] 0.300 <z <0320, 0.204 <y <0.213},
{(z,y)] 1.076 <z <1.084, 0.090 <y < 0.096},
{(z,y)] 1216 <z <1.226, 0.032 <y <0.034}.

3.34 BOewpnote Vv amexdvion (Duffing map):

Tp+l = UYUn
Ynt1 = —bx,+ay, — y;q’L ) (3.46)

(o) DTLdETe T VO SLOYPEUULATO SLOKACDWONG YLOL TLS TULES Ty Yn
Tiae b= 0.3, 0 < a < 2.78. EmAéETe Té€o0oeplg apytxég ouvbnxeg
(z0,40) = (£1/v/2,+1/v/2). Tt mopotnpeits;

(B) Xpnotpomothote xoTGAANA To TEOYEOLLe attractor . £90 Tn¢
doxnong B YLow Vo UEAETAGETE TOV EAXVGTY] TNG UTELXGVLOYS
Yoo b= 0.3, a = 2.75.

3.35 Bewprote v amexdévion (Tinkerbell map):

Tpi1l = xi — yi + ax, + by,
Ynil = 2X,Yn + cx, + dy, . (3.47)

“D.A. Russel, J.D. Hanson, and E. Ott, “Dimension of strange attractors”, Phys. Rev.
Lett. 45 (1980) 1175. Aeite xow Mjppa “Hausdorff dimension” ot Wikipedia.
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(o) EmAéEre @ = 0.9, b = —0.6013, ¢ = 2.0, d = 0.50. Amexo-
vioTE Pl TPOYLA OTO ETUTESO XAVOVTOG TN YOOPLXY TTOHOO-
oTOoY TV ONUELWY (T4, yn) Yot 1 = 0,...,10000 pe (zg,y0) =
(—0.72,—0.64).

(B) XopnoLomotiote xaTdAAAL TO TTEOYPOULUO attractor . £90 Tng
Ao%NONG @ YL VO LEAETNOETE TOV EAXVOTY TNG OTTELXOVLONG
YLt TIG TLUEG TWV TOPAUETPWY a, b, ¢, d oL dlvovtor To-
pamévw. EmAéEre x,, = —0.68, =)y = —0.76, y,, = —0.60,
yu = —0.68, n = 10000.

(Y) EmtavaréBote T0 TEONYOVUEVO LTOEPWTNULO AAAALOVTOG TO
d=0.27.
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KE®AAAIO 4
Kivnon Xopotidiov

2T0 XEQPAAALO OLTO PEAETATOL aPLOUNTIXE 1 ETIALOY TWY XAXOLXWY EEL-
OWOEWY XLVNOMG LOVOSLAGTUTWY UNYOVLXKDY CUOTNUATOY, OTTWE A.). AUTN
TOL oNUELOXO) CWEOTLOOL ot pLor evbeio, TOL ATAOD EXXPENLOVS XAT.
liveton etoaywyn oe pebodovg aptbuntixng oAOxANPwWOTNG SLoYOoELXEWY
eElowoswy pe apyxéc ouvbnxreg xal wWialtepa ot nébodo Runge—Kutta
4yg TaENG. TEAOG, LEAETWOYTOL TOL CLUGTNUATO TOL OPLOVLXOD TOUAAYTWTN
XOL TOU OTTAOU EXXQEUOVS KE aTOoPeon xow 0dNYNon omd eEWTEQLXN
XOOVOEXPTNLEVY] SUvoT. To teAevtaio odoTua elval P YOOLLXO oL
YiveTaL pLor ELOOYWYN OTLS XAOTLXESG LOLOTNTES TOV.

41 AptOpntin OAoxApowor EEtodocswy Ned-
TOYAX
Oewpovpe t0 TPORBANU T™Ng AVomE Twv €ELOWMoE®WY %{VNomG CWUATLIL0V

VTG TNV eTiSPOON SLVAUEWY TTOL Slvovtol amd To vopo tov Neldtwvo.
O eELlowoelg avTEG UTTOPOVY VL YOOUPTOVY LTTO TN LOPPT

d’z
_dtf = a(t, 7, 7), (4.1)
OTTO0L .
F ax
a(t,z,v) = — U= —. 4.2
aEn = T= 4.2)

H xAdomn twv TpofAnudtwy mov Ho culntioovpe oc emtinedo aptbuntinng
OVAALOYG Elvorl TTEOBAUOTO EYLXWY TLLWY, ONA. ETLALON SLOYOPLXEWY
eElowoswy Yo TG omoleg divovtar oL opytxég ovvirxeg

Z(to) = To (to) = T (4.3)

207
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oL ottoieg TpoadLopilovy pioe povodixn Abon Z(t). O diapopixéc eELaw-
oerc (1) eivon Sebtepne TéEne we mpoc Tic cuvapThoele Z(t). o ™y
opLBunTLxy Abom Toug elvor BOALXG VO VAYOLUE TLG EELOWOELS OUTEG OF

gvar aboTNUo. oo SLTTAdoLo apLiud eklowoewy TpwTou Badpov:
az v .
- = i a(t, @, 7). (4.4)

Ewdwxa Oo evdrapepbobue yio Ty xivnon oopatidiov mavew oty evbeio
(1 dtéotaon), omtdTe TO GVOTHUA TWY EELOWOEWY YivETOL

Z—i =0 % = a(t,z,v) 1-Otdotoom
.73(750) =X ’U(to) =17, (45)

x00d¢ xow oto eninedo (2 Sraotdoslg), 0moTE TO GHOTNUO TWY EELOW-
oswY YlveTow

dx dv
— z — 2_ Z
o = U o az(t, ,vs, y,vy) dootdoeLg
dy dv
- =W d_ty = ay(t, 2,0, Y, 0y)
z(to) = o vz (to) = vou
y(to) = o vy (to) = Voy , (4.6)

4.2 TlpeAovboro: MéOodor Euler

Mo va mépovpe pLo mpwdtn yevon touv TpofAnuatos o ueAetioovue to
TEOPANUO. TOL EXXPEPOVG UNXOVG | LETO O OUOYEVES TEDLO PapVTNTog
g (oxhuo ). O eErodboeic xivnome Sivovton amé 10 GOETNUR TWV
JLoUPOPLXWY EELODTEWY

4 g
a2
0
v _ 47
dt ws 4.7

TTOL EVXOAQL OLVAYETOL GTO GUOTNULO TTEWTNG TAENG

ﬁ
dt
dw

_ 9
= = lsm@ , (4.8)
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g

Zynua 4.1: To exxpepéc pnpovg | péoo oc opoyevég medio PopdTnTog g.

To mapamdvew cOoTNUO TEETEL VO YOOPTEL O SLAXPLTN LOPPY], ETOL YOTE
vo. emutevybel n aptbuntinn tov emiAvon pe ™ Bonbeta vworoytot. O
TTLO ATTAGG TPOTTOG LVl v DEwPNTOVILE TNV OAOXANPWOY] TOL GLGTNULOTOG
aTtd TOV 0EYLXO YEOVO t; = 0 puéypt TEAXS XOVO L ; Ywpellovtog To YPoVLXd
Sbotnua t; —t; oe N — 1 (oo Stoaothpata TA&toug] At = h, 6mov h =
(ty —t;)/(N — 1) o mpooeyyllovtag TG ToEAYDYOLS OO TLG OYECELS
(Tpr1 — @) AL = 2l

Wni1 = wy + a, At
O = O+ wyAL. (4.9)
6mov a = —(g/l)sinf N ywviaxn emttéyvvon. H pébodog awty axodet

oto ovopo “pébodog Euler”. To opdApo mov elodyetor amd T puébodo
oe x&be Brpo etvor g TéENg Tou (At)?. TTpdyportt, cwTO TTEOXRVTTTEL AUTTO
oA ovamtuEy xota Taylor yopw amd to onuelo ¢, oyvovtog GAovg
T0UE 6POVE aTtd TN SedTEEPN TAPEYWYO Xawt Tavwf. Kortd Ty oAoxAtipwaon
amd t; o€ ty, T0O CLYOAXO GdAue elvor TdENg At! O Adyog elvor 6Tt Tox
o@aApLato avtd Tpootibevtol oe xabe Pua xow o@od o opLbudg Twv
Brudtwy N o 1/At, T0 6LYOAXS o@dApa eivar o< (At)? x (1/At) = At. H
uébodog Euler Aépe 6Tt elvon pror pébodog mpwtng TéENg %o wg ex ToVTOL
EYEL TTEPLOPLOUEVY] axpifBela, eLOXE 08 TPOBANUOTO TTOL TTOPOLGLALOVY
nieptodtxdtnro. H pébodoc eivor aobppetpn, yrott yonotpomotel yor Ty
TPoWHNOY TG ADONG TANPOPOPLX YLoL TN CLYAPTNOY LOVO GTYY aEYN TOV

"Eyovpe N SLoxpLtods yp6voug t; = ti, ..., tn—o,tN—1 = tf
*Aeite to Mapdptnuo k.7 Yo Tic Aemtopépetec.
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Zynuer 4.2: ZoyxAon tng uebdédov Euler yio to amAd exxpeuéc pe mepiodo T =~
1.987(w? = 10.0) yioe Sropopetinée TLpég Tou BAuatog xpévov At mov xobopileton
omd Twv opltbud Ty Prudtewy Nt= 50 — 100,000. H Abon eivar yioe g = 0.2, wp = 0.0
%o oLYXPIVETOL PE TN YVWoTh ADon yior Uxpég ywvieg pe at) = —(g/l) 6.

draotipartog (t,t + At). Me prow oAy Topodhoryn taipvovpe T pébodo
Euler—Cromer 7 omola moapovotdlel BeATLWUEY CUUTIEQLPOPAR, OV KO
ot elval TEWTNG TAENG e oLVOALXS o@dApa o At. o To Adyo o To,
XONOLLOTIOLOVUE YLot TNV TPowbnon g ywviag 0 Ty xawodpyta TN
NG YWVLAXNG TOYOTNTOG

Wil = Wy + a,At
9n+1 = en -+ Wn+1At . (4.10)

Mo péfodog mov BeAtiwdver Tovg ToPaTaVEL aAyépLiovs wg TPOog
T0 o@dApo Staxpttomoinong eivor o aiydptbuog Euler—Verlet o omotog
Siver ohxé opéhpaf] ~ (At)2. Avtéc Sivetar amé Tic eElotoets

9n+1 = 29n — Hn,l + Oén<At)2

gn—‘rl - Qn—l
., = T 411
w A (4.11)
H ué00doc Euler—Verlet (&.11) eivor pio péBoSoc 8o Bruétwy, apod
YLor TV TPOoW Mo TG AbOTg Elval avaryxalo var YVeELLOLIE TNV TLUN TNG
oLvVaPTNONG oe dVO TTponyovueva Buato. Apa, TEETEL vou xabopioovye

*Aeite to Mapdptnua k.7 yio tic Aemtopépetec.



4.2. IIPEAOYAIO: ME®GOAOI EULER 211

0.025 ‘
50 ——
100
0.02 1000 - |
\, ,/1%000
Y /50000
A /,/80000 ]
0.015 1y /400000 -~
\ i S [f 80—
| [if \ I i
0.01 [ | [ \ [ i /
1 il \i lif \ [
0005 i i
i [ i\
© 0 / | i
I i i
t i i\ ‘ ‘ .\ [
-0.005 |- i i \i I 0 [
i Ji i [i i |7
[ 1 [
I \i I
001 | | \\ /
0.015 - ‘
002 | AV \V/4
0,025 ! ! ! ! ! !
0 1 2 3 4 5 6 7

Syfue 4.3: Soyxhon g uebéSov Euler-Cromer, mopdpota pe 1o oxiua k.2 Mopo-
EovuE TTwe N LEB0JOG ouYXALVEL TTOAD YPNYopdTEpDr axmtd Tny Euler.

TPOCEXTLXA TLS aP)IXEG ouvinxes Yo T dvo mpwta PBriwata. o to
AGYO owTO YENOLLoTTOLOLUE Tov aAybpLtipo Euler yia v mpowbnoovpe
TG opyLxég ovvbfxeg éva Pua miow. Av 0, = 6(t;), w; = w(t;) elvar oL
opytxég ovvnxeg, Tote opilovpe

1
90 = 91 — wlAt —+ 5@1(At>2 . (412)
Emiorng, o070 teAevtaio Bripa o mpémel vo mhpovpe
On — Ona
= . 4.1
WN At (4.13)

[Mopéro mov 71 pEBodog Exel ULxPHTEPO GUYOALXO GQGApO OTtd TN UE-
0odo Euler, o mpoBAnué tng eivor otL elvor aotabg, dtov to At yivel
OPXETE ULxPO. 2T deVTEPN TwV €ELoWoEWY () N YWVLOXY] ToOTNTo
TEOXVTTTEL ATt TO AGYO0 V0 ULXpwy aplbuwy, ex Twy omolwy o apLb-
unTg lvor N dLapopd V0 UeEYAAWY, oxeddY (owy, aptbuwy. o utxpd
X00vo At, N TL ™G SLoPOoPAg aLTNG EEXPTATAL LOVO OTtO TOL TEAELTALL
dexadixd Pneio g avamopdotoonsg Twv apltbuwy 6,1 xot 6,, emeldn
0 UTTOAOYLOTNG €XEL TETMEQPAUOUEYT OXPIPBEL OTNY AVATIOPAGTAGY] TOVG
xot M oxpifetor aTov LTOAOYLGUS TOL AGYOL (0,41 — 6,,)/(2AL) peLdve-
T LEYPEL O AOYOG auTOG Yo Yivel axptfBudg undév Adyw undeviopod Tov
LU Tty TEeK ™ Ty etlohacwy (&.11), o 6poc o, At? eiva pixp6-
TEPOG aTtH TOV awtiotolyo 6po a,At g pebddov Euler xotd piow taEn
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Syfue 4.4 oyxhon g pedédov Euler-Verlet, 6mwe oto oyiua k.2 Mapatpobue
Twg N pé€bodog ouyrAlvel TOAD Yonyopdtepa amd tny Euler oAAG T opdApartor 6TpoY-
yoromoinong xdvouv ™ péBodo dyonot, Yo Nt2> 50,000 (mpooéEte T yivetow yLo
Nt= 100, 000. T'torti;).

wg tpog At. Metdvovtag to At, Ypyopa éxovpe o, At? < 20, — 0, 1 o
N axpifeta ™g peboddov exundeviletor AGYW® TNG TETEQUOUEVNS OXEL-
Belog TwV TEAYLATIXGOY aplbpn®y otn pynun Tov UTCO?\OYLG‘C‘/]. ‘Otay oL
apLOpof o, At? xaw 20, — 0,1 SLoupépovy TEPLEGGTEPO ot TEPITIOL ETTTA
Tékelg peyéboug, n Tpdabeon Tov TEWTOL oL GTO deBTEPO Elvarl TO (BLO
oo vo TPochétape UNGEY KoL N GUYELGEPOPE TOL OPOL TNG ETULTAYVYONG
eEapaviletol.

O mpoypoppatiopds Twy Lefddwy avTwy elvor Ldtaltepa atAdg. I'pd-
QovPE Eva TPOYPaUe TTOL Oar xAveL oOYXELOY %ol TwY TELWY LeEHOSwY,
Euler, Euler-Cromer xot Euler-Verlet. I'ia To Adyo awwtd, T0 x0Lwg TEO-
Yooppo elvo amAa évo interface pe To YPNOTN XOL YL TOUG LTTOAOYL-
OLOVG XAAOVVTOL SLOPOPETIXES LTTOPOLTLVEG euler, euler_cromer oL
euler_verlet. O ypNOTNG OTTAQ TEETEL VO TTOOYQOUUOTLOEL TNV XOLYY
o 6AOLG TOLG LTTOAOYLOKOVG GLYAPTNOY accel(x) TOL SLVEL TN YWVLAXN
ETTLTAYLYOT CLYOPTAOEL TNG Ywviog 6 (8 1 petafAnt) REAL x). Xtny

“‘Aeite TopaTipnom oty vroonueinon 19 ot oeh. 121,

*AptBuotl TOToL real €yovy mpooeYYLoTIXE 7 onuovTind Sdexadixd Preio. H axpi-
Beta Ty Topamdve vToAoYLoUKY xabopiletol amd Tov aptbud €, Tou ivat o uLxpdte-
00g BeTindg aptbude, TéToltog Wwote 1+€ > 1. o pLar petaBAnT x oLYXEXPLUEVOL TOTIOL,
0 optiudeg awtdg divetow amd TNy intrinsic cvvdptnon Fortran epsilon(x). o peta-
BAnTég TOTOL Teal, € ~ 1.2 x 1077 xou yior petoBANTéG TUTOL Teal(8) €~ 2.2 x 10716,
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Zyxnuo 4.5 ZoyuAton g pebédov Euler yio 10 amAd exxpeués 6Mwg 0TO GYNUOL
oAG Yo g = 3.0, wo = 0.0. Ed¢d deiyvovpue 1 oLUTEPLPOPE TNG YWVLOKNG TAYOTNTAG
X0l TTOPOTNPOVIE UEYAAN aaTtédbeto yror Nt< 1, 000.

TOPAYPOPO oL TY TTolpvovpe accel(x)= -10.0 * sin(x).

H Soun twv dedopévwy eivorl ToOAY amAn: Xe tplo arrays REAL T(P),
X(P) xow V(P) amobyxebovtoLr avTioTolyo oL XeOvoL t,, oL Ywvloxég OE-
oeLg 6, %ol oL YWVLaxEG ToOTNTES w, Yoo n = 1,... Nt. O ypnotng
TPOGOLOPLLEL TO YPOVIXO OLACTNUO TNG OAOXANpworNg amd t; = 0 ot
ty = Tfi, xabwg xow Ttov opLtbud Twy Ypovixwy onueiwv Nt Tt omoio
meEmeL va efvo Atydtepa artd to péyebog P twv arrays. Meta divet Tig
opyxég ouvnxeg Oy = Xin xot wy = Vin. XTN OLVEYELA, OL LTTOPOVTIVEG
Ty LeEOOdwY xohovyToL xoL oTNY €(00S0 TOUG TTHPEYOVIE TLG OLOYLXES
oLYVOM®EG, TO SLACTNUO OAOXANIPWONG XL TOY 0PLOUO XPOVIXWY ONUELWY
Xin,Vin,Tfi,Nt. X1tny €E£000 pog ToEEYOLY Ta ATOTEAETUOTA oTtobT-
xevpéva ota arrays T,X,V. TN CUVEYELA, TO XTTOTEAECUATO TUTTOVOVTOL
oto opyelo euler.dat, euler_cromer.dat xot euler_verlet.dat.

Ov vTopovTiveg LTTOAOYLOLOV arxoAoLHOVY T dtadixaaion xabopLopod
TV aEYLXOY cLYONXGY, LTTOAOYLORLOD ToL YPovov At =h = Tfi/(Nt — 1)
%o exTEAOVY Toug Ppdyovg Tov Oo Tpowbhody ™) Adon pe Prua At. Xe
x6&be Pruo o amoteAéopata amonxedovtar ota arrays T,X,V. 'Etot, to
TUNUO. TOU XWOOLXOL

T(1) 0.0
X(1) = Xin
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SyAue 4.6: Doyxhon e pebédov Euler-Cromer, 6mwe oo oyhua .5,
Twg N uébodog ouYxAlvel TOAD Ypnyopdtepo amd Tty Euler.

V(1) = Vin

h = Tfi/(Nt—1)

do i = 2,Nt

T(i) = T(i—1)+h

X(i) = X(i—-D+v(i—-1)*h

V(i) = V(i—1)+accel(X(i—1))*n
enddo

[Mopatnpodue

exTeAEl TG amopaltnteg evioAég yio ™ LéEBodo Euler. Aiyn mpoooxn
Tpémel va dobel ot pnébodo Euler-Verlet émov mpémer va xafoptatody
Toe OV0 TPWTH Bripota, xabwg kot To TEAELTALO YLoL TNV TOVTNTO:

T(1) = 0.0

x(1) = Xin

V(1) = Vin

X0 = x(1) — V(1) * h + accel(X(1)) *h*n/2
T(2) =h

x(2) = 2.0*x(1) — X0 + accel(X(1)) *h*h
do i = 3,Nt

enddo

v(Nt)= (X(Nt)—X(Nt—1))/n

.0

Mo dtevxdAvvon Tov avayvwoT) TTopobéTovue OAOXANPO TO
TOEAXATW:

TPOYPOULO
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Zynuo 4.7: Zoyrhion g rebddov Euler-Verlet, 6mwe oto oynpo @ Mapotnpodpe Tog
7 pébodog ouyxiivel TOAD yYomnyopdtepa amd Ty Euler, adAd tor opaApatar oTpoyYL-
Aomoinang xavouvy T pébodo TOAD yYpyopo aotadn yro Nt2> 18, 000.

|

!Program to integrate equations of motion for accelerations
!which are functions of x with the method of Euler,

! Euler—Cromer and Euler—Verlet.

!The user sets initial conditions and the subroutines return
IX(t) and V(t)=dX(t)/dt in arrays T(1..Nt) ,X(1..Nt),V(1..Nt)
!The user provides number of times Nt and the final

!'time Tfi. Initial time is assumed to be t_i=0 and the
lintegration step h = Tfi/(Nt—1)

!The user programs a real function accel(x) which gives the
lacceleration dV(t)/dt as function of X.

INOTE: T(1) = 0 T(Nt) = Tfi
!

program diff_eq_euler
implicit none
integer ,parameter :: P=110000 ! The size of the arrays

real ,dimension(P):: T,X,V ! time t,x(t),v(t)=dx/dt
real :: Xin,Vin,Tfi ! initial conditions
integer :: Nt,i

!The user provides initial conditions X 0,V_0 final time t_f
land Nt:

print *,’Enter X 0,V_0,t_f Nt (t_i=0):"’

read (5,*)Xin,Vin, Tfi Nt

!This check is necessary in order to avoid memory

laccess violations:
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if (Nt .ge. P )then

print *,’Nt must be strictly less than P. Nt,P= ’ Nt,P
stop

endif

'Xin= X(1), Vin=V(1), T(1)=0 and the routine gives evolution in

'T(2..Nt), X(2..Nt), V(2..Nt) which we print in a file
call euler(Xin,Vin,Tfi,Nt,T,X,V)
open(unit=20,file="euler.dat™)

do i=1,Nt

!Each line in data file has time, position, velocity:
write (20,*) T(i),X(i),v(i)

enddo

close(20) !'we close the unit to be reused below
'

!We repeat everything for each method
call euler cromer(Xin,Vin,Tfi,Nt,T,X,V)
open(unit=20,file="euler_cromer.dat”)
do i=1,Nt

write (20,*%) T(i),X(i),v(i)

enddo

close (20)
]
call euler_verlet(Xin,Vin,Tfi,Nt,T,X,V)
open(unit=20,file="euler_verlet.dat”)
do i=1,Nt

write (20,*) T(i) ,X(i),v(i)

enddo

close (20)

|

end program diff_eq_euler
!

!Function which returns the value of acceleration at
!position x used in the integration subroutines

leuler, euler_cromer and euler_verlet
]

real function accel(x)
implicit none

real x

accel = —10.0*sin (x)

end function accel
'

!Driver routine for integrating equations of motion
!using the Euler method

!Input:

!Xin=X(1), Vin=V(1) — initial condition at t=0,
!Tfi the final time and Nt the number of times
!Output:

!The arrays T(1..Nt), X(1..Nt), V(1..Nt) which
!gives x(t_k)=X(k), dx/dt(t_k)=V(k), t k=T(k) k=1..Nt
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!where for k=1 we have the initial condition.
!

subroutine euler(Xin,Vin, Tfi ,Nt,T,X,V)
implicit none

integer :: Nt
real ,dimension(Nt) :: T,X,V Itime t,x(t),v(t)=dx/dt
real :: Xin,Vin, Tfi
integer :: i
real :: h,accel ! **declare the function accel**
!Initial conditions set here:
T(1) = 0.0
X(1) = Xin
V(1) = Vin
'h is the time step Dt
h = Tfi/(Nt—1)
do i = 2,Nt
T(i) = T(i—1)+h ! time advances by Dt=h
X(i) = X(i—1D+V(i—1*h ! advancement and storage of
position
V(i) = V(i—1+accel(X(i—1))*h !and velocity.
enddo

end subroutine euler
'

!Driver routine for integrating equations of motion
!using the Euler—Cromer method

!Input:

!Xin=X(1), Vin=V(1) — initial condition at t=0,
!'Tfi the final time and Nt the number of times
!Output:

!The arrays T(1..Nt), X(1..Nt), V(1..Nt) which
lgives x(t_i)=X(i), dx/dt(t_i)=V(i), t_i=T(i) i=1..Nt
!where for i=1 we have the initial condition.
!

subroutine euler_ cromer(Xin,Vin,Tfi,Nt,T,X,V)
implicit none

integer :: Nt

real ,dimension(Nt):: T,X,V !time t,x(t),v(t)=dx/dt
real :: Xin,Vin, Tfi

integer :: i

real :: h,accel
T(1) = 0.0

X(1) = Xin

V(1) = Vin

h = Tfi/(Nt—1)
do i = 2 ,Nt

T(i) = T(i—1+h

V(i) = V(i—1)+accel(X(i—1))*n
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X(i) = X(A—D+V(i)*h 'here is the difference compared to «
Euler
enddo

end subroutine euler_cromer
!
!Driver routine for integrating equations of motion
'using the Euler — Verlet method

!Input:

!Xin=X(1), Vin=V(1) — initial condition at t=0,
!Tfi the final time and Nt the number of times
!Output:

!The arrays T(1..Nt), X(1..Nt), V(1..Nt) which

lgives x(t_i)=X(i), dx/dt(t_i)=V(i), t_i=T(i) i=1..Nt
!where for i=1 we have the initial condition.

]
subroutine euler_verlet(Xin,Vin,Tfi,Nt,T,X,V)
implicit none

integer :: Nt

real ,dimension(Nt):: T,X,V !time t,x(t),v(t)=dx/dt
real :: Xin,Vin,Tfi

integer :: i
real :: h,h2,X0,02h
real :: accel
!Initial conditions set here:
T(1) = 0.0
x(1) = Xin
V(1) = Vin
h = Tfi/(Nt—1) ! time step
h2 = h*h ! time step squared
o2h = 0.5/n ! h/2
'We have to initialize one more step: X0 corresponds to ’X(0)’
X0 = X(1) — v(1) * h + accel(X(1)) *h2/2.0
T(2) =h
X(2) = 2.0*x(1) — X0 + accel(x(1)) *n2
!Now i starts from 3:
do i = 3,Nt
T(i) = T(i—1)+h
X(i) = 2.0*x(i—1) — X(i—-2) + accel(X(i—1))*h2

V(i—1) = o2h * (X(i)-X(i-2))

enddo

!Notice that we have one more step for the velocity:
V(NE)= (X(Nt)-X(Nt—1))/h

end subroutine euler_verlet

H petayAdttion xot To TPEELLO TOL TTPOYPAULOTOS YIVOYTOL UE TLG EVTO-
Aéc:
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> gfortran euler.f90 —o euler
> ./euler
Enter X_0,V_0,t_f,Nt (t_i=0):
0.2 0.0 6.0 1000
> ls euler*.dat
euler cromer.dat euler.dat euler_verlet.dat
> head —n 5 euler.dat

0.000000 0.2000000 0.000000
6.0060062E-03 0.2000000 —1.1932093E-02
1.2012012E-02 0.1999283 —2.3864185E—02
1.8018018E-02 0.1997850 —3.5792060E—-02
2.4024025E-02 0.1995700 —4.7711499E-02

H teAevtaio evtodn pog Oeiyvel Tig 5 mTpWTEG YPOUUES TOL OPYELOVL
euler.dat 6mouv BAEmovpe TG 3 OTNAEG ULE TO YEOVO, B€om xar Toyd-
T Tov Sivel M pébodog. Mo vou dodpe YpoPLxd To OTTOTEAETUOTA
UTTOPOVUE VO YPNOLLOTIOLYGOVIE TO gnuplot. Ot eVTOAEG

gnuplot> plot “euler.dat” using 1:2 with lines
gnuplot> plot “euler.dat” using 1:3 with lines

XAVOLY TLS YOOPLKES TTOPAOTATELS TWY HEoEWY xoL TOYLTNTWY avTioToL X
OLYOPTNOEL TOL XPOVOL. ZTNY TEAELTALN, LTTOPOVUE Vo TTpoohEaovpe xal
T ATTOTEAECUOTO TWY AAAWY PeBOdwY divovTag oTn CLVEYELX TLS EVTO-
Aéc:

gnuplot> replot “euler_cromer.dat” using 1:3 with lines
gnuplot> replot “euler_verlet.dat” using 1:3 with lines

Tow amoTEAEGUOTA PULYOVTOL GTOL OYNUOTA @—@ [Moportnpodue 61U M
uwébodog Euler eivor aotabng extdg av mépovpe to Briua xpdévov méhpo
TOAD pxpd. H pébodog Euler—Cromer €yst xoAdtepy, ovumeptpopd. To
OTTOTEAEGULOTOL GUYXALYOLY YOTYOPO %Ol TOPOULEYOLY oTabllepd ot yio
KLEYGAO apLiud ypovixwy onpeinwy Nt~ 100,000. H pébodog Euler—Verlet
OUYXALVEL YONYOPX, OAAG CUOVTOUO TTHOOTNPOVUE TO GPAALATO CLOC-
pevons. To @avopevo awtd eivar evTovdTeEPOo YLow op)ixég ovvinxeg ue
UEYEAN coyix Yowioxd améxian, Omee gaivetal 6to oxfue k7. ta
oYNLOTO , OTTOV 7 CEYLXN YWVLOXY] OLTTOXALGY] ELVaL [LLXPY], OLYXQL-
VOLUE TN ADOY TTOL TOLPVOLUE UE TN AVOM YL TO OPUOVLXO EXXQEUES
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(sin(6) =~ 6):

alf) = —% 6=—-0%0
0(t) = 6pcos(Qxt) + (wo/2)sin(2)
w(t) = wpcos(Qt) — (6) sin(Q) . (4.14)

[Mopatnpodpe Tadtion yiow TG TLpég Tov At Tov oL pébodol cLYXALYOLY.
Me tov TpoTo aLvTd EAEYYOLIE TOV XWOLXA WG TTPOG TNV 0pHdTNTA TWY
OTOTEAECUATWY. ['lat TO YPAONUO TWY TOEATEVEW CLYXPTNOEWY LTTO-
POLUE VO SHOOVE TLS TRPAXGTL EVIOAEC 6T0 TPOYEope gnuplotf]:

gnuplot> set dummy t

gnuplot> omega2 = 10

gnuplot> XO = 0.2

gnuplot> VO = 0.0

gnuplot> omega = sqrt(omega2)

gnuplot> x(t) = X0 * cos(omega * t) +(VO/omega)*sin (omega*t)
gnuplot> v(t) = VO * cos(omega * t) —(omega*X0)*sin (omega*t)
gnuplot> plot x(t), v(t)

H obyxpion twv amoteAeopdtwy pe to Bewpntixd, iaitepo dtaov ol
OLOPOPES DeV JLOXPIVOVTOL UE YOUYO UATL 1) OTAY 1] TTOCOTLXY OVEALGY)
elvor emtBount, pmopel vor YIvEL avoTaPLOTOVTAG YOXPLXE TLG OLOQO-
P€C TV apLOUNTIXE LTTOAOYLOUEVWLY TLRLWY oTtd TLG DewpnTixég Tipég. O
OYETLXEG YOOUPLKES TTLPAOTATELS YIVOVTOL UE TLG EVTOAEG:

gnuplot> plot “euler.dat” using 1:($2—x($1)) with lines
gnuplot> plot “euler.dat” using 1:($3—v($1)) with lines

H evtoA] using 1:($2-x($1)) oc amAd sAAnvuixd Aéel “Kave ™ ypo-
QXN TTOPAOTOOY] YOENOLLOTTOLOYTAS 0TO GEova Twy y TNV TLU NG 271G
OTNANG Tov euler.dat pelov TN TN T™NG oLYAETNOTS x(t) YLa t (0O pe
™Y awvtioTolyn TLUR g TEWTNE oTHANS” . Me tov tpdémo awtd (xow pe
ULXEY] LETATEOTY YLOL V&L DTTOAOYLLOVILE TNV OTtOALTY TLUY| TNG SLALPOPAS)

(PTLE(VOVUE TOL OYNULOTO —.

4.3 Mé£0odot Runge—Kutta

2NV TEONYOVEVY] Tapdypoupo eidope piow pébodo memepaouévwy dLo-
QPOPWY VOGS BUaTog TEWTNG TAENg, ™) nébodo Euler. Autd onpaivel Twg

°H evtoAy set dummy t x&ver TV aveEQETNTN LETAUPANTY] OTIC GLVOPTHOELS VoL EfvoL
Nt VTl YLt TNV TTPOETULAEYLEVY X.
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Otay Tpooeyyllovpe Y OAoxANpwon pe N dLoxpLtd Pruoato amd xpovo
t; o XEOvo tf pe PApa At = h = (t; —t;)/N, T0 OAXS GQEAUO dLoxpL-
Tomoinong eivor taEng ~ O(h). Ievvdton T0 epdTnua av elvat SLVaTOY
voo Bpebel aAydpLbuog oAoxANpwong 0 0Tolog var xAveL To. CQAALATO
vou glvor ovadTeENg TéENG. Mior xAdoy té€Ttotwy pebddwy eivol ot pébodol
Runge—Kutta. Ot pébodor awvrol eivor emorywytxol evog Bruotog, OnA. 1
eTOUEVY] B€oM TPOXVTTTEL ATTAG TS TN YVWON TNG TTEONYOVUEYNG. 2LE UE-
0600vg V0 N TOAATAWY Prudtwy, 0Twg eival 1 Lébodog Euler—Verlet,
N YVWoN TG eMOpeYTS B€ong amartel v Yvwpilovpe 1 B€on Tov cwpoa-
Tdtou yroe dVo M TepLocdTEPa TTponyovueve Bruata. H uébodog Runge—
Kutta ta€ng p €xet oAxd a@dipo ~ O(hP). Autd onpoaiver 6t oe xdbe
BAvo etodyetor o@dpa draxprtortoinong TaEng ~ O(hPT), apod tote
T0 0QAALe UeTd amd N = (ty —t;) /At Ppata o elvor TéEng

~ O(hP™) x N = O(h"H) x b=t

~ O(hPH
A7 O(hP*) x

—O(h*).  (4.15)

= =

Ac Bewpnoovpe yLaw amAGTTO TO TTEOPANUO UE UL AYVWOTY GLVAQ-
o z(t) n omola eEgAiooetol GTO XPOVO GVOUPLWYO LE TV SLOQOELXY
eklowon:

= (). (4.16)

Ag dodpe mpwtar plan pébodo mpwNg Tékng. H o ageAng mpooéy-
Yo o Ty vor TPOOEYYICOLUE TNV TTAPAYWYO OO TNV TETEQAOUEVT
OLapopd

dr  Tpe1 — T
ke “T = f(tn,Tn) = Tps1 = Ty + hf (tn, T0) (4.17)
Avarttoooovtog xoté Taylor BAémovpe 4Tt T0 oQAApe o x&be Pruo
elvar  O(h?), Gpor 10 oQOEALa YLow Ty EEENEN amd t; — t; elvan O(h).
Mpdypoctt

Ty = x(t,+h) = xn+hfl—f(:pn)+(9(h2) = Ty +hf(tn, x,)+O(h?). (4.18)
H yewpetpio Tov Ppatog @aiveTal 6To oo @ EmiAéyeton o onpeio
1 o amd exel Pe YOORULXT ETTEXTAOY OTYY XoTEVOLVOT TNG TTOPAY YOV
ki = f(tn, z,) TEOGSLOPLLOLIE TO ONUELO Ty .

BeAtiwon g pebddov mpoxdmTeL oy TApovpE Eva EVILAUETO ONUELD
2. Avth 1 Stadixaaion eaivetar oo oxfua .9 xon éyxertan oto va Tth-
POLUE TO eVOLAUETO oMUElD 2 0TO PEGO TOL JLAGTAULATOS (L, tni1) UE
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t n+l tn+2

Zynuo 4.8: H yewpetplo touv Prpoatog g pebddov 1ng téEng mov divetor amd v
ekiowon (E.17).

YOOWULXY] TTPOEXTOON OO TO Ty, YENOLULOTOLOVTOS TNV %Alom TTov dlve-
ToL AT TNY TOPAYWYO 0TO T, ki = f(t,,T,). TN OCLVEYELA, YOENOLULO-
TIOLOVUE WG EXTIUNTY] TNG TTOPAYWYOL GTO SLAGTNUN KVTO TNV XALOY OTO
onuelo 2 SnA. ky = f(tns1j2, Tugr2) = ftn + h/2, 2, + (h/2)k1) o
YOYOLLOTIOLOOUE YLOL YO TTPOEXTE(VOUUE YOOUULXE OTTO TO X,, OTO Tpy1.
Yuvoilovrtoag, €xovue

kl - f(tTIJ xn)
h h
k2 = f(tn+§axn+§k1)
Tpi1 = Tp+ hks. (4.19)

Avté o Oa deiEovpe elvarl 4Tt TOPAOAO TTOL YPELALETOL VO UTTOAOYLOOVLULE
™ ovvap™oy f dVo @opéc oe xabe Briua, SLTAACLALOVTOG OLOLOOTIXA
TOY LTTOAOYLOTLXO YPOVO, TO GPAALO GTO Bruo () gtvor  O(h3), dpa
70 6LYOANXOS oA ivar O(h?), omdte avaryxooTiXd M () Oo vTTEE-
teproel e (h.17) o axpifea, oxduo ko av cuyxeLbody ce Sedopévo

LTOAOYLETLXG Y eV, ST, 7 (k.19 oe Brua h xow  (6.17) oe h/2.f

"Omtwg @oivetor oty TEAEN, 1 () TAOYEL Xl amtd TEOPAUaTa oTabepdTnTog
TEPLOGATEPO OTTO TNV () OTTOTE OLY{OTOTOL YO ATTOPEVYETAL.
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X 4
©

tn+1/2 tn+1

h/2 h/2

Zyqua 4.9: H yeopetpla tov Prpoatog g pebddov 27ng téEng mouv divetor amd tnv
ekiowon (k.19).

H BeAtiwon yivetow meptoodtepo arcbntn pe ™ pébodo Runge—Kutta
4G TAENG. LTV TEPITTWOYN OLTY EYOVUE & LTOAOYLOROVS TNG CLVAP-
™ong f, ahA& TO GUVOALXG G@GALe eivar Twpa O(ht), omdte Yo Tovg
(dtoug Adyoug 1 pébodog o vepTEEPTOEL TEAXA OE axpifBela TG ()ﬁ.
H Stadixaoio mov O oaxohovbnoovue eEnyeltor YEWUETOLXA OTO OYNULO
.10, Xpnowomotobue tpa 3 evdiueoo onueio Yo Ty TTEOWONGN oo
TO X, OTO Tpi1. APYLXA YENOLLOTIOLWVTOS TNV %Alom Tov Slvetor omd
™V TOPAYWYO 0T0 x, ki = f(t,, x,), Pploxovype to evdidpeco onueio 2
0T0 UEGO TOL SLUOTALATOS (tn,tni1 = tn + h) ONA. 9 = x, + (h/2)k;.
YoAoY{{oLUE TNY TTOHPAYWYO TNG OLVEPTNONG 0TO onueio 2 dMA. ky =
fltn + h/2,2, + (h/2)k1) xow TN XENOLLOTOLOOUE YLOL VO TTOOEXTELVOLUE
YOOLULXA OTTO TO T, OTO EVOLAUETO ONUELO 3, TTAAL OTO PLETO TOL OLAOTY-
wotog (tn, tni1), ONA. 23 = x, + (h/2)ky. YoAOYICOLPE TNY TTOPAYWYO TNG
ouvépong ks = f(t, +h/2,x, + (h/2)ks) %ot T XENOLLOTTOLOOUE YLOL VO
TUPOEXTELYOVLE TTPOG TO OMUELD 4, TO OTTOLO TWPEA TO TALPYOVILE GTO AXPO
TOL JLACTNUATOG ONA. UE ty = t,+ h, otdTE TTaipvovpe x4 = x, + hks. Ké-
VOLUE €Vl TETAPTO VTTOAOYLOUS TNG ToEOYWYOV ky = f(t, + h,x, + hk3)

lévto; Xppppp, oyt mévtoa! Meyoddtepne TaENS dev onpoivel avoryxooTixd %ot
KEYOADTEENG axpifetag, av xon TLg TEPLOGATEPES POPES oTHd Elval GwaTo.



224 KE®PAAAIO 4. KINHYXH YQMATIAIOY

t n+1/2 tn+1

h/2 h/2

Zynuo 4.10: H yewpetpio tov Prpatog tng pebddov 4ng taEng mov diveton amd v
eEiowon (.20).

XOL YONOLULOTIOLOVE O TLG & TToPOYWDYOUGS ki, ko, k3 o ky ¢ EXTLUNTES
™G TOPOYWYOL NG ouvdptnons. Excivo mov €dstEav ov Runge—Kutta
elvot 6TL To oPAaApa dtaxpLtomoinog o x&be Bripor oty TPOWONoN T™Ng
ouvvéptnorg yivetor O(h’), av Tépovpe:

kl = f(t’mxn)
h h
k2 = f(tn+§7xn+§k1)
h h
ks = f(tn+§,ifn+§k2)
ky = f(tn,+h,z,+ hks)
h

O deVtepog 6pog oty TeEAevTalo eElowon elvarl évag LEGOS GPOG TWY 4
TOPAYWYWY UE TO XATAAANAO BAOOC, KOTE Vo TTETVYOLIE TNV €EOLIETE-
WO TWY GPOALETWY PéYEL TEENS hP.

TéAog O xAeioovpe ocvlnTwvTog pioe amopio Tov TLhoavdg Oo €xel dv-
pLtovpynbel otov ovoryveHoty: ZoTNooUE TG Elvol dLYOTOY XAVELS VO
UELWOOEL TA CPAALOTO OLAXPLTOTTOINOYNG XONOLULOTTOLWOVTOS oAYOpLOLovg
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TWY OTOLWY TA GPAALXTO KUTE LELWOVOVTOL XX TA TO SLVATOV YPNYOPO-
TEPOL UE TO BUa 6T0 Y POV h, cuvnbwg ooy ~ hP. Apa, Lropel xaveic va
vrobéoel 6Tt CPU ypdbvou emitpémovtog -Tto omolo 3ev amotelel coPopd
EUTTOOLO OTLG ATTAEG TIEPLTTTWOELG- LTTOPOVUE VO TTANaLacovue owbalpeta
XOVT& OTNY oVaALTIXY] AVom o€ eTtimedo axpiBelog unyovig. Avtd Suwg
dev glvar 6wotd. Mo AN xoTnyoplor CQOALETWY elval To. COAALATO
oTPOYYVLAOTTOINOYG T OTolor TTPootibevtal os x&be Brua epoproYs TG
©nebdédov. Avta cvoowpevovTaL avaAoyo Ue Tov oplipnd Twv Bnudtwy,
OTTHTE YLaL TOAD LXEO h, dpor xow TOAD peyaro aptiud Bnudtwy, ovtd
Oo yivovy peyoddtepor amd v emtbount) axpifeia. Avty 1 xotnyopio
oQoALETWY eEopTdton amtd to hardware, ™) YAWGOX TTROYQOLUATLOLOV
N/x0L TO PETOYAWTTLOTY xoL TEAOG, atd Tov aAyopLbuo. o to TteAevTaiio
og dwyoovpe éva apadetypo: ‘Eotw 6t OEAovpe va vtoroyioovpe v
TOPAYWYO LOG CLUVAPTNOYG OTTO TY] OXEOT

f/(t):f<t+h})b_f<t),

Tolpvovtag To h avbalpetar pwixpd. Av vmobéoovpe 6Tl N TOEAYWYOG
XO Ol TLUEG TNG oLVAPTNOTYS elvar Ttemepaouévol opLipol ~ O(1), tote
o opLtOuntic Ba mpénet va eivor ~ O(h). Otav to h yivel g TéEng g
axpifetog Twy REAL (A Twv REAL(8) xAm), T6te 0 aptBuntic mov sivor
N SLopopd V0 aPLbuwy TEPLTOL (owWY %ot NG TEENG TNg Hovadog Oo
0PYLOEL VO YAVEL ONUOVTIXA OE oxPIBELa OE OXEOM UE TNV TTOOYLOTLXN
T péxptl ou Ba elvan évag dypnotog apltbuds. Avtd oopPaivel yevixd
OTaY apotpodpe apliunodg mepimou toovg 1 dtav Tpochétovpe apLbuodg
0L 1] TAEN LEYEDHOLG TOLG SLaEpeL TEPLOGHTEPO ATl TNV axpifela Tov
UTTOAOYLOTY. Apar %ol GTOY YENOLULOTIOLOVUE T OYEON

Tpa1 = T, + hO(xzy,)

viow TTOAD pixpd Prnor b ot O(x) tng TaEng peyébouvg tov x,, Tow GQEAA-
potor aTpoyYLvAoToinang Ho elvor onpovtixd xow o awEdvovy Tpoaobe-
Txé pe tov apltbud Ty Prudtwy.

4.3.1 Ipoypoppotiopds tng Runge—-Kutta 4vg tédEng

Ac ovlntioovpe T Tov TEOYPoUUaTIoUS g pebddov Runge—Kutta
hng TéENG YLow TNV TEPITTWON NG %ivnomg evog cwpatdiov oe pio dia-
otoon. o To Aéyo owtd o TPETEL vou OAOXANPWOOLUE TO COOTNUO
Sraxpopixdy ekrowoewy (h.5) mov eivar éva ovomua eEloboswy Yo Tie
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V0 oLYOPTAGELS TOL YEOVOL 1 (t) = x(t) %o z5(t) = v(t) Lo TLg OTTOlEg
EYOLUE
& _ o0 _ (4.2
dt = fl(t,xl,l’g) dt = f2<t,$17$2) .
2ty mepintwon o, N wébodog Runge—Kutta 4ng tdEng mov Sivetan
oty ekiowon (6.20) yevixedeton we eEic:

khn = fi (tn, T1n, 132,n)

kor = foltn, 210, 220)

ki = fl(tn+g,$1,n+gk117$2,n+gk‘21)
koo = fz(tn+g,$1,n+gk11,$2,n+gk21)
kis = filts + g, Tip + gklz, Topn + g kas)
kg = foltn + g, Tip + gklz, Ton + g kas)

ki = filty +h, 21, + hkig, 20, + h ko)
koy = faltn + h, Tip + hkig, 1, + D ka3)

h
Tipy1l = Tip+ g(lﬁl + 2k19 + 2kq13 + k'14)

h
Toapn41 = Tin+ g(/le + 2kog + 2koz + kog) . (4.22)

O mpoypoappoatiopds g nebddou eivol amtAds. XTo xVELwg TEOYEOLUO
gyovpe oAb interface pe to ypNoTn xow Tov {NTaPE Tor aTopalTTor Oe-
dopéva: To ypdvo ohoxApwong amd t; = Ti éwg ty = TE xat oy apthud
TV Yeovixwy onuelwy Nt. Tig apyixég ouvbnixeg x1(t;) = X10, xo(t;) =
X20. H Sopn twv dedopévmy sivor amtAn: Tolo arrays T(P), X1(P), X2(P)
amobnxedovy TG TLUEG TOL YPEOVOL t; = ty,ls,. .. tyy = tf xOUL TIG OVTL-
OTOLYEG TULES TWY OLYOPTNOEWY X1 (t)) xou zo(tg), k= 1,...,Nt. To mpd-
Yoopor xoAel Ty vTopovTiver RK(T,X1,X2,Ti, Tf,X10,X20,Nt) 1 omolx
elvot 0 03MY6¢ g nebddov, dNA. odnyel TNV xESLE TOL TTPOYPAUUATOG
v vmopovtivar RKSTEP(t,x1,x2,dt) n omolo e@oppolel TOLSE TOTOLG
(6.22) %o mEOWOEL Tic TLIEC TWY GUYRPTAGEWY X1, X2 TN YEOVLXY GTLYUY
t xoté éva Bripa h = dt. Kébe Bripa, apod optotody ot apyixéc ouvinxeg
XaATOYPAPETAL 0Ty RK otar arrays T, X1 xow X2. 'Otay 1 RK emtiotpédet Tov
EAEYYO OTO XLPLWS TPOYQOLUN, TOL ATTOTEAECULATO ELVOLL XOTOYWOENLEVOL
ot T, X1 xoaw X2, Ta ool TuTtvovTal oto opyelo rk.dat. Iopoxdtw
TopabéTovpe TO TEOYPOUUO YLt VO SLEDXOADVOVUE TOY OVAYVWOOTY:
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|

!Program to solve a 2 ODE system using Runge—Kutta Method
!User must supply derivatives

tdx1/dt=f1(t,x1,x2) dx2/dt=f2(t,x1,x2)

las real functions

!Output is written in file rk.dat
!

program rk_solve
implicit none

integer , parameter :: P=110000

real ,dimension(P) :: T,X1,X2

real :: Ti,Tf,X10,X20

integer :: Nt

integer :: i

!Input:

print *,’Runge—Kutta Method for 2—ODEs Integration’
print *,’Enter Nt,Ti,TF,X10,X20:°

read *, Nt,Ti,Tf,X10,X20

print *,’Nt = Nt

print *,’Time: Initial Ti =’,Ti,’ Final Tf=’,Tf
print *,’ X1(Ti)=",%X10,  X2(Ti)=",X20

if (Nt.gt.P) stop 'Nt>P’
!The Calculation:

call RK(T,X1,X2,Ti,Tf,X10,X20,Nt)
!Output:
open(unit=11,file="rk.dat’)

do i=1,Nt

write (11,*)T(i) ,X1(i) ,X2(1)
enddo

close (11)

end program rk_solve
!

!The functions f1,f2(t,x1,x2) provided by the user
!

real function f1(t,x1,x2)
implicit none

real :: t,x1,x2

f1=x2 ldx1/dt= v = x2

end function f1
1

real function f2(t,x1,x2)

implicit none

real :: t,x1,x2

£f2=—10.0D0*x1 !harmonic oscillator

end function £2
'

'RK(T,X1,X2, Ti, Tf,X10,X20,Nt) is the driver
!for the Runge—Kutta integration routine RKSTEP
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!Input: Initial and final times Ti, Tt

! Initial values at t=Ti X10,X20

! Number of steps of integration: Nt—1

! Size of arrays T,X1,X2

!Output: real arrays T(Nt) ,X1(Nt) ,X2(Nt) where

IT(1) = Ti X1(1) = X10 X2(1) = X20

! X1(k) X1(at t=T(k)) X2(k) = X2(at t=T(k))
''T(Nt)=TF

]
subroutine RK(T,X1,X2,Ti,Tf,X10,X20,Nt)
implicit none

integer :: Nt

real ,dimension(Nt) :: T,X1,6X2
real :: Ti,Tf,X10,X20
real 1 dt

real :: TS,X15,X2S !values of time and X1,X2 at given step
integer :: i

!Initialize variables:

dt = (Tf—Ti) /(Nt—1)

T (1) = Ti

X1(1) = X10

x2(1) = X20

TS = Ti

X1S = X10

X2S = X20

!Make RK steps: The arguments of RKSTEP
!are replaced with the new ones!

do i=2,Nt
call RKSTEP(TS,X1S,X2S,dt)
T (i) = TS
X1(i) = X18
X2(i) = X28
enddo

end subroutine RK
]

!Subroutine RKSTEP(t,x1,x2,dt)

'Runge—Kutta Integration routine of ODE
Vdx1/dt=f1(t,x1,x2) dx2/dt=f2(t,x1,x2)

!User must supply derivative functions:

'real function f1(t,x1,x2)

'real function f2(t,x1,x2)

!Given initial point (t,x1,x2) the routine advances it
'by time dt.

!Input : Inital time t and function values x1,x2
!Output: Final time t+dt and function values x1,x2
!Careful!: values of t,x1,x2 are overwritten...

!
subroutine RKSTEP(t,x1,x2,dt)
implicit none
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real :: t,x1,x2,dt

real :: f1,f2

real :: ki11,k12,k13,k14,k21,k22,k23,k24
real :: h,h2,h6

h =dt 'h =dt, integration step

h2 =0.5D0*h !h2=h/2
h6 =h/6.0 'h6=h/6

k11=f1(t,x1,x2)

k21=£f2(t,x1,x2)

k12=f1(t+h2,x1+h2*k11 , x2+h2*k21)
k22=f2(t+h2,x1+h2%*k11 ,x2+h2*k21)
k13=f1(t+h2,x1+h2*k12,x2+h2*k22)
k23=f2(t+h2,x1+h2*k12,x2+h2*k22)
k14=f1(t+h ,x1+h *k13,x2+h *k23)
k24=f2(t+h ,x14+h *k13,6x2+h *k23)

t =t+h
x1 =x1+h6*(k11+2.0D0*(k12+k13)+k14)
x2 =x2+h6*(k21+2.0D0*(k22+k23)+k24)

end subroutine RKSTEP

b4 YOyxpton Twv Mechodwy

Xy mopaypoo ooty Bo xdvovue éAeyyxo opfHdtnTag Twy TEOYEOU-
wétwy pog xor Ho petpioovpe TNy axpiBeld Toug WS TPOG TA OALXA
OQAALOTO dLoxPLToTToinoms. To o atAd T€0T 0TO OO0 UTTOPOVUE VO
Toe LTTOBAANOVPE ElvaL Vo oLYXPIVOLPE Taw aPLOuNTIXE aTtoTEAETpOTO
oc €vol GOOTNUO YLOL TO OTIOLO €YOVUE YVWOTY TNV OVOALTLXY] AVoY. Oo
OLOAEEOLE YO TO XAVOLPE YL TNY TEPLTTTWON TOL ATTAOD CLOULOVLXOD TOL-
AovTwTN. Ot aAdoyég Tov o XAVYOLUE OTO TEOYPAUULOTO ELVOL [LLXOEG
xow Oo Tig avapépovpe TEPLANTTTIXG. KT’ opyny, LETATPETOLUE OAEG
TG LeTaBAnTég REAL o OLmtAYg oxpifetag REAL(8). ATAG aAAalovpe TLg
ONAWOELG OTOL XOTAAANAL ONLELOL TOL TTPOYPALULATOS %ol TPOGHETOLUE
évoe DO ot GAeg tic otofepéc (Ay. 0.5 — 0.5D0 XAT). TN GLVEYELR, UE-
TOTPETIOVUE TLG GUYOPTYOELS TVG ETUTEYVYONG OE QLT TOL GPULOVLXOV
ToAavTwT] a = —w?z xar moipvoovpe w? = 10 (T ~ 1.987). ‘Etot, o710
Tpdypoppa euler.£90 €xovue

real (8) function accel(x)
implicit none
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Zynue &£.11: H amdxdom g aptbuntinng Aorg pe ™ pébodo Euler amd v ovoluTtixn
Yoo Tov amAb oppovixd Todovtwti. Ou mapdpetpor eivor w? = 10, t; = 0, ty = 6,
z(0) = 0.2, v(0) = 0 xo 0 aptbudg Ty Prudtwy eivar N = 50,500, 5,000, 50, 000.
Mopoatnpodpe 6Tl ®dbe Popd To GEAALA TEPITOL LTTOFEXATAACLALETOL TOUPWVOL UE
™V ovopevopevy oxpifeta g pebodov ~ O(AL).

real(8) :: x
accel = —10.0D0*x
end function accel

eV 070 TEOYPOopa Tk.£90 €yovpe

real (8) function f2(t,x1,x2)
implicit none

real(8) :: t,x1,x2
£f2=—10.0D0*x1

end function f£f2

2T OLVEYELD, TPEYOLUE T TPOYPAUUOTH YLot OEOOUEVO YPOVLXO OL-
otnuo oo t; = 0 oe ty = 6 pe apyxég ovvbnxreg zp = 0.2, vy = 0 %o
petofaArovpe To xpovixd Brinoe At cAAalovtog Tov optbud Twv Brudtwy
Nt-1. X1 ovvéyeia, ouyxpivovue T AOOYN TTOL TTOLPVOLUE UE CUTY] TOV
OTTAOD QLPULOVLXOD TOARVTWTY

a(r) = —w’x
zp(t) = xgcos(wt) + (vg/w) sin(wt)
vp(t) = wgcos(wt) — (wow) sin(wt), (4.23)
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IZynue 4.12: Onwg oto oyfua Yoo ™ pébodo Euler-Cromer. Me xabe Sexamia-
oLoopd Tov oELiod Brudtwy, To CEAALE TTEPLTTOL LTIOSEXATTANCLALETOL TOUPWYA [LE
™V ovoEVOpEVY oxplfetor g nebddov ~ O(At).

X0 LEAETOVUE TN OYEOYN TWV ATTOXALTEWY dx(t) = |z (t) —xp(t)| %o dv(t) =
[u(t) — vp(t)] pe to BAuor At. Ta awoteAdéopatd pog Qaivovtal oto ayni-
poTo . [Mopotnpodue mwg yra g pebddovg Euler xow Euler-
Cromer ta o@aipota eivor taEng O(At) émwg eiyope TEOPRAEDEL, AN
Yt TN OeVTEPY Tat OPAAU T Efvort apLOuNTLXd UIxEOTEPX ATTO OVTA TNG
TP TNG. [t T nébodo Euler—Verlet to opdipoa Bploxeton va elvot TaEng
O(AP?), evid yro Ty Runge-Kutta eivar téEnd] O(ALh).

Mio aAAn péBodog yra va eAéyEovpe v 0p00TNTH TWY ATTOTEAEOULAL-
TV pog lval vo Bpodue pLo SLatnoVUeYY] TOCOTNTO OTTWG 1 EVEQYELX,
OPUY, GTPOPOPUN XATT XoiL Vo EEETALOVILE OV QLTY] ATTOXALVEL OLTTO TNV OLQ-
YLXY TNG T, TNV TEPITTWON KOG DTTOAOYLLOVE TN UMY AVLXY] EVEQYELOL

1 1
E = —mv® + —mw?a? (4.24)
2 2
oe xdfe Prpo xow amd ot ™y amdxhon 0E = |E — Ey|. Too artoteré-
ouoto eaivovton oto oyfiuoto k.15-4%.18.

SEmBefotdote TOUG LOYLELOUODS aTOVS, CPYLXE Omtd Tow GYALOTO — %ol
UETA pE aptBunTind LTOAOYLOUG. ALOAEETE, A). ULOL OUYXEXQLUEYY TLUY TOL XEOVOL ¢
%O KAVETE TN YOOLPLXY TTOEEGTOON TWY GQOALATWY GuVaETAoEL ToL At, At? xou At
avtioToLya.
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Zynue £.13: 'Omtwg oto oyfuo Yio ) nébodo Euler-Verlet. Me xd0e Sexamiaotoopd
ToUL PELOKLOD PYUETWY, TO TEAAULO TTEPITTOL VTTOEXATOVIATTAOGLALETAL COUPWVO [LE TNV
ovapevop.evn oxpifBelo g uebédov ~ O(At?).

4.5 Toalovrooelg pe AmooPeomn xot Aéyepon

2Ny Topdypoo oty Hor LEAETNCOLIE TOV OTTAG CLPLOVLXO TOAOVTWT
TOL OTOLOL M ®LYNoY LTOXELTHL O TELBN AVEAOYTN TNG TOYVTNTAS TOL
%ol o€ EWTEPLXY] SVVOUY, TNV OTola YLow amAGTTa Hor TTdpovue va ExeL
NULTOVOELSY EEGOTNON aTtd TO Y POVO.

d? d

d_tf + 'yd—:: + wir = agsinwt (4.25)

pe F(t) = mag sin wt xow w 1 XOXALXY GLYYOTNTO TNG 0ONYOVGUS SOVOULYG.
Ag Bewpnoovpe apyxd to cbotnuo pe ag = 0. O TEoypoTtixég AL-

OELg NG OLopopLxng eElowomng | Tov elvol TETMEPACUEVES YLo t — 400

dlvovtor, SLoxpivovTag IS TEPLTTWOELGS,

2o(t) = cre” 0TVt (o= (VP42 02 42 50 (4.26)

zo(t) = cre™ 2 4 e 42— 42 =0, (4.27)

—Qt

“TIpoxtTovy edxoAa avtixabloTwvtag T doxtpaotixf Ao x(t) = Ae %o AO-

YoVTOG WG TPog 2.
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Zynpo 4.14: Omtwg oto oyipo Yo ) pébodo Runge-Kutta 4vg tdEng. Me xdbe
dexamAooLooud Tou aELBLos BTy, To opdApa TtEpiToL petveTol xatd 10~ abu-
PWYOL PE TNV oVOLEVOUEYN oxpifeto Tng peBddov ~ O(At?). Zta 50,000 Bruoto yivo-
VTOL POVERS TOL CQOAALATO OTPOYYVAOTTOLNOYG.

zo(t) = e "2 cos (\/ -2 + 4w t/2)
+cpe "2 sin (\/—72 + 4w t/2> . —4wi < 0(4.28)

Xty teAevtalor TEQITTWOY 1 AVOT TOAOVTOVETOL UE TTA&TOG TTov @Bivel
exbeTxa Le TO YPOVO.

Mo v mepimtwon mov ap > 0, n yevixn Adon mpoxVdTTeL amd To
abpotopo pLog etdixng Abang x,(t) xow g Abeng TG opoYevolg eElowang
zo(t). Miow edixy] Ao mpoxdTTTeL and T doxtpaotixy Aoy xs(t) =
Asinwt + Bcoswt ™y ool avtixabiotobpue oty (§.25) xan Advovpe
Tt Ttoe A xow B. Bploxovue 61

ag [(wE — w?) cos wt + yw sin wt]
(w2 — w?)? + w?y?

(4.29)

xou

z(t) = xo(t) + x5(t) . (4.30)
H Abom zo(t) elvar exbetixd @bivovoa pe to xpdvo xon TeAxd emixpotel
N z4(t). H poévn mepintwon mov awtd Sev Loydet eivor oty TEQITTWOY
TOL GLYTOVLOUOV YWPELG aTtOoPBeon w = wy, v = 0. H Adom oty mtepimttwon
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Zynue 4.15: Ontwe oto oynua otV TEPITTWON TNG eVEPYELOG YL TN nébodo Euler.

oty Poloxetor edxoAa vo lval 1
x(t) = ¢ coswt + o sinwt + % (coswt + 2(wt) sinwt) . (4.31)
w

Ov %o TpwToL dpoL elvar aLTOL TOL ATTAOD CPULOVLXOD TOARVTWTY, EVE
0 TeAevTalog P0G AVEAVEL TO TAATOG TNG UETOTOTLONG YOOWLULXE UE
TO XPOVO XATOIELXYVOVTOG TN CLVEYY PON EVEQYELOG OTTO TNV EEWTEPLXM
VvV GTOV TOARVTWTY).

O TPOYPOUUATLOUOG TOV CUOTHUATOS YIVETOL UE ATTAN) LETATPOTTY] TOV
xOwxa rk.£90. Ot Baoixég pouvtiveg RK(T,X1,X2,T0, TF,X10,X20,Nt) xou
RKSTEP (t,x1,x2,dt) HLEVOuY wg €Yovy xaL aAAdlel amtAd To interface pe
70 yeNot. Etodyovpe T Baoixég TopapéTpoug wy, w, v, ay SLUSQUTTLXA
oty xabiepwpévn eioodo (standard input). Enetdy) 6éhovpe va Tig xom-
OLUOTIOLYOOVUE OTN oLYAPTNoY £2(t,x1,%2) TOL JIVEL TNV ETLTAYLYOY)
xwelg vo aAAGEovpe T Sour Twv odnywy tng pebdédov Runge-Kutta,
TEETEL Vo TLG oploovpe oe xown 0€om ot pviun YLa To xVPLwg TEOS-
YOORUO XOL TY €V AOYw oLuvaETNoY. Auté ot Fortran yivetor pe
¥oMNorn COMMON BLOCKS. Avtd opilovtot HETA TN ONAWGOY TV ULETUPANTWY
xaL 0pllovy YL LTEG ULa CUYXEXPLUEVY BEon oTn Uviun OTLG OTtoleg
oamobnxebovton ot TLpég Tovg. To xoppaTt xHdLxo

real(8) :: omega_0 ,omega,gamma,a_0,omega_02,omega2
common /params/omega_0,omega,gamma,a_0,omega_02,omega?2
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Iynuo 4.16: Omwg oto oypuo oty TePimTWoN TG evépyeltag Yo TN uébodo
Euler-Cromer.

oe omoLadNmoTE povtivar divel TpdoBooyn ot pynun ot “0éon” params
oty omola amobyxedovtol oL TLpES Twy LETaBANTWY. To pévo dAAo on-
ueto Tov YPEELALETOL TPOCOY OTO TEOYPOWUUO ELVAL v CLVEETNOY TNG
emitayvvong £2(t,x1,x2) n omolo THPa €xel 6po Tov eExpTdTol AT
™Y TaXOTTO TTOL €36 OLWLBOALOVUE LE TN LETOPANTN X2:

real (8) function f2(t,x1,x2)

implicit none

real (8) omega_0 ,omega,gamma,a_0,omega_02,omega2
common /params/omega_O0,omega,gamma,a_0,omega_02,omega2
real(8) t,x1,x2,a

a = a_0*cos(omega*t)

f2=—omega_02*xl—-gamma*x2+a

end function f2

Mo dtevndAvvor Tov avayvwot) Topabétovpe 6Ao To interface, Tapo-
Aslmovtog QuoLxd TG LTTOPOLTIVESG RK, RKSTEP Tov €yovpe mopobéoet
Tpwtitepa To TEdHYpoppor amobnxedetol oto apyelo dlo.£90.

!

!Program to solve Damped Linear Oscillator
!using 4th order Runge—Kutta Method

!Output is written in file dlo.dat
!
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Zynue 4.17: Omtwg oto oo oTYY TEPITTWON TNG eVEPYELag Lo T Lébodo Euler-
Verlet.

program dlo_solve
implicit none

integer , parameter :: P=110000

real (8) ,dimension(P):: T,X1,X2

real(8) :: Ti,Tf,X10,X20

real(8) :: Energy

real(8) :: omega_0 ,omega,gamma,a_0,omega_02,omega?2
common /params/omega_0,omega,gamma,a_0,omega_02,omega?2
integer :: Nt, i

!Input:

print *,’Runge—Kutta Method for DLO Integration’
print *,’Enter omega_0, omega, gamma, a_0:’
read *, omega_O,omega,gamma,a_O

omega_02 = omega_O*omega_O

omega?2 = omega *omega

print *, ‘omega O= ’',omega_0,  omega= ', omega
print *, ’gamma= ' ,gamma, > a_0= “,a_0
print *,’Enter Nt,Ti,TF,X10,X20:°

read *, Nt,Ti,Tf,X10,X20

print *, Nt = ° Nt

print *,’Time: Initial Ti =’,Ti,’ Final Tf=’,Tf
print *,’ X1(Ti)=",%X10, " X2(Ti)=",X20
if(Nt.gt.P) stop 'Nt>P’

!The Calculation:

call RK(T,X1,X2,Ti,Tf,X10,X20,Nt)

!Output:

open(unit=11,file="dlo.dat ")
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IZynuo 4.18: Omwe oto oxfua oty TePITTWoN NG evEPYELag Yo T pébodo
Runge-Kutta 4ng téEne. o peydro aptbud Brudtwy to o@aipo eivol oaApa oToy-
YvAomoinong.

write (11 ,*) ’# Damped Linear Oscillator — dlo’

write (11,*) '# omega 0= ’,omega_0,  omega= ', omega,&
’ gamma= ' ,gamma,’ a 0= ’,a_0
do i=1,Nt

Energy = 0.5D0*X2(i)*X2(i)+0.5D0*omega_02*X1(i)*X1(i)
write (11,*)T(i) ,X1(i) ,X2(i) ,Energy

enddo

close (11)

end program dlo_solve
!

!The functions f1,f2(t,x1,x2) provided by the user
!
real (8) function f1(t,x1,x2)
implicit none

real(8) t,x1,x2

f1=x2 ldx1/dt= v = x2
end function f1

!
real (8) function f2(t,x1,x2)

implicit none

real (8) omega_0 ,omega,gamma,a_0,omega_02,omega2
common /params/omega_ 0 ,omega,gamma,a_0,omega_02,omega2
real(8) t,x1,x2,a

a = a_0*cos(omega*t)

f2=—omega_02*x1—gamma*x2+a
end function £f2
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Zynuoe £.19: H 0€om ouvapTiioetl Tov yp0vou YLa TOV oPUOVLXS TOAXVTWTY] LE aTtdofeon
Yiow SLOLPOPETIXES TLULES TOU OGLVTEAETTY) ATtdOPBEDYG v e wo = 3.145.

To. amoteAéopata Qaivovtor ato oyfuoto b.19-44.29. Sto oyhua
TOEATNEOVPE TN UETAPooY amtd TNV pdomn Tov v xivnomn amooBévetol
XWPELG TOAGYTWOT YLt ¥ > 2wy OTN PAGCY TTOL TO GUGTNULO TOAOVTWVETOL
ue exbetind @OBivwy pe to ypdvo TAdToc Yior v < 2wy. H exBetinn pelwon
TOL TTAKTOUG PALVETAL OTO OYNUO , evw 1M €EdpTNom NG TEELOAOL
T omd o cuvtereoty amboPeanc v oto oyfua k.29 To ev Adyw oxfiuc
npoxvmter ard ™ Tyéon (6.28) v omoia ypdpovue ot Lopey

4w — (Q—W) =2, (4.32)

T

To Jeki pérog tng ekioworng tomobeteitor atov 0ptldvtio AEova, v
otov xébeto tomobetodue to apLotepd. H mopamdve oyéon mpoPAémet
6Tt oL 3V0 TOCATNTEG £lval [OEC xoL OL UETPNOELS TIPETEL var BploxovTtoal
TAvw ot Storywveo y = x. Ou petpnoelg Yo Ty “mepiodo” T maipvovton
HETPWOVTOG TO XPOVO LETAED SV Stadoyxdy oxpdtotwy (v = 0) oty
ooy x(t) (BA. oo [b.19).

TENoG, oNUOVTIXO €Vl VO LEAETNOOVUE TO OYNULO 0TO OTOLO
BAETTOLPE TNV TEOYLE TOL CLUOTNULATOS GTO YWEO TWY (po’coswv[‘] To ov-
ompo YLa t — 400 xotoAnyel ato anuelo (0,0) yioo omoLadNTOTE TLUN

T vy axpifeta 0 YOPOg Twy PEoEWY givarl 0 YHEOG TwY BEoEwv—0pU®yY, dAAd
oTNY TEPLTTTWOY OGS 1 SLOPOPE EVAL TETELLLEYT.
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Syfpo 4.20: H tpoyld 670 YWHEOo TwY QAGEWY YLOL TOV 0EUOVLXO TOAAYTWTY UE OTtOoPET
YLor SLOLPOPETLXEG TLLES TOL CLVTEAETTY aTtdaPBeang v He wo = 3.145. [apatnpodpe Ty
VTopEn eAxvot oto (z,v) = (0,0) oTov 0TT0l0 XATAATYEL TO GVGTNHUOL Yo t — +00.

g otabepds . To onueio avtd Yo To cboTua elval €vag “eAxvoTng”
(attractor).

21 ovvéyeta, Tpoabétovpe Ty eEwTepLun SHVOUN xOL LEAETOVUE TNV
OTTOXPLOY TOL CLUOTNUOTOS O ALTY. TO TEPWTO TOL TAPATNPEOVE GTO
oYU glvot 6Tl TO CVOTNUA LETA OO ULal LETAPBXTIXY XU TAOTOON
(transient state) v ool eEapTérTon amo TLg aPyLxég oLVOYxES, XOTOARYEL
oe plo otabepn xatdotoon n omolor Sev eEXPTATAL OO TLG OEYLXEG
oLVOXES. LTN CUYKEXPLUEYY] TIEPITTWON oTO TTPOPRAETTETOL EVXOA OLTTO
i Syéoeic (6.26)—(4.28) 6mov, apob ot exdetixol Gpot Yivouy apeintéor,
emxportel 0 6pocg 14(t) g (6.29. O tehevtaiog umopel va yoaptel oty
HopPN

z(t) = zo(w)cos(wt +0(w))
_ <) _ W
ro(w) = T tan §(w) = o (4.33)
Try mopanavew oxéon Ty emPePotwvovpe 6To oYU Omov UeAe-
TapE TNY €EAPTNOYN TOL TAATOVG Zo(w) TG TN YWVLOXY] GUYVOTNTO TNG
eEwTtepung dVvoung. TEAog, LEAETANUE TNV TEOXLE TOL CLOTNULOTOS OTO
XDEO0 TwV Pdoewy. Ilapatnpodue Ty VTOPEN EAXVOTA YLOL TO COOTNULA,
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Zyhuor 4.21: To TAGTOG TOAGYTWOYNG YLOL TOY OUOVLXO TOAXYTWTYA KE amtOaBeoy) Lo
OLOUPOPETIXES TULES TOL GUVTEAESTY atdoPBeang v pe wy = 3.145. Tlopoatnpodue v
exfetinn pelwon Tov TAGTOLS UE TO YPOVO.

ONA. TNV VTTOPEN LTIOYWPEOL TTAVL GTOY OTTOLO KLVELTOL TO GOOTNUO OTOY
t — 400 0 0ToL0g Elva AVEEAPTNTOS TWV aPYLXWY cLVONXWY. XNy TePL-
TTTWON OVUTY, O EAXVOTYG Efvoll xOUTOAY Lo dtaotaorg o avtifeon pe
TNV TEPLTTTWOY] TTOL GV EYOVUE EEWTEPLXY] SVVOUN XOL O EAXLOTNG Efvort

undevodidotato anueio (BA. oxfua [a.20).

4.6 Exxpespéc pe AmdéoPeorn ot Atéyspon

2y Tapdypo@o avty o peAetoovpe Evar N YOORULXO SUVOULLYG OV-
OTNUOL LE UN-TETOLUUEVEGS, YOOTLXEG, LOLOTNTES. [IOAAG evdiapépovta du-
YOULXO CUCTAUOTO OTY] POGY] TTPOLGLALOVY YAHOTLXY] CUOUTIEPLPOPE. ALTE
glvoll VIETEQPULYLOTIXG CUOTNULOTO TWY OTTOLWY, GESOUEVWY TWY XOYLAWY
oLYONXAY, N XATACTOON TOVG UTTOPEL YO DTTOAOYLOTEL YLOL OTTOLODYTTOTE
XOOVLXY] OTLYUY. AAAG, Ay LoTO DLPOPETIXES opyLxég auvirxeg, dlvouy
TTOAD SLOUPOPETLXKES TPOYLEG, LE ATTOTEASTUR YO ELVOL TTOOXTIXA O OVYALTO
voo xavovpe TpoBAédelg oe Babog ypdvou. To cbotnuor avtd eival To
EXXPEWUESG OTO OOYEVEG TeSLO PBopdTnTog Tng YNG e dVVoUn amdoPeang
OVEAOYY TNG TOVTNTOS TOV EXXPEUOVG XaL (Lo eEwTEPL® 0dyovoo dv-
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Syfpo 4.22: H meplodog TOAGVTWONG YLt TOV OOUOVIXO TOAAYTWTY KE OTTOCPRETN YLOl
SLOPOPETLXES TULEG TOV OLYTEAEDTN amtdaPBeong v KUe wo = 3.145. Xtovg dEoveg emt-
AéYOLUE TIC XATEAAES TTOGHTTES YLt T YOopuxy, emiBefaiwon g ekiowone (6.28),
3N (27/T)? = 4wd — 72. Tow onueio elvor oL petprioelg eved 1 evbeton Yooy etvor 1
Oewpntinn TEOPAEPN, ONA. N draydviog y = x

VoY, XaToxopu@y) otn dtevbuvon xal LETPo/opd oL peToBAAAETOL
OLVYTULLTOVOELSWG UE TO YPOVO:

d*0

wtrgt wysing = —2Acoswt sinf . (4.34)

2Ny mopamave eEiowon 0 elval v ywvio Le TNV XxoTaxdpuo, v 0 cLVTE-
AeoThg amdoBeong, wi = g/ L M QUOLXY XOXALXH GUYVOTHTO TOV EXKPELOVC
xoL w, 2A N KOXAXN CLYYOTNTO XAL TO TTAKTOG TNG EEWTEQOLXNG YWOVLOXNG
ETUTEYVYONG TTOL TTPOXOAELTOL OTTO TNV €EWTEELXN SVVOLUY.

‘Otay dev vIdpEyel eEwTeptnn ddvoun To cVOTHUO EXEL, EEXLTIOG TWY
amooBéoewy, eAwvoti to onueio (A,0) = (0,0). Avté Ba cuveyioet vo
ovpPaiverl, xabwg awEdvovpe o A amtd To PUNIEY XAL O EAXLOTYG TTO-
popével otabepdg yio apxetd wixpd A. o xamolo ttun A. 0 eEAxLOTYg
Yivetar aotabng xot 1 CLUTEPLYPOPA TOL CLGTAUATOS YIVETOL TTOAVTTAO-
%x0TePY. Avt O peietnbel Aemtopepéotepa o€ EMOUEVO XEQPAAOLO, EGW
0ot xGvovpE ULlor ELOOYWYLXY] TTPOCEYYLOT EYOVTOGS XOTA YOU OTL TO OU-
OTNULOL OVTO TTOPOVGOLALEL EVOLAPEQOVY.
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Zyfuo 4.23: H meplodog TOAGVTWONG YLt TOV OQUOVIXO TOAAYTWTY PE amtOoPean %ol
eEwTeptun SVvauy YLow SLoPOPETIXES oY LXES oLVONxeS. "Exovpe Tapel wy = 3.145, w =
2.0, v = 0.5 xow ap = 1.0. Hapatnpodue 61t 10 oVOTNUX TOPOLGLALEL ULt LETUPOTLUN
XUTAOTOON UETA TO TEEOG TNG OTOLOG TOUAAYTWVETHL oOUQWYN UE TN oyéon x(t) =
xo(w) cos(wt + 9).

O TpoYPoUUATLOUOG TOV CUOTNUATOS YIVETOL UE TETOLUUEVES OANXYES
TOL TTPOYPEAUOTOG dlo.£90. Ol pPeTaTPOTESG 0TO TEOYPAUULO QaivovTol
TOUEOXATK, EXOVTOC XUT& YOU Ttwe X1 5 0, X2 <+ 0, a_0 + A. To mp6-
Yooppo to amobnxebovpe oto apyelo fdp.f90 (fdp= Forced Damped
Pendulum). Ot evTOAEg avépeoa OTLE TEALTOEG ELVOL TTAVOUOLOTUTIEG UE
T Tpoypoppato dlo.£90, rk.£90.

!

!Program to solve Forced Damped Pendulum
'using 4th order Runge—Kutta Method
!Output is written in file fdp.dat
!

program dlo_solve
implicit none
integer , parameter :: P=1010000
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Syfuo 4.24: To TAGTOG TOAGYTWONG Zo(w) YLOL TOV GOUOVLXO TOAAYTWTY (e amdoPeoy
xow eEwTepLxy] dovon. ‘Exovpe mapel wy = 3.145, v = 0.5 xat ap = 1.0. Hopatnoodpe
OLVTOVLOUG YL w & wy. To onueia lvo oL UETPNOELG PLOG XOL ] YOOLUY] TTOV TOL CLYIEEL

elvo M Bewpntind medPBaedn (6.33).

end program dlo_solve
!

real (8) function f2(t,x1,x2)
implicit none

real (8) omega_0 ,omega,gamma,a_0,omega_02,omega2
common /params/omega_0,omega,gamma,a_0,omega_02,omega2
real(8) t,x1,x2

f2=—(omega_02+2.0D0*a_0*cos(omega*t))*sin (x1)—gamma*x2

end function £2
1

subroutine RKSTEP(t,x1,x2,dt)

implicit none

real (8) ,parameter :: pi =3.14159265358979324D0
real (8) ,parameter :: pi2=6.28318530717958648D0
x1 =x1+h6*(k11+2.0D0*(k12+k13)+k14)

x2 =x2+h6*(k21+2.0D0*(k22+k23)+k24)

if( x1 .gt. pi) x1 = x1 — pi2

if( x1 .1t. —pi) x1 = x1 + pi2

end subroutine RKSTEP
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Zyhuo 4.25: H tpoytd 070 %HE0 Twy QAGEWY YLOL TOV 0PUOVLXO TOAAYTWTY UE aTtdoPean
xo eEwTeptnn) dVvauy. "Exovpe mdpet wy = 3.145, w = 2.0, v = 0.5 xot ag = 1.0.

Tig tedevtaleg Yoapués 0T0 TPOYPOUUa TG TTpoohéoaue, Hote vo
XPOTNOOLUE TN YWVIO 6TO SLAoTNUO [—T, 7).

[N vou peAetnoovpe TLg LOLOTNTES TOL CLOTAOTOS o BEdovue wy = 1,
w =2, xaw v = 0.2, ext0g oty avaQEPOLUE PNTWG SLoopPeTixd. H puotxm
1eplodog Tov exxpeloig eivor Ty = 27 /wy = 27 & 6.28318530717958648,
eV ot NG eEwtepLnng dovopung T = 27 /w = m ~ 3.14159265358979324.
To obotnuo yioo A < A, pe A. = 0.18 €xer atabepd eAxvoTy TO onuelo
(0,0) = (0,0), eved Yt A, < A < 0.71 0 eEAXLOTAC eivor XAELGTH Xoi-
umOAn. H meplodog tng toaAdvtworng Pploxetor va eivol SLTAGGLO otUTNG
™™g eEwTtepung dvvauns. o 0.72 < A < 0.79 0 eAxvoTtng lvar avoryT)
XOUTTOAY), ETTELDY] TO EXXPEUES EXTEAEL OAOXANPOLG xVUXAOLG 0T oTobEEN
Touv xatdotooy. H mepiodog oto dtdotnua autd yiveton ton e awt tng
eEwtepung dovauns. Mo 0.79 < A < 1.033 1 meplodog dimAaoidletor
OLodOYLKA YLoL XPLOLUES TLES TOL A, M TPOYLA Opwe cuveyilel vo elvor
mepLodxn. Mo peyaAdtepeg TLpéc Tov A v TpoyLd TadEL o elval TTEPLO-
SN %O TO COOTNUO EYEL YOOTLXN GUUTEPLPOPG. 'iar A ~ 3.1 Bploxovpe
T0 OVOTNUO. Vo €XEL TTAAL TTepLodixy] xivnoy, eve yioo A =~ 3.8 — 4.448
VO €YOVUE TO PALVOUEVO OLTAACLOOUOD TG TepLodov. o A ~ 4.4489
gyovpe xoopy YOOTLXY] CLUUTEPLPOPE %.0.x. Ta amoTeEAEouATO VTA
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Syhpo 4.26: H tpoylé 070 XWHE0 TwY QAGEWY YLOL TOV 0EUOVLXE TOAAYTWTY UE OTtOoPED
xow eEwtepinn ddvopn v t > 100. "Exovpe mépet wo = 3.145, w = 2.0, v = 0.5 xat ag =
1.0. Hoportneobpe Tov EAXLOTH TOL TWEO. ivar xoUTTOAN (EMhetdn) wiag dtdotaorg.

TepLypdpovTal ot oyhuota b 27-4.29.

Mo ™y avaALom TNG CLUTIEPLPOPAS TOL EXXPERLOVS XOL XVELWG YLOU
T SLELXOALYOY TNG OLAXPLOYG UETAED TTEPLOOLYYG KO YOLOTLXY]G CUUTIEQL-
POPAG LTOPEL xavelg vo peAetnoetl Ta Aeydueva draypoppoato Poincaré.
2Tor SLOYQAUUOTO. OV TA TOTTOOETOVUE EVar ONIUELD GTO YWPO TWY YACEWY
x&be Qopd oL 0 YPOVOG Elval aXEPAULO TTOAAXTTAAGLO TNG TTEPLOSOL TNG
eEwTtepung dVvopung. Me tov Tpdmo awTd, av M xivnon elval TeELOdLxN
pe mepiodo ton pe TNy ePLodo g eEwTePLRYg dVvouns, Oo éxovpe Eva
onueio 070 Stdypoppo xow Yevxotepa Oo €xovpe n onuela, av N TePL-
080g elvart n—mtoAatAdoto g T = 27 /w. Omdte xovelg TeQLUEveL, Ty
TP TNPEELTOL TO POLYOUEVO SLTTAXCLOGULOD TNG TTEPLOGOVL, TO SLEYOXLUOL
Poincaré va amoxté emti TAE0V pEpOVOUEV ONUELD, EVE) OTOY V] CUULTEQL-
(POPAL ELVOLL YOOTLXY], TOL ONULELD VOL OLVIXOVY OE EVOLY LTTOHYWPO TOV YWOEOL
TWY QPACEWY IOV EXEL TTOAVTTAOXOTEQY] SOUT. AVTO UTTOPOVILE EVXOAN VO
TO TTPOYPOUUATIOOVUE OTOV XWOLXA Lag oTo £dp.£90 7 evoAAaxTIXE Vo
TIAPOVUE TN OYETLXY] TANPOYOoPior amtd To apyelo eEGdov fdp.dat pe to
TEGYPOUULE awk TO OTC0{0 TPEYOLUE a6 T YOoUWY evToAdY]:

H evtoAy] umopel vor YpapTel oe pio Yoo Ywpic To TeEAx6 \ Tng T ng YOouwmhis.
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Zynea 4.27: Tpoyld 07O XWEO TWY PACEWY YLOL TO EXXPEUEC LE otdoBeon xou eEw-
Tepnn Svvoun. ‘Exovpe mépet wy = 1.0, w = 2.0, v = 0.2 xow A = 0.60,0.72,0.85, 1.02.
[Mopoatnpobue T0 POLVOREVO TOL JLTAXGLACUOD TNG TTEPLODOV.

awk —v o=$omega —v nt=3$Nt —v tf=3$TF \
"BEGIN{T=6.283185307179/0;dt=tf/nt;} $1%I<dt{print $2,$3}’\
fdp.dat

omov $omega, $Nt, $TF oL TLpEG TNG XUXALXNG CLYVOTNTOS W, oELOKLOD
YXOOVLXWY oNUELWY xo TEALXOV YPOVOL t ;. XTO TEOYPOUULO LTTOAOYI OLUE
™y mepiodo T xot To Brpo xedvou dt. X1 GLVEYELN, TUTTWYOLUE EXELVEG
TLS YOOULUES TOL QPYELOL TWVY OTTOLWY O YPOVOG EIVOL AXEQOLO TTOAAXTTAG-
oL0 NG TEPLH0L LE axpifeta xpbdvou th. Avté yivetar pe v TEAEY
modulo $1 % T < dt movu eivow TRUE, étav T0 bOAOLTTO TN SLalpeomg
e TPWTNS oTHANG ($1) Tov apyeiov fdp.dat €xst vTOAOLTTO SLaipeomc
pne v mepiodo T utxpdtepo amd dt. To amoTteAéopoTar YLow TN YOOTLXY
QAo PULYOVTOL GTO OYNUA .

KAelvovpe 0 LEAETN QOGS UE TNY TIOEOLGLOGY ULOG OXOUO EVVOLOG
oL pog Bonbael oMY aVEALGY TWY LOLOTNTWY TOL EXXPENLOVS. AuTy El-
v M éwvola g “Aexdvng tov eaxvoty” (basin of attraction) v omoio

BOuond avTd ®AveL ToL LEPOVLUEVO onuEia vou paivovTan AlYo GuYxEXLUEVA GTO
daypappa Poincaré.




4.7. ITAPAPTHMA: ¥XTH ME®GOAO EULER-VERLET 247

Zynuo 4.28: Tpoyld 0TO XWEO TWY PACEWY YLOL TO EXXOEUES UE aTtOoPBean ol eEwTe-
owxn dvvopn. ‘Exovpe mépet wy = 1.0, w = 2.0, v = 0.2 ot A = 1.031,1.033,1.04, 1.4.
[Mopotnpodpe TNV ELOAVLON YOOTLXNG GULTIEPLPOPAS.

elvol T0 GUVOAO TWY 0EYLXWY SLVONUWY GTO YWPEO TWY PACEWY TOV 00-
YOOV TO GOGTNUO. GTO OUYXEXPLUEVO EAXVOTY]. LTNV TEPITTWON OGS, TO
exxpepeg Yo A > 0.79 exteAel xoxAxn xivnon eite pe Oetixn eite pe
apvTiny] Qopd (LETE TNy TOPEAELOY TNG TTALPOBLXAG PACTS PLOLXE) OL
oToleg amoTEAOVY TOLG 3V0 EAXVLOTEG TOL ovoTHUaTos. [Talpvovtag éva
UEYOAO Selypor aTtd oPYLXEG CUYONKES KO ONUELWDYVOVTOS TO TTPOCNULO TNG
YOVLOXNG TOYXOTNTOS UETA TNV TAPEAEVLOT TNG TAPOJLXNG PAOYG, Talp-
VOUUE TO OYNUO. @ 2Ny TEPLOOLXN PAOT OLAXPIVOLUE TTEPLOYES, TWY
oTolwy Tor TEPLYPAppaTa Oey lvor xabopd, oL omoieg dev 0dyovy 6To
OUYXEXPLLEVO EAXVOTY).

4.7 Tlopdotnro: Xtn MEbodo Euler—Verlet

Ov Zyéoetg () TEOXVTTTOVY ATO TO VATTUYUO x0T Taylor

O(t+At) = 0(t) + (AP (t) + (AQ—?QQ”(t) + <A3—t!)39’”(t) +0O((At)Y)
Ot — At) = 0(t) — (A (t) + %0”@) - %0”’@) +O((At)Y).
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Zynuo £.29: Tpoyld 0To XWEO TWY PAOEWY YL TO EXXPEUES UE amdoPeon xot eEw-
Tepnn dbvopn. ‘Exovpe mépet wy = 1.0, w = 2.0, v = 0.2 xow A = 1.568,3.8,4.44,4.5.
Mopotnpodpe TNy OO KoL ETTAVELPAVLEY] XAOTLXNG GUULTEPLPOPAS.

[TpooOéTovTtog ot apaLpWYTOG XoTA UEAN TTALPVOLLE

O(t + At) +0(t — At) = 20(t) + (AL)20"(t) + O((At)*)
O(t + At) — 0(t — At) = 2(AH)0'(t) + O((At)?) (4.35)

7oL S{vovy

Ot +At) = 20(t) — 0(t — At) + (At)%a(t) + O((At)*)

oty = AtZ) (;g(t —AD L o) (4.36)

IOV €(VOL OL OYEOELS (). ATé ™y TPWTY OYEON TALPVOLUE XOL TG
eElowoelc e uedédov Euler (6.9):

O(t + At) = 0(t) + w(t)(At) + O((At)?) (4.37)

XTLG TTPOCOUOLOELS TO ONUOVTIXO ELVAL TO GUYOALXO CQPAALO TTOL
ovoowpeveTol LETE omtd To N — 1 Brpota g oAoxAnpwong. Ewduxd yio
TN OLYXEXPLULEVY] LEDOBO TTPETEL VOU SOVUE TOL GQRAALOTA TTOV GLGGWPEV-
ovTaL LOLOLTEQPO TTPOOEXTLXAL:
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Syfpo 4.30: Avdypoppo Poincaré yiow To exxpepéc pe andoPean xow eEmteptny] SOV
OTaY TTOPOLOLALEL YOOTLXT GUUTEPLPOPA. ‘Exovue Tapet wy = 1.0, w = 2.0, v = 0.2 o
A=14,45.

Zynuo 4.31: Basin of attraction yto to exxpepég pe andofeon xow eEwteptny) SVvou.
"Eyovpe mépet wy = 1.0, w = 2.0, v = 0.2 xow A = 0.85,1.4. Aroxpivovpe v tepLodinn
oTTO TN YOOTLXY] CLUUTIEPLPOPUL.

e To c@arpa oty TadTNTe w(t) de oLAGWEEVETAL, YLATL LTTOAOYL-
Cetow amd T Stapopa Twv Béoewy O(t + At) — 0(t — At).

e Y11 0éam, T0 oQaApo cvaowpedeTal we eEVg: ‘Eotw d6(t) to ov-
VOAIXO OQAALO. IOV EYEL OLOCWEEVLTEL OTTO TNV OAOXANPWOY, ATTO
YOOvo ty éwg t. Téte obppwva pe to ovomtdypoto ( ), TO
o@EAp 6T0 TPWTO PR elvar 60(ty + At) = O((At)*). Tote

O(to +2At) = 20(tg + At) — O(to) + At?alty + At) + O((AH)*) =
60(tg + 2At) = 200(to + At) — 60(te) + O((At)*)
20((At)Y) — 0+ O((At)*)
= 30((At)")

“Oupilovpe ot n emitdyvvon a(t) diveton, ondte da(t) = 0.
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Yto emopevo Prpotor Tolpyovpe

O(to + 3At) = 20(to + 2At) — O(tg + At) + At*a(ty + 2At) + O((At)!) =
60(to + 3AL) = 250(to + 2At) — 50(to + At) + O((AL)?)
= 60((At)") — O((At)!) + O((At)!)
= 60((At))

O(to +4At) = 20(tg + 3At) — Oty + 2At) + At?alty + 3At) + O((At)*) =
60(to + 4At) = 260(tg + 3At) — 50(to + 2At) + O((A)*)
= 120((A)*) = 3O((At)Y) + O((At)Y)
= 100((At)Y)
Ko emoaywyixd, av 60(tp+ (n—1)At) = @O((At)“) OTO ETTOUEVO
Brua Tatpvoovpe
O(to +nAt) = 20(to+ (n — 1)At) — 0(tg + (n — 2)At) + At?a(ty + (n — 1)At)
+O((A)Y =
60(to +nAt) = 260(ty + (n — 1)At) — 60(to + (n — 2)At) + O((At)*)

- 2@0((&)4) _s 22(” —Yoant +oan
= "D ogany
Apar, TENXE,
n(n+1)

O((A1)Y) ~ ——O((A1)) ~ O((A1)?) (4.38)

59(t0+ﬂAt) = A2

Apo 10 oMb aedpo givar O((At)?).

Mo TAnpdTTar avapépouvpe xat Tov alyopLbpo Velocity Verlet v pé-
Bodo Leapfrog. Xtnv mepimtwon avt) yENoLLOTOLOOUE ONTE TNV TOYD-
™o

1
Opi1 = 0,4+ w, At + éoznAt2
Wyl = Wn + §anAt
Wn41

1
= (,(jn_i_% + §Oén+1At . (4.39)

Y10 TEAeLTOLO Bpo XEELALOLOGTE TNV ETLTAYVVOTN (i1, OTOTE TTPETEL
ot vo eEoptdtot povo amd ) 0éom 0,41 xow Oyl o TNV TorvTNTOL.
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Ov pébodot Verlet sivor dnpo@lAeic os mpooopotwoetlg molecular dy-
namics, XVPLWG CLOTNUATWY UE TTOAG ow.&TLa. "Exouy To dLaitepo Tpo-
o6y GTL LAOTIOLOVYTOL GYETIXE EOXOAN OL TtePLopLopof (constraints) oTtovg
0TTOLOVLG VTTOXELTOL TOL CWUATIOLOL TTOL ATTOTEAOVY TO GUGTNLOL.

4.8 Tlapdptnuo: Runge—Kutta 2vg tad&yng

Xy mopdypopo aut) Oo deiEovpe pe dVo TEOTOULS YLOTL M ETLAOYN
Tov evdLdpecon onueion 2 oty ekiowon (§.17) pewdver To oAU xoTé
ulae ddvoun tov Bripatog h. Ontwe Oo @avetl, n emtAoyyn Tov péoov Tov

draoTApaTog YLow To onueio 2 dev eivon tuyaio (omdte Ay. TO onueio pe
t =t, + 0.4h dev O gixe to (S0 amotéleopa). Hpdypatt arnd tn oxéon

dx tnt1
Gt = m =t [ fa)do, (4.40)
tn

Avarmttoocovtag xotd Taylor YOpw amé 10 onuelo (tni1/2, Tpi1/2), TOLE-
VOULLE

f(t,z) = f(tngr1/2, Tnyry2) + (t — tn+1/2)z_‘];(tn+1/2) +O(R?). (4.41)

Ortéte

/thrl f(t,x)dx
n p

= f(tnr1/2; Tniry2) (tngr — tn) + - (tnr1y2)

dt
+O(h?) (tps1 — ta)

tn+1

(t — tpt12)?
2

tn

d toe1 — b, 2 tn — tn 2
= f(tn+1/2, l’n_H/g)h -+ d_J;(tm-l/Q) { ( +1 5 +1/2) . ( 2+1/2) }
+O(h*)h
d h2 —h)?
= f(tnt1/2, Tny1y2)h + d_];(tn_j'_l/Q) {? - %} + O(h?’)
= f(tnt1/2, Tngr/2)h + O(hg) . (4.42)

Mapatnpodue 6Tt yiow Ty eEapavian Tov épov O(h) elvor avayxaio v
Ttomobétnon tov BonbnTiod onueiov GTO YEOVO t,41 /9.
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H emioyn oty dev elvar povadixy. Avtd pmopel vo Qovel xot amd
(Lo SLOPOPETLXY YAALOY TOL avaTtTOYUatog xatéd Taylor. Avartdooco-
VTOG THEO YOPW ot To anuelo (t,, z,), TOLPVOLUE

Tpi1 = Tp+ (tpp1 — tn)% + %(tn+1 — tn)Qd;Z“;" + O(h?)
= z,+hf,+ %2% + O(h?)
= sornfr (S 2R L op)
= ot hfot h; (% - %h) +0(1?), (4.43)

6mov yia ovvtopio Béoape f,, = f(tn, z,), B2 = 2 (z,) x.0.x. Opilovue
ki = f(tnvxn) = fn
ko = f(t, + ah,x, + bhk)
Tp+1 — Ip + h(Clkl —+ Cgk’g) . (444)
xor Oa mTpoodioploovpe TLg cLVONKES, €TOL WOTE 0TO GQAARO oL OpoL

O(h?) ¢ tehevtaiog eEiowore va tawtilovtan pe avtove e (§.43).
Avamtiooovtog ™y ks, Tolpyovpe

k2 = f(tn + Clh, Ty + bhk’l)

= f(tn, 2y + bhky) + ha%—{(tn, T, + bhk) + O(h?)
_ of af 2
= f(tn,zn) + hbkl%(tn, Tp) + hag(tn, z,) + O(h?)
_ O fn O fn >
_ 9 fn O fn 9
Avtixadiotidvtog oty (6.44), Taipvoupe
Tpp1 = Ty + h(ciky + c2ks)
. Oy e 2 L o
= $n+h{01fn+02fn+02h (Cl ot +bfn 8%) —|—O(h )}
h? Ofn Ofn
= x,+ h(Cl + Cg)fn + 7 ((262&)8—{; + (2C2b)fna—'];>

+O(h%). (4.46)
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Apxel Aoty va eTtlAéEovpe

c1+c = 1
2c00 = 1
1.

H emhoyh c; =0, ¢; = 1, a = b = 1/2 poc Siver ™ uédodo (&.19). Aec
emLAoYEg 0T BLAtoypapio eivor ¢y = 1/2 xan ¢y = 3/4.
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4.9 Aoxnoelg

4.1

4.2
4.3

4.4

4.5

4.6

AmodeiEte 4Tt T0 cLYOALXS caAua ot pébodo Euler-Cromer eivor
T&Eng At

Avomopdyete Tor ATOTEAECUATA TWY OYNUATWY

BeAtihote Tov uTOAOYLOUS TOL YPOVOL GTOL TTEOYPAUUOTA TWY |LE-
060wy Euler, Euler-Cromer, Euler-Verlet, Runge-Kutta, vote vo
UNY €xovpe TPOSHETLXY CLGGWPEVOY CPAAULATWY GTO XPOVO, OTOY T
ToPAP.ETEOC h glvar TOAD wixph (A.y. oTig evTorég T(i)=T(i-1)+h).
Emoavorafote v avaAvom tng TPONYOOUEYNS GLOXNOYG.

MetafBdaiete Ta Tpoypaupoto tTwy pebddwy Euler, Euler-Cromer,
Euler-Verlet, Runge-Kutta ¢yote REAL—REAL (8) (mtpoooyy| ot oto-
Oepég: va Tig oploete pnTd vou elvor dLtAng axpifetag Tpoobhéto-
vtog Tov exBétyn DO). Eavaddforte Ty avEALOY NG TTEONYOVUEVTS
AOXNONG.

No emoavorafete ™ obyxplon Twv Lebddwy Euler, Euler-Cromer,
Euler-Verlet, Runge-Kutta yto tat Topoxéitew cLGTAULATO TWY OTTOLWY
N VOALTLXY] AVOT Elvat YVOoTY:

(o) Zwpotidio Tov TépTel enelBepa 670 opoyevég Tedio PBopdTn-
Tog. Oewpnote v(0) =0, m =1, g = 10.

(B) Topatidio Tov mE@TEL oTo opoYevég Ttedio Papdttag péoo
oc PeLOTO ATl To oToto dEyeTaL dVvoun F = —kv. OswpoTte
v(0) =0, m=1,g=10 k =0.1,1.0,2.0. Yroroyiote TNy 0pLxN
ToXOTNTO TOV CWPATLOLOL ELBUNTIXA oL CLYXPLVETE TN pe
™ OewpnTinn ™G TLUN.

(Y) Emoavardfete yio dOvopn avtiotoong pétpou |F| = kv

MeAetote TO GVOTNUO TOL CPULOVIXOY TAAXYTWTY UE ATTOCPBEDY
d’x  dv =,

[Mapte wy = 3.145, v = 0.5 o LTOAOYLOTE TNV EVEQYELXL GLUVO-
THoel Tov ypbévov. Eivar 1 tuf g povotovixd; Toti; (Asigte dte
d(E/m)/dt = —yv?). EravordPote yio v = 4,5,6,7,8. TIote T0 00-
OTNULO TOAOVTWOVETAL X0l TTOTE O)L; Y'TToAoYioTe apLtbuntixd v xpi-
oL TN TOUL 7Y YL TNY OTOLO TO COOTNUO LETUTPETETOL ATTO TO-
AQYTOVWLEVO OE U1 TOAOVTOVUEVO. LUYXPLVETE TO OTTOTEAECUA OOG
KE TNV oVOALTLXY AVOT).
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4.7 Avomopdiyete Tor ATTOTEAECULOTO TTOL OONYOVY GTA OYNULATO —

k.22,

4.8 Avamopdyete TOL ATOTEAEGULATO TTOLV 0OMYOVY OTO OYNUOTO —
4.26. Yrohoyiote apLbunTind ™ @&on §(w) xar emiPePortiote ™
Yyéon (6.33).

4.9 OewENoTE OTL TO LOVTEAO YL Lo XOUVLOL ELVOLL O OXPUOVLXOG TOAO-
VIWTNG UE ATTOOPED 0 OTOLOG LTIOXELTOL GE TTEPLOOLXY] SVVOUN 1
otmola elvor otiypLoior wOnon ocuyvotntag w. Opiote to “ottyptoio”
ot eival M HOnoyn mov divel emitdyyLYon ag TO XATEAANAO YEOVLXO
otdotnuo Stdpxetog At xow 0 ot vtoAoLTta Bripota. Y'woAoyiote
T0 TTAGTOG xo(w) Ylow wy = 3.145 %o v = 0.5.

4£.10 Oswpnote 61l 1 eEwTepny] dVvoun elvor to “pLad cvynuitovo” Si-
YOVTOG ETULTAYLVOY] GTOV O OPULOVLXO THAAYTWTN UE amdoBeon

at) = agcoswt coswt >0
10 coswt <0

MeAetnote ™) LETAPBOON TOL CLGTNUATOG OTY OTUOEPY] XATATTOON
X0t LTTOAOYLOTE TO TTAATOG Zo(w) YLow wy = 3.145 xa v = 0.5.

4.11 OeswpeNoTe 6TL N EWTEPLXY] SVVOLY JIVEL ETILTAYVYOTY GTOV CLPLLOYLXO
THAOVTWOTY UE OTTOOPEDT
(t) 41 + 2 cos 2wt — —2 Awt
=—+4=co — o — —co
¢ 7r2sw ?msw 157TSW
MeAetnote ™ petdfoon Tov cLoTNUOTOS 0Ty oTabepn xatdoTaom
X0 LTTOAOYLGTE TO TTAGTOG To(w) YLot wy = 3.145 %o v = 0.5. Zoyxpi-
VETE TOL TIOTEAECUOTA OOG LE OVTA TNG TTPONYOVUEYYS CLOXNOYG.
Tu ovumepaivete;

412 Tpoupte Eva TEOYOOULOL TTOL VO TTPOTOLLOLOVEL TV TOY POV N GULOLOVG
OPUOVLXOVG TaAovTwTES. [ldpte N = 20 xaL dwote TuYaleg opyL-
xéc ovvbnxeg oe xdbe évav amd awvtolg xol Tapaxorovbhnote Tig
TPOYLEG TOVG OTO YWPEO TWY QAoewy. [lapatnenote av oL TPoyLEg
TEUVOVTOL XOL EENYNOTE TO ATTOTEAECUATA OUG.

4.13 X1y mponyovuevy, doxnoy tomobetnote Toug N = 20 apu.ovixolg
TOAYTWTES GTO YWPEO TWY QPACEWY O EVO LLXPO TETPAYWVO WUE
%x€vTPo TNV apyn Twy oEdévwy. [lapoaxorovbnote v €EEAEN ToL
OLOTNULOTOS GTO Y POVO. AAAGLEL TO oYU e TO XEOV0; AAAALEL TO
euPadov; EEnynorte...
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4.15

4.16

4.17

4.18

4.19

4.20
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EmavoraBote v mponyoduevn aoxnon, étoy vmépyel arndécBeon
ue v = 0.5. [Iapte wy = 3.145.

2Ny TEPLTTWOY TOL EXXPEPOVG pe amdoBeon ot eEwTtepinn OV-
voun, Tepte w = 2, wy = 1.0, v = 0.2 peAetiote ™y Topodnn pdomn
oto draypdppota 0(t), 6(t) yroo A =0.1,0.5,0.79,0.85,1.03, 1.4.

2Ny MEPITMTWON TOL EXXPEUOVS UE amdofeon ot eEwtepinn dV-
youn, méete w = 2, wy = 1.0, 7 = 0.2 peAetnote TIg TPOYLES OTO
XWEo g paorng ytae A = 0.1, 0.19, 0.21, 0.25, 0.5, 0.71, 0.79, 0.85,
1.02, 1.031, 1.033, 1.05, 1.08, 1.1, 1.4, 1.8, 3.1, 3.5, 3.8, 4.2, 4.42,
444, 444D, 4447, 4. 4488,

Avamopdyete Tor oYNUOTO .
Avomopdyete o oyhuoto k.31,

270 TTPOPANUO TOL EXXPERLOVS e aTtOOPBEDTN XoL EEWTEQLXN TTEQLO-
dwx dVvaPy vor TTAPETE:

w=1, w=2, ~=02

H xivnon tov ocvotquatog yto A = 0.60, A = 0.75 xov A = 0.85
elvor TTeEELodxy LETd amd TN petafortiny] ovumepLpopd (transient
behavior). No petprioete ™y mepiodo tng xivnong pe oxpifeto 3
ONULOVTLXWY OEXAOLXWY PNElwy o xabe TepimTwon xol vou T ov-
T®EIVETE PUE TNY QUOLXY TTEPLOBO TOL EXXPELOVG XL TNY TEPLOJO
™G eEwTEPLXNG SVvaug. Qg opyLxéc ouvbvxeg va tépete (6, 90) =
(3.1,0.0), (2.5,0.0), (2.0,0.0), (1.0,0.0), (0.2,0.0), (0.0,1.0), (0.0, 3.0),
(0.0,6.0) xow vo emiBePatwyoete Twg N TEPLOS0g elvor aveEdPTNTY
TWY 0PYLXWY cLYONUOY.

270 TTPOPRANUA TOL EXXPERLOVS e OTTOOPBEDY XoL EEWTEQLXN TTEQLO-
owxn SHvoUY Vo TAETE:

w=1, w=2, ~v=02

XOL VO UEAETNOETE TNV %{VNON TOL EXXPEUOVS, OTAY TO TTAATOG
(avéroyo g Svvoung) A petafdiietor oto ddotnuoe [0.2,5.0].
Noa mépete droxpitég Ttpég Tov A YwELlovtag To ToEATAVE OLd-
omuo oe StaoTuato TAdToug dA = 0.002. T xé&be TLpn tov
A, Vou XOTOYWENOETE OE €vol aPYELO TNV TLN TOL A, NG YWVLOXNG
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Oéong xot ywvLoxNg ToxOTNTOG TOL EXXPEROVS, OTay ty = kT UE
k = ktransa ktrans + 17 ktruns + 27 AR kmaac:

A 0(t)  0(t)

H emAoyn ToU kipans YivETOL €TOL, DOTE VO TTOPOAELPOEL M peTtoPBor-
T ovumeELEopd (transient behavior) xou vo eiote BéRoor mwg
UEAETATE TN KLOVLLY] XOTAOTOOY] TOU EXXPENOVS. MTopeite vou TTta-
OETE kpmaz = 900, kirans = 400, t; = 0, t; = 5007, xow v ywploete o
Swotiuota [ty 1, + 7] oe 50 vrodtaoThuato. AlaAéETe 0y = 3.1,
490 =0.

(o) DTLéETE ™ YOOI TTOLPROTOOT TOL SLOYPEUUATOS SLOKAG-
JwomMg oL TPOXVTITEL TOTTOHETWYTOG OE SLAYPOULOL TOL OYUELD
(A, 0(tg)).

(B) Emavordpote tomobetdvroc oe Sibypopue to onpeia (A, 0(ty)).

(Y) EEetdote av tor amoteAéouatd oog eEdpTOYTOL O TNV ETL-
AoYN Twv by, Oy emavoropBavovtog Yoo SLOPOPETLXEG TLUEG,
7\)(_ 90 = O, 90 =1.

(8) MeAetiote TNV TEPLOYN TTOL EEXLVAEL 1 YOOTLXY CLUTIEQLPOPE:
[Tépte A € [1.0000, 1.0400] pe 6 A = 0.0001 xar A € [4.4300, 4.4500]
ue 0A = 0.0001 o Bpeite pe ™ dedopévn axpifeto Ty TLUN
A. TOL EEXLVEEL M XOOTLXY] CUUTIEQLPOQPAL.

(g) Xt ovvéyeia vo avamapaotiote Yoouptxd to onueio (0(tx), 0(tx))
o A = 1.034,1.040, 1.080, 1.400, 4.450, 4.600. Torobetnote 2000
onuelo yroo x&be tLum tov A xo oYoALAOTE TTOTE M YOOTLXY GL-
UTTEQLPOPA. ELVaL EVTOVOTEQT.
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Kivnomn oto Exiredo

270 XEPAAOLO oVUTO Hor eTTEXTEIVOLUE TY] LEAETY TOV TTPONYOVLEVOL XEPOL-
Aaiov ot peAETn xivnomg cwpoatidiov VO TRV eidPoon SVVOUNG GTO
entimtedo. Idtaitepo evdLlapépoy Topovatdlel To TEORANUA TN xivnomg
og xevTPLXO SuvoLxd TEDLO, OTIWS M TTAOVYTLXY] *{vNom %ot TO TEORANUO
g oxédoong. Ta mpofAnuato avtd PTopody vor peAetnfody pe amiég
uebddovg Runge—Kutta, omdte, amd amody optbuntixng avéivorng, to
XEQAAOLO OVTO ELVOLL ATTAY] EQOEUOYN TwY UeDBSSWY TToL Exovy MON Ue-
Aetnbet.

5.1 Runge-Kutta yia tqv Kivnoy oto Extiztedo

271G 000 JLOOTACELS, TO TEOBANUO EYLXWY TLUWY TTOL €YOLUE VO AD-
covye divetar anéd to abotuoe (6.6)

dr dv, t )

it o = (2,0, Y, 0y

dy dv

- = U d_ty = ay(t,2,0,,y,0,y) . 5.1

O xwdxag mov O Tpéyet ™ pébodo Runge—Kutta 4ng tdEng mpoxd-
TTEL LE ULXPEG METATPOTEG TOL xwotxa rk.£90. Kot apynv, yLoe Stev-
XOALVOY NG UEAETNG JLOPOPETIXWY dLVAUEWY Egywpllovue TOov 0LV
xwOwxa pe To user interface xat tov oAydpLipo tng pebddov amd Tig
OLVOPTNOELG TNG ETLTAYVYONG TTOL AAAALOLY aVAAOYO. e TN SOVOWUY OF
EeyxwpLlotd apyelo. Xto apyelo rk2.£90 tomobeTobue T TEWTO KoL OE
opyelo rk_XXX.£90 ta dev¥tepa. XXX elvat axoAovbion YopoxTpwy oL
TOVTOTOLOVY TN SVVoUN Ay. rk2_hoc.f90 €xel TNV EMLTAYLYOYN TOL OP-
LOVLXOD TOAYTWTY, rk2_g.£90 TNy eMLTAYLYVON OO OUOYEVES Ttedio PBor-
oVTNTOG § = —g Y %.0.%.

259
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Xtov xOoxo 6T0 rk2.£90 XAVOLUE UEQPLUES ULXPOOAAXYES GTO user
interface. Tomofstobue dvo ampoadidpioteg otabcpéc oblevEng k1, k2
IOV LTTOPOVY Vo 30000V SLadpaaTixd amd To YPNoT %o vo xodopicovy
7o péyebog tng dVvaung Tov aoxeltor x&be popd oto owpa. Tomobe-
Tovvyton o common block

real(8) :: k1, k2
common /couplings/k1,k2

70 omolo Oa “paivetor” xot amd TG cLYVAPTNOELS eTLTALVoYS £3, f4
xoL g evépyetog energy. O xpNotng MEETEL THPEX YO TTEEYEL TLS OLO-
xxég ovvhnxeg xat yia TLg SV0 CLYTETAYUEVEG 0TO eTimedo x, y. AuTég
avTLETOLYOVY OTLG LETOPBANTEG X10 > 20, X20 <= Yo, V10 <> vy, V20 <= vy,
EVE) OL OLUVOPTNOELS TOL XPOYOL OYTLOTOLXOVY aTo arrays X1(P) <« x(t),
X2(P) <> y(t), VI(P) > v,(t), V2(P) > v,(t). H ohoxApwon yivetor dmwg
XOL TTOLY XOAWDYTOG

call RK(T,X1,X2,V1,V2,Ti,Tf,X10,X20,V10,V20,Nt)

xo oto opyetlo rk2.dat amobnxedovpe T amoteAéopoto poll Ue ™
OUVOALXY] NYOVLXY] EVEQYELOL TTOL LTTOAOYLLETOL ATTO TN CLYAPTNON
energy(t,x1,x2,v1,v2) 7 omoia Bploxetor oto iBto apyelo pe Tig emL-
TOYOVOELG Lo XOL M LOPPY] TNG EEXQTATAL oIt TOV TUTTO TVG SVVAUTG:

open(unit=11,file="rk2.dat’)
do i=1,Nt
write (11 .,*)T(i) ,X1(i) ,X2(1),v1(i),v2(i),&
energy (T(i) ,X1(i) .,X2(4) ,v1(i),v2(i))
enddo

TENog, TPETEL Vo YIVOLY OAACYES GTOY xWILXO TNG BoOLUNG LTTOPOVTIVOLG
RKSTEP (t,x1,x2,x3,x4,dt) Adyw TOL peYaAUTEPOL apLbpod petof3An-
TV o010 TPORBAnua. Ilapabétovpe OAOKANPEO TOY XWOILXO YL VoL SLEVXO-
ADYOLUE TOV OVOYVWOTY:

|

!Program to solve a 4 ODE system using Runge—Kutta Method
!User must supply derivatives

Vdx1/dt=f1(t,x1,x2,x3,x4) dx2/dt=f2(t,x1,x2,x3,x4)
1dx3/dt=f3(t,x1,x2,x3,x4) dx4/dt=f4(t,x1,x2,x3,x4)

'as real(8) functions

!Output is written in file rk2.dat
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!

program rk2_solve
implicit none

integer ,parameter :: P=1010000

real (8) ,dimension(P):: T,X1,X2,V1,V2

real(8) :: Ti,Tf,X10,X20,V10,V20

integer :: Nt, i

real(8) :: k1, k2

common /couplings/k1,6k2

real(8) :: energy,E0,EF,DE

!Input:

print *,’Runge—Kutta Method for 4—ODEs Integration’
print *,’Enter coupling constants:’

read *, ki1 ,6k2

print *,’ki= ’ k1, k2= ’ k2

print *,’Enter Nt,Ti,Tf,X10,X20,V10,V20:"’

read *, Nt,Ti,TF,X10,X20,V10,V20

print *,’Nt = Nt

print *,’Time: Initial Ti =’,Ti,’ Final Tf=’,Tf
print *.’ X1(Ti)=",%X10," X2(Ti)=",X20
print *.’ V1(Ti)=",v10,” V2(Ti)=",V20

!The Calculation:
call RK(T,X1,X2,V1,V2,Ti,Tf,X10,X20,V10,V20,Nt)
! Output:
open(unit=11,file="rk2.dat")
do i=1,Nt
write (11,*)T(1i) ,X1(i),X2(i),Vv1(i),v2(1).&
energy (T(i) ,X1(i),X2(i),v1(i),v2(i))

enddo

close (11)

!Rutherford scattering angles:

print *,’v—angle: ’,atan2(V2(Nt),V1(Nt))

print *, ’b—angle: °,2.0D0*atan(k1/(V10*V10*X20))
EO = energy(Ti ,X10 ,X20 ,V10 V20 )
EF = energy(T(Nt) ,X1(Nt) ,X2(Nt) ,Vi(Nt) ,v2(Nt))
DE = ABS(0.5D0*(EF—E0) /(EF+E0))
print *,’EO,EF, DE/E= ’ E0,EF,DE
end program rk2_solve
!

!The velocity functions f1,f2(t,x1,x2,v1l,v2)
1

real (8) function f1(t,x1,x2,vl,v2)
implicit none

real (8) :: t,x1,x2,vl,v2

fi=v1 ldx1/dt= vi1
end function f1

!

real(8) function f£2(t,x1,x2,v1,v2)
implicit none
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real(8) :: t,x1,x2,vl,v2
f2=v2 1dx2/dt= v2
end function f2

]
IRK(T,X1,X2,V1,V2,Ti, Tf,X10,X20,V10,V20,Nt) is the driver
!for the Runge—Kutta integration routine RKSTEP

!Input: Initial and final times Ti, Tt

! Initial values at t=Ti X10,X20,V10,V20

! Number of steps of integration: Nt—1

! Size of arrays T,X1,X2,V1,V2

!Output: real arrays T(Nt) ,X1(Nt) ,X2(Nt),

! V1(Nt) ,V2(Nt) where

'T(1) = Ti X1(1) X10 X2(1) = X20 V1(1) = V10 V2(1) = V20
! X1(k) = Xt(at t=T(k)) X2(k) = X2(at t=T(k))

! Vi(k) = Vi(at t=T(k)) V2(k) = V2(at t=T(k))
IT(Nt)= Tf
]
subroutine RK(T,X1,X2,V1,V2,Ti, Tf,X10,X20,V10,V20,Nt)
implicit none

integer :: Nt

real(8) ,dimension(Nt) ::T,X1,X2,V1,V2
real(8) :: Ti ,Tf

real(8) :: X10,X20

real (8) :: V10,V20

real(8) :: dt

real(8) :: TS,X1S,X2S !values of time and X1,X2 at given step
real(8) :: V1S ,V2s

integer :: i

!Initialize variables:

dt = (Tf—Ti) /(Nt—1)

T (1) = Ti

X1(1) = X10; Xx2(1) = X20

vi(1) = vi10; v2(1) = V20

TS = Ti

X18 = X10; X2S = X20

V1is = V10; V2S = V20

!Make RK steps: The arguments of RKSTEP are
!replaced with the new ones

do i=2,Nt

call RKSTEP(TS,X1S,X2S,V1S,V2S,dt)
T(i) = TS

X1(i) = X18; X2(i) = X28

vi(i) = vi1s; v2(i) = V2S
enddo

end subroutine RK
'

!Subroutine RKSTEP(t,x1,x2,dt)
'Runge—Kutta Integration routine of ODE
'dx1/dt=f1(t,x1,x2,x3,x4) dx2/dt=f2(t,x1,x2,x3,x4)
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1dx3/dt=f3(t,x1,

x2,x3,x4) dx4/dt=f4(t,x1,x2,x3,x4)

!User must supply derivative functions:

!real function f

1(t,x1,x2,x3,x4)

lreal function f2(t,x1,x2,x3,x4)
lreal function f3(t,x1,x2.x3,x4)
lreal function f4(t,x1,x2.x3,x4)
!Given initial point (t,x1,x2) the routine advances it

!by time dt.
!Input : Initial

time t and function values x1,x2,x3,x4

!Output: Final time t+dt and function values x1,x2,x3,x4

!Careful!: values of t,x1,x2,x3,x4 are overwritten...
'

subroutine RKSTEP(t,x1,x2,x3,x4,dt)
implicit none

real(8) :: t,xl1,x2,x3,x4,dt

real(8) :: f1,f2,f3,f4

real(8) :: k11 ,k12,k13,k14,k21,k22,k23, k24
real (8) :: k31,k32,k33,k34,k41,k42,k43,k44
real(8) :: h,h2,h6

h =dt 'h =dt, integration step

h2=0.5D0*h 'h2=h/2
h6=h/6.0D0 !'h6=h/6

k11=f1(t,x1,x2,x3,x4)
k21=f2(t,x1,x2,x3,x4)
k31=£f3(t,x1,x2,x3,x4)
k41=f4(t,x1,x2,x3,x4)

k12=f1(t+h2,x1+h2*k11 , x2+h2%*k21 ,x3+h2*k31 ,x4+h2*k41)
k22=f2(t+h2,x1+h2*k11 , x2+h2%*k21 ,x3+h2*k31 ,x4+h2*k41)
k32=f3(t+h2,x1+h2%*k11 , x24+h2*k21 , x34+h2*k31 , x4+h2*k41)
k42=f4 (t+h2,x1+h2*k11  x2+h2*k21 , x34+h2*k31 , x4+h2*k41)

k13=f1(t+h2,x1+h2*k12, x2+h2*k22  x3+h2*k32 ,x4+h2*k42)
k23=f2(t+h2,x1+h2*k12, x2+h2*k22 , x3+h2*k32 ,x4+h2*k42)
k33=f3(t+h2,x1+h2%k12 , x24+h2*k22 , x34+h2*k32 , x4+h2*k42)
k43=f4(t+h2,x1+h2*k12  x24+h2*k22 , x34+h2*k32 , x4+h2*k42)

k14=f1(t+h ,x14+h *k13,6x2+h *k23,6x3+h *k33,6x4+h2*k43)
k24=f2(t+h ,x1+h *k13,6x2+h *k23,x3+h *k33,x4+h2*k43)
k34=f3(t+h ,x1+h *k13,6x2+h *k23,x3+h *k33,x4+h2*k43)
k44=f4(t+h ,x14+h *k13,6x2+h *k23,x3+h *k33,x4+h2*k43)

t =t+h
x1=x1+h6*(k11+2.0D0*(k12+k13)+k14)
x2=x2+h6*(k21+2.0D0*(k22+k23)+k24)
x3=x3+h6*(k31+2.0D0*(k32+k33)+k34)
x4=x4+h6*(k41+2.0D0*(k42+k43)+k44)
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end subroutine RKSTEP

5.2 BoAég oto Baputixo Iledio tng I'ng

Oewpovpe apytxd owuatidlo LTTO TNV ETTLIPAOGY, VYOG TTOL TOL TTPOO-
dideL emMLTAYLVON § = —g 7

z(t) =wxotvoat , y(t) =yo+voyt — 59t
v(t) = voe . vy(t) =wo, — gt (5.2)
az(t) =0 ,ay(t) =—g

To cwpoatidLo, OTwe YVWELLOLUE XAAX, KLVEITOL TTAVL O ULO TTOPABOAN
oty omolo epelg aTAd SLtaAéyovpe To onueio oto omolo tomobeteiton
0PYLXE TO CWUATLO:

Vo Iy
(y — %) = (U_oi) (r — o) — 5@(37 - 930)2
2
= tanf(x — zg) — Zln e(x —x0)?, (5.3)

6mov tan f = v, /Vo; KO hmax M YWVt LT TNV ool BAAAETOL TO OW-
LATLO %Ol TO KEYLOTO DYPOG TTOL PTAVEL TO CWUATLO WS TTPOG TO OPYLXO
onpeio BoAng.

Kwdwxorotodpe my emitéyvvon a,(t) = 0 a,(t) = —g (a, > £3, a, <
£4) xabdg %o T GLVOALXN UYOWLXY] EVEQPYELD 0TO OPYEl0 Tk2 _g.£90:

!

!The acceleration functions f3,f4(t,x1,x2,v1,v2) provided

!by the wuser
!

!Free fall in constant gravitational field with
lg = —k2

real (8) function £3(t,x1,x2,v1,v2)

implicit none

real(8) :: t,x1,x2,vl,v2
real (8) :: k1 ,k2
common /couplings/k1,k2
£3=0.0D0 'dx3/dt=dv1l/dt=al

end function £3
|

real (8) function f4(t,x1,x2,v1l,v2)
implicit none
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Zynuwa 5.1: BoAn oto Baputind medio pe emitdyvvon § = —10.05 xow opyixn TorydTnTa
o = & + g. Alvovton ta Storypdpporto x(t), y(t), ve(t), vy(t).

real(8) :: t,xl1,x2,vl,v2
real(8) :: ki,k2
common /couplings/k1,k2
f4=xk1 !dx4/dt=dv2/dt=a2

end function f4
|

real (8) function energy(t,x1,x2,vl,v2)
implicit none

real (8) :: t,x1,x2,vl,v2

real (8) :: k1 ,k2

common /couplings/k1,k2

energy = 0.5D0*(vi*vi+v2*v2) + k1*x2
end function energy

2t ovvéyeta Ttapabétovue ™ OELPd EVTOAWY TOL SLvEL O XPNOTNG YL
vou DTTOAOYLOEL TNV TEOYLE

> gfortran —02 rk2.f90 rk2_g.f90 —o rk2
> ./rk2
Runge—Kutta Method for 4—0DEs Integration

Enter coupling constants:
10.0 0.0
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X

Zyhuo 5.2: BoAf ato Boputind medio pe enttdyuvoyn § = —10.07 xow apyixy todTnTo
Uy = & + . Qalvetar 1 TopofoAtxn TeoxLd TTov oxohovlel To CwWRATIO. £TO SLTTAOVS
oYNUO TTOPOXOAOLOOVUE TNV OTTOXALOY TNG UMYOVLXTG EVEQYELOS TOL CWUATLIOL OTd

™V 0EYLXY TNG TLUY).

ki= 10.000000 k2= 0.000000
Enter Nt,Ti,Tf,X10,X20,V10,V20:
20000 0.0 0.2 0.0 0.0 1.0 1.0

Nt= 20000

Time: Initial Ti =  0.000000 Final Tf=  0.200000
X1(Ti)=  0.000000 X2(Ti)= 0.000000
V1(Ti)= 1.000000 Vv2(Ti)= 1.000000

21N oLVEYELR, ETEEEPYOLOUOOTE T OTTOTEAECUATA LG OVOADOVTOG TOL
dedopéva amo To opyelo rk2.dat pe To TEOYPaUKO gnuplot:

gnuplot> set terminal x11 1

gnuplot> plot "rk2.dat” using 1:2 with lines title ”"x(t)”
gnuplot> set terminal x11 2

gnuplot> plot “rk2.dat” using 1:3 with lines title "y(t)”
gnuplot> set terminal x11 3

gnuplot> plot "rk2.dat” using 1:4 with lines title "vx(t)”
gnuplot> set terminal x11 4

gnuplot> plot “rk2.dat” using 1:5 with lines title "vy(t)”
gnuplot> set terminal x11 5

gnuplot> plot "rk2.dat” using 1:($6—1.0) w lines t "E(t)E—(0)”
gnuplot> set terminal x11 6

gnuplot> set size square

gnuplot> set title “Trajectory”

gnuplot> plot “rk2.dat” using 2:3 with lines notit

To amoteAéopoTa QoivovTol GTO GYNUOTO @ %o . [Mopatnpodue
ULxEN odENGY NG EVEQYELOS TTOL HoG OLVEL Xoi TO UETPO TG oxplfetog
™™g pebddov.

Me 1 Bonbeta tov gnuplot PTOPOVUE VO PTLAEOLILE KLVODUEVOL OYE-




5.2. BOAEXY XTO BAPYTIKO IIEAIO THY I'HX 267

ot g Tpoytds. I'oe To AdYo avuTO OPLOSOTIOLOVE LEPLUES EVTOAES TOL
gnuplot oe apyeio oevapiov, €0tw oto rk2_animate.gpl

icount = icount+skip
plot 7<cat —n rk2.dat” \
using 3:($1<= icount ? $4: 1/0) with lines notitle
# pause 1
if (icount < nlines ) reread

To mapamave apyelo vmobétel 6TL, dTory TPEEoLUE TO gnuplot, €XOLUE
OPYLXOTTOLNOEL TIG UETOPBANTEG icount, skip, nlines vo elval ot TLpEQ
ToL POV oPLBKOD YooKy Tov apyeiov rk2.dat mouv Ho umovy GTo
SL&ypoppe, o opLtbuodg yooppwy mov Ba tpootibevtal os xdbe xovodp-
YL0 TAXLGLO TIOL OYEOLALETOL OTO XLVOOUEVO OYESLOL XOL O OLVOALXOG
oPLOUOG YOOLUWY TTOL TTEPLEYEL TO OPYELO, WOTE VO OTAUNXTNOEL 1 JLot-
owoaotio. H td€a eival 0Tl oL evtorég tov apyeiov diafalovial amd To
gnuplot xdvovtog €va plot xaw oy TANpeiTon To xELTNELo Tov if TO CLP-
¥elo Eavadiofdletor pe ™y evioAn reread. Ag eEnynoovpe ™y Yoo
KE TNV €VTOAY] plot: To “opyeio” "<cat -n rk2.dat" eival To standard
output Tng EVIOANG cat -n rk2.dat n omola TuTTWVEL oTo standard output
70 apyelo rk2.dat Balovtog oty TEWTY OTNAN TOV oEPLOd YOG TTOL
orafBaletor. ‘Etol 1 evtoA] plot Stofdlel dedopéva aTar OTTOloL N TTEWTY
oA €lvor 0 apLtBudg yooupung, 1 OedTEEP 0 YPOVOS, N TELTN N CLVTE-
TOYUEVY] T, M TETOETN N ovvTeETOYUEVY ¥ %.0.x. H yoouun

using 3:($1<= icount ? $4: 1/0)

AeL va ypnotpomonbel 1 3 oTHAN otov 0pLldvTLo REOVO KoL OV M TTOWTY
OTNAY lvor ULxPOTEEN aTtd TNV TLUN TNG LETAPBANTIG icount vor UTTEL OTOV
XOTOXOPLEO GEOVA N TL NS 4Ng OTAANG aAALdg Timoto (BdlovTog xéty
0V 3€eV elvor VOULLLO, OTtwg dtalpean e To 0 xAveL TO gnuplot vor ayvo-
fIOEL TO OLYXEXPLEVO ompeln). Me Tov TPOTo awTd, xodg N T TNg
puetafAnTtyg icount awkEavet, Tomobetodpe oTo SLAYPOULO TTEPLETATEQ
onuelo g TEOYLE&S dMuLtovEYWYTag Ty Yevdaiobnon g xivnong. Ty
YOORUY LE TNV EVTOAN pause TNV €YOVUE BAAEL WG oYOALo. Av Tal ®LvoV-
pevor oy€dlor glvort TOAD YPNYopo YLt 0o, BYGATE TO YOEOXTYPOL TOL
OXOALOUL # %O OVTIXOTAOTNOTE TN LOVADX UE TOV 0 PLOUO dEVTEPOAETTTWY
mov O€Aete vo otopotacl xébe mAaiolo. o vou YpNOLULOTTOLY|OOVE TO
oEVAPLO oVTO aTtd TO gnuplot G{VOLUE TLG EVTOAEG

‘gnuplot> icount = 10
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gnuplot> skip = 200
gnuplot> nlines = 20000
gnuplot> load ”rk2_animate.gpl”

Ta Topamave cevaplo Bo Ta Bpeite 0T0 GLYOSEVLTIXG AOYLOULXO TOL
xe@oioiov. Exel o Bpeite ko oevdpio pAotod ta omola Boe aog Bonin-
OOLY YO UTOUOTOTIOLYOETE TTOAAES OTTO TLG EVTOAEG TTOL TEPLYPA)OUE
Topanavw. [leptypdpovpe ™ xpnon dvo ard avtwy. [lpwTta To oevapLo
rk2_animate.csh:

> rk2_animate.csh —h
Usage: rk2_animate.csh —t [sleep time] —d [skip points] <file)>
Default file is rk2.dat
Other options:
—x: set lower value in xrange
—X: set lower value in Xxrange
—y: set lower value in yrange
—Y: set lower value in yrange
—r: automatic determination of x—y range
> rk2_animate.csh —r —d 500 rk2.dat

H teAevtaio ypooupun mpoypotomolel tor xtvoOpevo. oy€dLo U TAaLoL
oL x&be Popd €xovy 500 TapaTave onuela, EVE Ta GPLX TWY TTAXLGLLY
vToAoYilovTol aVTOUATA ATTO TO CEVAPLO UE TO JSLoxdTTy —r. O Stoxo-
TTN¢ ~h dlvel abVTOUES 0OMYLES YLOL TN XOYOY TOVL GEVOPLOL, ULa oOUPaon
IOV TNV AXOAOVOOVUE CUYYE GTOL GEVAPLOY/TTPOYOAUULOTO. TTOL YOOPOLUE.

"Eva L0 TANpEG 0EVAPLO TTOL XAVEL OAEG TLG SOVAELEG efvarl To Tk2. csh.
Odnyteg xpnong malpvovpue UE TNV EVTOAN

> ./rk2.csh —h

Usage: rk2.csh —f <force> k1l k2 x10 x20 v10 v20 STEPS tO tf
Other Options:

—n Do not animate trajectory

Available forces (value of <force>):

1: ax=—k1 ay= —k2 y Harmonic oscillator
2: ax= 0 ay= —ki1 Free fall
3: ax= —k2 VX ay= —k2 vy — k1 Free fall + \

air resistance ~ v
4: ax= —k2 |lvl vx ay= —k2 lvlvy — k1 Free fall + \

air resistance ~ vA2
5: ax= ki1*x1/r”3 ay= k1*x2/rA3 Coulomb Force

OTTOL QOLVETOL OTL EYOVWE TNV ETULAOYN VO TPEEOVLUE TO TEOYPOUUO UE
OLOUPOPETIXES SUVANELG TTOL ETULAEYOVTAL UE TO StoxOTTn —f. LTNy LTO-
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AOLTTY YOOUUY] EVTOAWY Bivouue Tor SESOUEVO ELGAOSOD YLOL TO TTROYOOUILOL
rk2.£90, Tic otabepéc (edEng k1, k2, Tic apytxég ovvbnxeg x10, x20,
v10, v20 xou Tig ovvhnxeg ohoxApwong STEPS, t0, tf. Etol yia mo-
OASELYULOL OL EVTOAEG

> rk2.csh -f 2 -- 10.0 0.0 0.0 0.0 1.0 1.0 20000 0.0 0.2
> rk2.csh -f 1 -- 16.0 1.0 0.0 1.0 1.0 0.0 20000 0.0 6.29
> rk2.csh -f 5 -- 10.0 0.0 -10 0.2 10. 0.0 20000 0.0 3.00

pog dtyovy v xiynoy tov owpattdiov ato Tedio BapdTNTag TOL KEAE-
TACOPE WS TWEOL, TNV X{VNON YOUOLOYEVODS OPLOVLXOD TahowtwTy (k1 =
a; = —wiz, k2 = a, = —w3y) xou T oxédaon eoptiov oc edio Coulomb
- doxpdiote to! EATiCw va oag dnutovpynbel xow v meptépyeta va deite
“péoa” ot oEVAPLO, ETOL OTE VO T TPOTTOTTOLELTE %Ol ONULOVOYELTE
amd povol/eg oog. AT péva pePLrég 0oMYieg Yo TOLG TEUTTEANDES: AV
OeAnoete va Tpocbéoete o duxy oog SVVOUT OTO PETEPTHPLO TOV GEVOL-
plov axoiovbnote T ovvtoyy: [lpoypappoatiote ™ ddvaun oog oe Eva
opyeto pe ovopor rk2_myforce.f90 GOUEWYO LE TLG TTEOOLAYPOUPES TOL
rk2_g.f90. Enckepyaoteite T0 apycio rk2.csh xot aAAGETE TN YOOLUN

set forcecode = (hoc g vg v2g cb)

(01

set forcecode = (hoc g vg v2g cb myforce)

(puowxd pmopel M petafAnt) $forcecode vo éxel %o GAAEG EYYEOUPEC
070 0EVEELO aAAG avTé dev Oo oo epmodioet). Metpriote o oL oL,
gxete BaAel To myforce, 3 TNV 67, XL TPEETE TNV EVTOAN UE TO SLOXATTTY
-f 6 0oL TO 6 AVTIXATAOTAOTE TO UE TV OELPA OTO OO COG GEVAPLO
(oL Telitoeg eivor o Sixég oo otald. (evENg %o apyLnég oLYONXES):

> rk2.csh —f 6 — .......

Acg peAetnoovpe TP TNV ETLSPOON TNG AVTLOTAOYG TOV KEPR N EVOG
PELOTOV OTNY TTTWOT/BOAY TovL cwUaTLSioL. Il PLxEES ToOTNTES N ALV Ti-
otoon yivetol avdhoyy Tng TodTnTog Xo €xovue F, = —mkv omdte

a, = —ku,

ay = —kv,—g. (5.4)
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[Maipvovrog
2(t) = wo+ 2 (1—e™)
k
1 g ety _ 9
y® = wo+7 (v +7) (1—e™) = %
ve(t) = wvpee™™
g\ - g
’Uy(t) = <U0y =+ %> e kt E s (55)
TEOXVTITEL 1] X(VNOY TOL CWUATLILOL UE 0PLXN ToOTNTA vy (+00) = —g/k

(z(400) = otad., y(+00) ~ 1.

O mpoypappatiopds g ETLTAYLVOTG xatarypdpetaL oto apyeio (k1
< 9. k2 < k) rk2_vg.£90:

!

!The acceleration functions f3,f4(t,x1,x2,v1,v2) provided

!by the wuser
!

!Free fall in constant gravitational field with
lax = —k2 vx ay = k2 vy — ki

real (8) function £3(t,x1,x2,vl,v2)

implicit none

real(8) :: t,x1,x2,vl,v2

real(8) :: k1, k2

common /couplings/k1,k2

f3=—k2*v1 1dx3/dt=dv1/dt=al

end function £3

]
real (8) function f4(t,x1,x2,vl,v2)
implicit none

real(8) :: t,x1,x2,vl,v2

real(8) :: k1 ,k2

common /couplings/k1l,6k2
f4=—k2*v2—ki Vdx4 /dt=dv2/dt=a2
end function f4

Tol ATOTEAEOULATO. XATAYOAPOVTOL OTO TYNLXTO OTTOL PatlveToL
N eMLOPUON TNG AVEAVOUEVNG OVTLOTAONG GTNY TEOYLE TOL OWUOTLILOV.
2T0 oYNuo @ dtveton yrow obyYxELon 1 enidpaoyn dvvaung F, = —mkv?o.
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Syfpo 5.3: Tpoytd agwpotidiov mov Bairetal oto otabepd Poputind Tedio g YNg
g = —10y vmé ™y enidpaom avtiotaong pevotol d, = —kv yra k = 0,0.2, 1, 5, 10, 20, 30.
Aptotepa éxovpe ¥(0) = & + , eved dekrd U(0) = 5& + 5g.
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Zynue 5.4: Tooytd ocwpoatidiov mov BédAietal oto otabepd Baputind medio g yng § =
—109 vé TV eniSpaon avtioTaong PevoTod d@,. = —kv3H yio k = 0,0.2,1,5, 10, 20, 30.
Aptotepd éxovpe T(0) = T + 3, eved 8eELé T(0) = 53 + 5y.

5.3 Kivnon HAovntov

Oa Hewpnoovpe To ATTAG TAAYNTLXS LOVTEAO TOUL “NALoL” pe pnéalon M xow
evog TAaYNTY “yN” pe wéla m €totl wote m K M. O vépog tov Nedtwva
pog dtvel 6Tt M emitéiyuvon TNg “yng” dlveton amd TN oyéon

GM . GM

6:::g’::——————T = — -
r2 r3

T (5.6)

, / , _ -11__m? _
Oupilovpe otoy avayvwotn 6t G = 6.67 x 10 Kgrsec?’ M = 1.99 x

103%kgr, m = 5.99 x 10**kgr. Entiong, étav n vwébeon m < M Sev eivon
LXOVOTTOLNTLXY, TOTE TO TPEOPANUA TwV OD0 CWUATWY VAYETAL GE OVUTO
TOUL VOGS YENOLUOTIOLWVTOS TNV OVYUEVY LAl

1 1 1

L om M
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H dVvopn g Bapdtntoag elval xevtpLxy Ue XTOTEASCUA VO SLOTNOEL-
T M 0TPOoQOoEUN L = 7 X p. Autéd onualvel 6t ) xivnon yivetal mévw oc
Evor eTTLTTESO %Ol LTTOPOVUE VO TTAPOVUE TOV AEOVA TWV 2, ETOL DOTE

~

L=Lk= m(xv, — yv,)k . (5.7
H dYvoun eivar Statnontixy xot n evépyeto

1 GmM
E=-m?- 22
2 r

(5.8)

dtotnpeltat. Ay TAPOLUE TNV aEY TWY EOVWY vo eivol TO XEVTPO NG
dvvaung, t6te ot eklotoelg xivnorg (5.6) yivovton

GM
@ = ——3
GM
a = ——3Y (5.9)

ue 1?2 = 2% + y2 O eElotdoelg awtéc eivar éva obotnuo dVo oulevypé-
VY SLoPOPLXWY EELOWOEWY WG TPOG TLE GLVOETAGELS (1), y(t). O AboELS
elvor xwvxég Topég mov eivar eite éMerdm (Seopevpévy TpoyLd - “mAo-
vitng 7)), eite mopaBory (Yoo ™) Aeyopevn “taydtrToe dtapuyic ), eite
vTtepPory] (oxédaom).

Mo v mepiodo TePLOTPOPNG TwY TAAYNTWY LoYVEL O TEITOS VOU.OG
ToLv KémAep
_Ar?
oM
OTTOL €3 a EVOL O UEYAAOG NULAEOVOG TNG EAAELTTTLXNG TEOYLAS XL b
0 uxEog nuLaEovag. To oo “mAatid” eivor 1 €M) yopaxtnoileToL
OO TNV EXXEVTPOTNTA TNG TEOXLES

T2

(5.10)

b2
e=1/1—-—, (5.11)
a
N omola eivort 0 ytor Tov xOxA0 xow telvel mpog ™) 1 dtav Ty “motope”
vo yivel evbeio. Ze amdoTtaom ea omtd To ®xEVTPO TG EMeLnG Pploxovton
ot eatieg ¢ F1 xat Fy. AvTég €xouvy v ALOTTL T *bbe onpelo P tng
TOOYLAG EXEL

[No voo Tpoypoppoticovpe ™ dVvopun tov Nedtwvo YPa@ovpe GTo
opyelo rk2_cb.£90:
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!

!The acceleration functions f3,f4(t,x1,x2,v1,v2) provided

!by the wuser
!

! Motion in Coulombic potential:
lax= kl1*x1/r”"3 ay= k1*x2/r"3

real (8) function £3(t,x1,x2,vl,v2)
implicit none

real(8) :: t,xl1,x2,vl,v2
real(8) :: ki,k2
common /couplings/k1,k2
real(8) :: r2,r3

r2=x1*x1+x2*x2
r3=r2*sqrt(r2)
if (r3.gt.0.0D0)then
£f3=k1*x1/r3 1dx3/dt=dv1/dt=al
else
£3=0.0D0
endif
end function £3
1
real (8) function f4(t,x1,x2,vl,v2)
implicit none

real(8) :: t,xl1,x2,vl,v2
real (8) :: k1,k2
common /couplings/k1,k2
real(8) :: r2,r3

r2=x1*x1+x2%x2

r3=r2*sqrt(r2)

if (r3.gt.0.0D0)then

f4=k1*x2/r3 'dx4 /dt=dv2/dt=a2
else

£4=0.0D0

endif

end function f4
'

real (8) function energy(t,x1,x2,vl,v2)
implicit none
real(8) :: t,x1,x2,vl,v2

real (8) :: k1,k2
common /couplings/k1l,k2
real(8) :: r

r=sqrt(x1*x1+x2*x2)
if( r .gt. 0.0D0)then
energy = 0.5D0*(vi*vi+v2*v2) + ki/r
else
energy = 0.0DO
endif
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‘end function energy

|

Y70 TapaTave TEoYpoupo kl= —GM xou €xovpe TPOCEEEL TNV TEPL-
TTWON TO CWUATLO YO TTPOoXPOVaEL aTo WLalov onueio (0,0), To xévtpo
™™g dVvaurs. Ipopavwg o (dLog xwdixag umopet vo yonotpomoindel xou
yiow To nAextpoototikd edio Coulomb pe ki= ¢Q/4megm.

Kot’ apynv peAetdpe tpoylég oL omoleg eival déoptes. AtoAéyovpe
GM =10, z(0) = 1.0, y(0) = 0, vo, = 0 xow vy, pueTafANTé. MeTPAUE TNV
TeP{030 KO TO UNXOG TWV NULAEOVLY TNg EAAeLYNS. [TpoxTTeL 0 Tivoxag
@. Mepixéc amd T TPOYLES PaivovToLl GTO OYNUO @ OToL QolveToL N

vor | T/2 2a

3.2 | 1.032 2.051
3.4 | 1.282 2.371
3.6 | 1.682 | 2.841
3.8 |2.398 | 3.598
4.0 | 3.9288 | 5.002
4.1 5.5164 | 6.272
4.2 | 8.6952 | 8.481
4.3 |16.95 | 13.256
4.35 | 28.168 | 18.6
4.38 | 42.81 | 24.58
4.40 | 61.8 31.393
4.42 | 99.91 43.252

[Mivoxog 5.1: Tow amoteAéopoto yia Ty mepiodo xat Tov peydio nuLtdEova tng eAAet-
TG TEOXLAG TAcvTLXNg xivnong Yyt GM = 10, 2(0) = 1.0, y(0) = 0, v, = 0.

eEdptnom touv peyéboug g EAeLdNg amd TN TTEPLOd0. XTO oYM @,
emuBeBatcivoupe Tov 30 vépo tou Kémhrep, Zyéan (5.10).

[Iedg Bor propovoape vo TPoPAEPovpe To vOL.o Tov KETAgp ywpig va
YVWELLOUE TO ATTOTEAECUO EX TWV TTPOTEPWY; Ay Tdpovpe To AoydapLpo
xow ata Svo wéA g ekiowone (5.10) mpoxvmrer:

3 1 4qr?
Apoa ge éva diaypappo Twv onpeiowy (Ina,InT) ta onueio TEémner vou
Bploxovtow avew oe plo evbeia. Me ™ pébodo twy erayloTwy TeETPO-
YWOVWY UTOPOVUE Vo LTTOAOYLOOLUE TO CLYTEAEOTY xatebbuvorg xaL To
onueio Toung Twv aEdvwy Tov Bo Teémet va etvor  xaw 1/21n (47% /G M)
ovtiototya. To agnvovpue ooy AoxNom YLOL TOY AVOYVWOOTY.
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Iyhpo 5.5: Tpoytég mhavitn ytae GM = 10, z(0) = 1.0, y(0) = 0, vgy, = 0 xat vy, = 3.6,
3.8, 4.0, 4.1, 4.3. AvorypdpovTol oL avTloToleg NULTERLODOL.

Xe TEPIMTWOY TTOL N APEYLXY TOXOTNTO TOV CWUATLIOL LTTEPPEL TNV
ToXOTNTO SLOULPUYNG Ve, TO OWOUATLO EEQPEVYEL OTTO TNY ETTLIPOON TOL TTE-
diov BapdTnTac. Auté yiveton dtay 1 unyovexy Tov evépyeta (5.8) eivow
0 7 6tav
s 2GM

e Y

r

(5.14)

(%

IOV TNy TEPITTWON Tov eEetdlovpe pe GM = 10, z(0) = 1.0, y(0) = 0,
TolpyovuE v, &~ 4.4721 . ... A@NVOLPE YLt AOXYOY] GTOY OVOYVWOTY TOV
opLOpNTIXS TTPOGBLOPLOWUO TNG V.

5.4 Xxédoom

Xy Tapdypo@o avut) Hewpodpe oxédoon owpaTidiny oamd Evor xe-
VTELXO SLYOULXO . Yobétovpe 6T 6T0 dLVOaULKS AVTO LTTEEYOLY TPOYLES
TTOL EEXLYOVY OTTO TO ATELPO XOL XOUTOUANYOLY GTO ATELPO, GTO OTOLO TOL
ocwpotiolo xtyodvtol oxeddy eAedbepa amd Ty emidpoon g SVVOUTC.
‘Etor apyxd tor cwpotidia xtvodvtonl eAedbepa Tpog Ty TTEELOYN NG

'Arafdote 10 xe@bAoto 4 tov [37]
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Zyua 5.6: O tpitog vouog tov Kéniep yroo GM = 10. T onpeior eivon oL uetproetg
omd ToV TTivoxo XOL M YooY TV T GuVdEéer eivan 1 aveAvTixy Ao (b.10).

oAMNAETTLOpaoNG nEaa Tty omolo oAAGlovy xatebbuvon xor xvodvToL
TAAL EEW aTtd ovuTn o€ Staopetixn dtevbuvor. Aéue tdte 6Tt TOo TLWU.ATLO
oxeddoTNXE XL OTL N YwVio LETHED TNng apyLxung xoi TeAxng Stebbuvorg
g oV TNTOG efvor M Ywvio oxédaong 6. To evdiagpépov otny Tepintwon
OTY] EYXELTOL GTO YEYOVOS OTL OTTO TNV XATOVOUT TNG YWVioG OXEdATNG
pog Soung owRaTLOLwY UTOPOVUE VO TTAPOLUE YENOLUY TTANEOQOPLO
Lot TO SLVOULXO OXESUOMG. ALTY 1] TEYVLXN YENOLLOTTOLELTOL XATE *XOPOV
OTOUG ONUEPLYOVES ETULTAYLVTES YLOL TNV UEAETN TWY OgpeALwdY oAANAE-
TUSPATEWY TWY OTOLYELWOWY CWUATLOLWY.

[No voo xatavonoovpe Toug opLopolg elval xpNnolpo vo. Bewpnoovpe
TN OXESOON PLXOPWY OXANPWY OQPALOWY OXTIVOG 11 A0 GAANEG OXAMNPES
opoatpeg axtivag Ry. To duvauixd ock?mksniSpocongﬂ efvort dnAodN:

B 0 r>Ro+1
V(T)_{ oo r<Ry4+r (5.15)

OToL 1 €lvol N ATOCTAGY TOL XEVTPOL TNG T1 OO TO XEVTPO TG Rs.
Ymobétovpe 6Tl Tor cwpatidtar g d€oung Oev XAANAETLEPOVY UETOED
TOUG %O OTL XATE TN OXESUON ®ADE CWUATIO AAANAETTLOPE LOVO pE Evar

*Aéyeton duvoptxd oxAnpod mophva (hard core potential).
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1 T T T T T T T T
0.8

0.6

0.4

> 0.2

O L

-0.2

-0.4

_0.6 1 1 1 1 1 1 1 1
-0.8-0.6-04-0.2 0 02040608 1

X

Syfpo 5.7: Emelpoeldng Tpoyld owpoTidiov TTov XLvelTal LG TNV ETIIPUGT KEVTOLN
dbvong F = —k/r3r.

%EVTPO ox€daang Tov otdyov. 'Eatw J N muoxvdtntar pong 1N Eviaom g
Bécungﬁ xot A 7 drotopn) g déounc. ' Eotw 6Tl 0 0Tdy0s €YEL N CLWUXTIOLA
ova povéado emipdvetag. H evepydg dtatoun tng aAAnAentidpoorng elvar
o = 7(ry + R2)? 6mov r; xat Ry oL axtiveg Ty oxedalopévmy oQoLpmy
%o Ty oToywy avtiotowa [PA. oxiua (5.8)]: 6iec o cpaipec ¢Ew and
TNV ETLPAVELO. OVTY] GTN OETUY OEY OXEDALOVTOL OTO TO GUYXEXPLUEVO
ot0x0. H ovvoAuxn evepydg Startopy] oL TOPOLGLALOLY OAX T REVTOO
OAMNAETTLdpaONS TOL TTOY oL Elvor

Y = nAo, (5.16)

6mov nA eivol 0 cLYOAXAS PLOUGS TwY XEVTPWY TOL oTOYOL TToL [EL-
oxovtol péoo otny déoun. Katd péoo 6po, o pubudg oxédaong, onA. o
opLBuog Twy oxeddoewy avd povada ypévou Ho lvor

N =JY =JnAc. (5.17)

H moapoamdave eEiowon amoteAel xot Tov 0pLoUd TNG GLUYOALXNG EVEQYOUVG
SLOTOUNG 0 TNG AAANAETISPOOTG YLOL OTTOLASNTTOTE GAAY] TTEPLTTTWOY] OXE-
doaomg mov TANEEl Tig Baotxég vtobéaelg Tov xévope. H moodtntar avty

0 opLbuog Ty cwpottdiny ToL TEPVOVY amd pLor emLpdveLo x&betn ot déoun
ové LovEda YPGVOL oL LOVASOL ETILOOAVELOG.
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e

o IR, ‘
R&r
' @ - lil
[ = O

Zynue 5.8: Exédaon oxAnpwy o@atpey. 0 sivor 1 ywvio oxédoorng. Askld @aivetal 7
OLVOMLXY] EVEEYOG SLoToun o.

eEoptatal amd 1o €00¢ NG aAnAeTtidpaone. H Stapopixnn evepydcg dio-
Toun o(f) optletor amd T oyéon

dN = JnAc(9)dS, (5.18)

6mov dN o opLipdc TwY cuPaTOiwY avd Lovada XPOVoL TTOL OXESA-
Covtan péoo oty oteped yYwvio d2. H ocuvoAxy evepydg Statouy] lvor

—

Vi

b - 9
db —

Zynpe 5.9 Zopotidia g 3éoung Tov TEEVOLY péoa artd To SoxTOALO 2mbdb oxedd-
Covtal péoa 0t otePed Ywvio d) = 2msind df.
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Otot = /90(9) dQ) = /0(6) sin 0 dfd¢ = 27?/0(@) sin6df . (5.19)

Xty TeEAsvTalor OYEON YONOLLOTIOLNOOUE TNY XVUALYSOLXY] CLUUETOLO TNG
OMNAETTLOPaONG WG TTPOG Tov aEovar Tng xpovorns. KatoAfyovpe ot
oxeon

1 dN

- nAJ2nsinfdf’
AvtM N oyéom umopsel vo ypnorpomoniel melpopoTind yLo TN UETENON
™G SLOPOPLXNG EVEPYOVS OLATOUNG LETEWYTAS TO pLOUG aviyvevong ow-
nottdlwy péoa o V0 xWYOLS TToL opilovton aTtd TLg Ywvieg O xow 6+ db.
T oxéon awt) B ypnotpomoroovpe xor otov oELBunTixd LTOAOYLOU.O
™ o(0).

Mo vao mpoadtopicovpe TN SLoopixn evepyd Statou omd uto Oe-
wpla, propodue va axolovboovpe v €Eng yevixn dradixacio. "Eotw
OTL CWUATLO BEAAAETOL TTPOG TOV OTOYO OTWS PALVETAL OTO OYNUO @
b ovopdletal N TOEAUETPOS ®pPOVOMG %ot M TEAXN Ywvia 0 cEoptdtol
o owTY. Apa To UEPOG TNG BETUNG TTOL OXEDALETOL O YWVIES UETOED
0 o 0 + df PBoploxetor oe €vor xUXAXO SoryTLUALDL axtivog b(f), Thyovg
db xow epfadod 21bdb. Apod €xovpe éva owpatio oto 6TéX0 nA =1. O
opLBog TWY oLUATLOWY avda Lovada YPOYOL TTOL TTEPVOVY UETH OTTO TO
SoxTOALSL etva J27h db, dpo

27b(0) db = —2r0(6) sin 0 dO (5.21)

o (6) (5.20)

(t0 — o@eileton 670 YEYOVOC GTL, Tty TO b wEAVEL, To 0 pixpaiver). Awd
T0 SLYOLLXO UTTOPOVUE Yo TTOAOYLGOoLLE TO b(#) oTtdTe TTPOoXVTTTEL M 0 ().
Avtiotpogoa, av petpioovpe ™ o(f), WTTOPOVUE Vo TTPOGSLOPLOOLIE TNV
b(6).

5.41 Xxédaom Rutherford

H oxédaom @opTtLopévou owpoattdiov @optiov g (“miextpoviov’) péoa oc
duvoptxé Coulomb oAd Bopdtepov onueloxod nAextELxod popTiov @
(“rtopHvog ) ovopbletor oxédaon Rutherford. Xtny mepinttwon awt T0
Suvopxd aAAnAeTtidpaong lvol

1 Q
Vr)= — 5.22
() = ot (5.22)
T0 0olo TTPOGBLdEL ETULTAYVYOY 4 OTO CWUATLOLO Lon UE
i— 19 T _ T (5.23)

dmegm r? r3
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H evépyeia Tov ocwpoatidiov eivor E = %va %0l TO UETPO TNG OTPOYOP-
ung Tov elvar | = mob, dmov €8 v = |U]. H oxéon peta&d g mopapé-
TPOL %POVOYG %ol NG Ywviag oxédaorg Pploxetor va eivar [37]

@ 0
b(@) = ﬁ cot 5 s (524)
6mov oe cuvdvaopé pe ™y (b.21) mpoxvntel 6T
21 0

40 . . . — . .
35 | | :
30 ]
20 | | -

-20  -15 -10 -5 0 5 10 15 20

Zynuee 5.10:  Topoylée oxédaorg Rutherford. @éoope k1 = 4:€Qm = 1 oto apyeio
rk2_cb.f90 xot peAetiooue TG TPoxtés Yo b = 0.08, 0.015, 0.020, 0.035, 0.080, 0.120,
0.200, 0.240, 0.320, 0.450, 0.600, 1.500. To cwpaTtio TomobetNOnxe apyxd oty Ocon
2(0) = —50 »at tov d60Mxe apyxh ToxdTTo v = 3. O aptbudg Twy Prpdtwy oty
oloxApwan eivar 1000 yia xpdvo amd 0 €wg 30.

TTOLOTLXGL OTO OYNULOL TNV TEPITTWOY TOL T POPTLOUEVO CWUATLO
EYOLY OPLWYLULO POPTIO.. AVEAOYO OYNUO TTEOXVTITEL XOL YL ETEQWVVLO
QopTio. LTy TePiTTwon avt) TEETEL va dobel Ldtaitepy Tpoooy otny
axpifeto g pebddov yra pxpéc Topopétpous xpovorg b < 0.2 (xow Tig
LTIOAOLTEC. TTOPAUETPOVE O 0T oyAue 5.10) émov 1 ywvio oxéSo-
ong vivetar =~ 1. IIoAD peyordtepog apltbudc Prudtwy amorteiton yLo
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™y enitevENn txavomotnTixyg axpifetas. Bpioxovpe 4t n TooHTTOL TTOL
umopel vou ypnolpomolnbel ooy deixtng TOL Jelyvel TV CVYXALOYN TV
apLuNTIXGY amoteheoudTtoy e autd e Lxéone (6.24) eivon 1 evép-
YeLa, M omolor TEETEL var SLTNEELTOL XoTA TNV xpovon. Avtéd o pog
xonorpevoel otoy o peAeTooLUE SLVOULXA YLO. T OTOlor OEY €YOVUE
OVOALTLXY] ADO).

Mo vou peAETNOOLUE TTOCOTIXA T ATTOTEAECUOTA LG VEAVOLUE TNV
oxpifeta, €ToL WOTE VA TETOYOLWUE LXAVOTIOLNTIXY] CUYXALGY] TWY Vo
ALTLXOY xo apLtBunTinedy amoteAsopdtwy. Kataptilovpe €tol tov i-
voxa 5.9 Qo meprypddovpe Thpo éva TPGTO Yo TOY LTTOAOYLOWO

b 0, 0. AE/E | Nt
0.008 | 2.9982 | 2.9978 | 1.06 107 | 5000
0.020 | 2.7861 | 2.7854 | 6.2510~° | 5000
0.030 | 2.6152 | 2.6142 | 1.2910~* | 5000
0.043 | 2.4043 | 2.4031 | 2.3110~* | 5000
0.056 | 2.2092 | 2.2079 | 3.2710~* | 5000
0.070 | 2.0184 | 2.0172 | 4.0710~* | 5000
0.089 | 1.7918 | 1.7909 | 4.7010~* | 5000
0.110 | 1.5814 | 1.5808 | 4.8210~* | 5000
0.130 | 1.4147 | 1.4144 | 4.5910~* | 5000
0.160 | 1.2138 | 1.2140 | 3.9710~* | 5000
0.200 | 1.0137 | 1.0142 | 3.0810~* | 5000
0.260 | 0.8070 | 0.8077 | 2.0410~* | 5000
0.360 | 0.5979 | 0.5987 | 1.0710~* | 5000
0.560 | 0.3910 | 0.3917 | 3.8310~5 | 5000
1.160 | 0.1905 | 0.1910 | 5.58 10~ | 5000

[Mivaxag 5.2: T'wvieg oxédaong oty oxédaoy Rutherford. Oéoope k1 = 4::0’2m =1 o070

opyeto rk2_cb.£90 xal LEAETNOAUE TLG TEOYLES YLO TLG TULES TOL b TTOL QalvovTaL oTY
oA 1. 0,, elvar 1 ywvio oxédaorng mov vToloyiletol apltbunTixd xow 6, To amoté-
Aeopa g Iyéone (5.24). AE/E eivar n mocootiaion puetaBoly e evépyelag AGyw
CUOTNUATLIXWY GQEOALATOY NG HEDASOL xow oty TeAeuTalor GTAAN 0 aPlbuds Twy Pr-
UATWY 0AOXANPwWoNG YLow Xe6vo amd 0 éwg 30. To owudrtio Tomobethinxe opyxd ot
0éom x(0) = —50 xow Tov d6OMxe oPyLx ToxOTRTO v = 3.

NG EVEQYOVCS SLUTOUNG YPNOLLOTTOLWOVTOS TN LYEDY (). EvoAhoxtind
Oo pmopovoe va yponotpomotndel () VTTOAOYLLOVTOG TNV XATAAANAY
TOEAYWYO oPLiunTind. AuTd OUWS TO APNVOLUE YLOL AOXNOY GTOY OVN-
oLYO XOL ETULUEAN ovaryvewoTty. O vToAoylopdg Tov Ho xévovpe poralet
vo efvort “metpopatixds’. Tomobetobue “oviyveutn” ToOL “oviyvedel” Ta
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b 0, 0, AE/E | STEPS
0.020 | 0.577 | 2.785 | 0.47 150000
0.030 | 2.466 | 2.614 | 0.22 150000

0.043 | 2.333 | 2.403 | 8.62107% | 150000
0.056 | 2.180 | 2.208 | 2.88107% | 150000
0.070 | 2.006 | 2.017 | 1.07107% | 150000
0.089 | 1.779 | 1.791 | 8.941073 | 60000
0.110 | 1.570 | 1.581 | 7.071073 | 30000
0.130 | 1.406 | 1.414 | 5.251073 | 20000
0.160 | 1.198 | 1.214 | 8.631073 | 5000
0.200 | 1.007 | 1.014 | 3.711073 | 5000
0.260 | 0.8057 | 0.8077 | 1.401073 | 5000
0.360 | 0.5988 | 0.5987 | 4.3210~* | 5000
0.560 | 0.3923 | 0.3917 | 9.4010~° | 5000
1.160 | 0.1913 | 0.1910 | 8.61107% | 5000

Mivoxog 5.3: Amoteréopotor GpoLaL HE OWTE TOL Tivoxol . H pévn dragopd eivor
67Tl M oxédaom eivor HeTaED €TEPOVLULY POPTIWY pE 4ﬂqgm = —1. Qaivetor vy duoxoiio
IOV aVTLUETOTILEL M LEBOSOg YLor PLLxpEC TOPOUETPOVS XPOVATC.

owpdtio Tov oxedalovror amd 0 péxpl 0 + 46. o Tto Adyo awtd YwEL-
Covpe to ddotnua [0, 7] oe N, Sroothuoto (bins), étol wote 00 = 7/ Ny,
Kévoope “melpdpota’” oxédoorng UETABAAAOVTOS TNV TOPAUETOO OXE-
daong b € [by,, bas] pe PAno b, Adyw Tng ovppeTplag To TEORAAUATOG,
xpatépe t0 ¢ otobepd, omdTe Sedopévo O avTLoToLKEL O %WVO ovoly-
notog 6 xol xopLEN To %x€vTPo oxédaons. [lapatnpodue os ol Ywvio
0 oxeddleTonl TO CWUATIO UE TO CUYXEXQLUEVO b XOL XATOYWOEOVUE TOV
optud Ty oopatdiny avéd povado xpovov 6N o« bib, emeldn avtdg
eivot avaAoyog Tou epfodod Tov SaxTUALOLOD oxTivag b. ATopével vo
vToAoyloovpe TN pon J 1 omola elval 0 GLVOALXOG aPLOULOC TWY CWUOTL-
Slwy avé povéda xpdévouv Tov Sev eivar dArog artd J o Y. bob (ato Adyo
N /J n otobepd avoroyiog o To 0b TAOTTOLOVYTOL) X0 TN OTEPER Y-
viow 27 sin(6) 60. Télog, ebxoha ypnoLpomoLeiTaL v oyéon () Lo TOV
UTTOAOYLOUO TNG OLVOALXNG EVEPYOUS SLUTOUNG Opr. O TTROYQOULUOTIOUOG
¢ dradtxaoiag YiveTol LETUBAANOVTOG TTAG TO XVPELWE TTEOYPAULO TOV
rk2.£90 TO 0TOl0 XATOYPAPOLUE OTO oPYELO scatter.£90.

!

!Program that computes scattering cross—section of a central
!force on the plane. The user should first check that the
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100 - - . . .

10

(8)

0.1 ¢ * ]

T
£

0.01 . ]

0.001 1 1 1 1 1
0 0.5 1 15 2 2.5 3

Syfpo 5.1 Atopopinn evepydg SLorTOU YLoL TN GK€50(O'Y] Rutherford. H ouveyig yoou
eivae 1 ouvdpton (5.253) yia o = 1, v = 3. Oéoaue 4m = = 1. To cwyudto Tonobety-
Onxe apyxd otn 0éon x(0) = —50 ot Tov d360Mxe apyxn ToyxbTTo v = 3. I'ivave 5000
Brportor ohoxAnpwaong Lo xpdévo amd 0 éwg 30. H mapdpetpog xpodong b petaBAndnxe
ortd 0.02 éwg 1 pe Prpo 0.0002.

!parameters used, lead to a free state in the end.
! *#% X920 is the impact parameter b **

'!A 4 ODE system is solved using Runge—Kutta Method
!User must supply derivatives
tdx1/dt=f1(t,x1,x2,x3,x4) dx2/dt=f2(t,x1,x2,x3,x4)
1dx3/dt=f3(t,x1,x2,x3,x4) dx4/dt=f4(t,x1,x2,x3,x4)
'as real(8) functions

!Output is written in file scatter.dat
!

program scatter_cross_section
implicit none

integer ,parameter :: P=1010000

real (8), d1mens1on(P) T,X1,X2,V1,V2

real(8) :: Ti.Tf.X10.X20.V10,V20

real(8) :: X20F,dX20 !max impact parameter and step
integer :: Nt

integer :: i

real(8) :: k1, k2

common /coupllngs/kl k2
integer , parameter :: Nbins=20
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10 . .

a(8)
o

0.01 = ]

0.001 : :
1 10 100 1000

sin4(0/2)

Zyhuon 5.12: Atopopinny evepydg Startoun] Yiow 0 oxédaon Rutherford émwg ato oo
b.11. H ovveyfc evbeia yoapu eivon 1 1/(4 x 39z anéd émov eivan eppavic 1 ouvap-
Tnotaxn Lopey ™mg o (6).

integer :: index

real(8) :: angle,bins(Nbins) ,Npart

real (8) ,parameter :: PI =3.14159265358979324D0
real(8) ,parameter :: rad2deg=180.0D0/PI

real (8) ,parameter :: dangle =PI/Nbins

real (8) R,density,dOmega,sigma,sigmatot

Input:

print *, Runge—Kutta Method for 4—ODEs Integration’
print *, Enter coupling constants:’

read *, ki1,k2

print *, 'ki= ’ k1, k2= ’ k2

print *, Enter Nt,Ti,Tf,X10,X20,V10,V20:’

read *, Nt,Ti,TF,X10,X20,V10,V20

print *, Enter final impact parameter X20F and step dX20:’
read *, X20F,dX20

print *, Nt = ° Nt

print *,’Time: Initial Ti =’,Ti, > Final Tf=’,6Tf
print *,’ X1(Ti)=",%10, ° X2(Ti)=",X20
print *,’ V1(Ti)=",v10, * V2(Ti)=",v20
print *,’Impact par X20F =’ ,6X20F,’ dX20 =’,dX20

open(unit=11,file="scatter.dat’)
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bins = 0.04d0

!The Calculation:

Npart = 0.0DO

X20 = X20 + dX20/2.0D0 !starts in middle of first interval

do while (X20 .1t. X20F )
call RK(T,X1,X2,V1,V2,Ti,Tf,X10,X20,V10,V20,Nt)
! Take absolute value due to symmetry:
angle = DABS(atan2(Vv2(Nt) ,Vi(Nt)))
!Output: The final angle. Check if almost constant
write (11,*) '@ ’, X20, angle.&
DABS (atan2 (V2(Nt—50) ,V1(Nt—50))) &
k1/V10**2/tan (angle/2.0D0)
!Update histogram:
index = int(angle/dangle)+1
!Number of incoming particles per unit time
!is proportional to radius of ring
!of radius X20, the impact parameter:
!db is cancelled from density
bins(index) = bins(index) + X20

Npart = Npart + X20 !K—— i.e. from here
X20 = X20 + dX20
enddo
!Print scattering cross section:
R = X20 !beam radius
density = Npart/(PI*R*R) !beam flux density |
sigmatot = 0.0DO !total cross section
do i=1,Nbins
angle = (1i—0.5D0) *dangle
dOmega = 2.0D0*PI*sin(angle)*dangle !d(Solid Angle)
sigma = bins(i)/(density*dOmega)
if (sigma.gt.0.0D0) &
write (11,*) ’'ds= ’,angle,angle*rad2deg,sigma
sigmatot = sigmatot + sigma*dOmega
enddo
write (11,*) ’sigmatot= ’,sigmatot
close (11)

end program scatter_cross_section

H petayAdtrion yivetow Omwg xol pe vy mepimtwon to rk2.£90,
EVL Tow atoteAéopata BploxovTal oTo opyelo scatter.dat. ‘Etot, yio vo

TIOPAYOVUE TA ATTOTEAECUATO TWV ZYNUETWY xou EXTEAOVUE
TLG EVTOAEG:

> gfortran scatter.f90 rk2_cb.f90 —o scatter
> ./scatter

Runge—Kutta Method for 4—0DEs Integration
Enter coupling constants:
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1.0 0.0

kl= 1.00000 k2= 0.00000

Enter Nt,Ti,Tf,X10,X20,V10,V20:

5000 0 30 —50 0.02 3 0

Enter final impact parameter X20F and step dX20:

1 0.0002

Nt= 5000

Time: Imitial TO = 0.00000 Final TF= 30.00000
X1(To)= —50.00000 x2(T0)= 2.00000E—002
vi(To)=  3.00000 v2(To)= 0.00000

Impact par X20F =  1.00000 dX20 = 2.00000E—004%

%o axoAoVbwg PAETOLPE Tl ATTOTEAEOUOTO. UE TO gnuplot:

gnuplot> set log
gnuplot> plot [:1000] "<grep ds= scatter.dat” \

u ((sin($2/2))**(—4)):($4) notit,\

(1./(4.*%3.%*%4) )*x notit

gnuplot> unset log
gnuplot> set log y
gnuplot> plot [:] "<grep ds= scatter.dat” u 2:4 notit, \
(1./C4.%3.%*4) ) *(sin(x/2))**(—4) notit

To amoTeAéopato TOL TALPVOLUE ELVOL OE TTOAD XOAY] CUUPWYI LE TOL
OVOUEVOUEVO ATTO TNV OVOAUTLXY] EXPOAOY (). To emdpevo Bripo Ho
elvol vor LEAETNOOVILE OLOPOPETLXA SUVOULXA YLOL TOL OTIOLO DEV EYOVUE
OVaALTLXTY ADOM UE TNV oTtola Bl LTTOPOVOAUE VO GUYXPLVOVILE TOL ALTTO-
TEAEOPLOTAL [LOG.

5.4.2 Xxédaom oc AM\a IIedio Avvébpewy
Ag ekegtdoovpe mpwTo TN ox€doom amtd pioe SVVaUN NG LOPPNG

1 T
F=f(r), f(r):{62 a ;i;‘ , (5.26)

7 omoio eivar éva amAd Lovtéro TN oxédaorg Tolttpoviov et (Betixd
@opTio +€) pe dTopo LPOYGVOL TOL amoteAElToL amd BeTind PoPETL-
opévo TupRve (Betird PopTio +¢e) oL TEPLRAAAETOL ATt VEPOG NAEXTPO-
viouv avtifetov @optiov. Ouoxd €xovpe OB€oel Tig xAlpoxeg, €TOL WOTE
Mmer = 1 xoww €2/dmeg = 1. TNy TepimTwon avTi Sev €XOLUE aVoALTLXN
AOom, omote Bo yonotpomotnoovue apLtbuntinég pebddovg yro Tov LTTO-
Aoyiopd Twv cuvopTioewy b(0), 0(f), xabwg xoL TG GLYOALXNG EVERYOD
OLOTOUNG Tor-
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H dvvopinn evépyeta divetal amd ) oxéon:

fry= -0 Lyt 3 (5.27)

dr r 242 2a’

o6mov emAéEape V(r) = 0 o r > a. O wpoypappatiopnds g dHvoung
Yivetar ebxoia oto apyelo rk_hy.f90:

!

!The acceleration functions f3,f4(t,x1,x2,v1,v2) provided

!by the user
!

! Motion in hydrogen atom + positron:
1£(r) = 1/r"2—r/k143

lax= f(r)*x1/r ay= f(r)*x2/r

real(8) function £3(t,x1,x2,v1,v2)
implicit none

real(8) :: t,xl1,x2,vl,v2
real (8) :: k1 ,k2
common /couplings/k1,k2
real(8) :: r2.r,fr

r2=x1*x1+x2*x2
r =sqrt(r2)

if(r .le.ki .and. r2.gt.0.0D0)then
fr = 1/r2-r/k1**3

else

fr = 0.0DO

endif

if (fr.gt.0.0D0 .and. r .gt.0.0D0)then
f3=fr*x1/r 1dx3/dt=dv1/dt=al
else
£3=0.0D0
endif
end function £3
1
real(8) function f4(t,x1,x2,vl,v2)
implicit none

real(8) :: t,xl1,x2,vl,v2
real (8) :: k1 ,k2
common /couplings/k1,k2
real(8) :: r2,r,fr

r2=x1*x1+x2*x2
r =sqrt(r2)

if(r .le.ki .and. r2.gt.0.0D0)then
fr = 1/r2-—r/k1**3
else

fr = 0.0DO
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endif

if(fr.gt.0.0D0 .and. r .gt.0.0DO0)then
fa=fr*x2/r 1dx3/dt=dv1/dt=al
else

£4=0.0D0O

endif

end function f4
'

real (8) function energy(t,x1,x2,vl,v2)
implicit none
real(8) :: t,x1,x2,vl,v2
real (8) :: k1 ,k2
common /couplings/k1,k2
real(8) :: r,Vr
r=sqrt(x1*x1+x2*x2)
if( r .le.kl .and. r .gt.0.0D0)then
Vr = 1/r + 0.5D0*r*r/k1**3 — 1.5D0 / ki
else
Vr = 0.0DO
endif
energy = 0.5D0*(vi*vi+v2*v2) + Vr
end function energy

Ta amoteAéopato Sivovtol oTor OYNUOTO . Bptoxovpe 6t
010t = ma? (Aoxnon 5.J10).

"Eva aAAo Suvopind mov mopovotdlel evata@époy eivol To SuvauLxd
Yukawa wg @aLtvouevoroyLxd LOVTEAO TTUPENVLXWY XAANAETILIPACEWY:

e—'r/a

V(ir)=k (5.28)

r

To medio avtd pmopel va yponotpomolniel xot wg LOVTEAD EVEQYOVS OA-
MAeTtidpaong Twv NAexTpoviwy ota pétoAla (Thomas—Fermi) 7 w¢ to
dvvaptxd Debye oto xAaoixd mAdopo. H ddvapyn mov aoxeitor oc éva
oWpo LTTO TNV ETLIPAGY TOL SLYOULLXOD aLTOV efvorL:

. —r/a
Fr)= )i, ) =k—g(1+7) (5.29)

r2

O mpoypappoatiopds g dvvoung yivetor oto opyeio rk2_yu.f90 xotd
OTTOAVTY AVOAOYLOL LE TNV TTPONYOVUEVY] TEPITTWOY. Tor amoteAéopata
QaLlvovToL OTo OYNUOTO
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Syfue 5.13: H ovvdpton b(6) yio 1o Suvauind e Zxéone (b.27) yro Stapopetinée
TLHES NG aE)Lxng ToxOTNTaS v. 'Exovpe emiAéEel a = 1 xow 1 ohoxApwaon yivetol oe
4000 Brpoto amd t; = 0 éwg ty = 40 pe z(0) = —5.

5.5 Ileptocotepa Lwpoatioto

2NV TAPAYEOUPO AVTY] YEVLXEDOLUE TN LEAETY TWY TTRONYOVULEVWY TTAOO-
Yoopwy Tpocbhétovtag 0To SLVUULXEG CUOTNUO TTOL UEAETAUE TTEPLOGO-
Ttepoug Pabpodg eAcvbepiog. O aptbuds Twy Suvoutxwy eELoWoswy TOL
€YOLULE Vo AOGOVLUE AVEAVEL, OTTOTE Hor YEVIXEDOOLUE TO TTPOYPAUUL OAO-
xMpworng pe ™ pébodo Runge—Kutta 4ng taEng yio avbaipeto aplbud
eElodoewy NEQ. Qo eENYNOOLUE GTOV AVOYVHOTYN TS VO XAVEL OVVOUULXY)
exydonon wiuns (dynamic memory allocation), étor dote va xabopi-
Cetow Suvopxd Otow TEEYXEL TO TEOYPAUUD, O XWEOS GTN UVAUY YLOL TO
arrays mou eivor amopalitnro yia Tig NEQ ocuvopTNoELS TTOL OAOXANPW-
VOUULE.

MéypL TWPa YENOLLOTOLOVOOUE OTATIXY) exyWdonon uviuns (static
memory allocation). Avtd onpaiver 4Tt 0 LETAYAWTTLOTAG YVWELLEL T
OTLYUN] TNG UETOYAWTTLONG TO HEYEDOg TwV YPNOLULOTOLOVUEVWY arrays.
Mo Tapdderypo, oto TEdYpaupa rk2.£90 opilape TNV TOEAETEO P vou
EYEL ULor OEOOUEVY] TLUY], XOL TOL arrays ONAWVOVTOY [LE TLG EVTOAEG:
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100 ¢ - . . . . .

10 fh

a(6)

al |

0.01 L . . . T ]
o 05 1 15 2 25 3 35

Syhuo 5.14: H ouvépmon o(6) yio to Suvapxd e Syéong (6.27) yio Stapopetinéc
TLEG TNG oEYLxng ToxOTNTaS v. ‘Exovpe emiAéEel a = 1 xow 1 ohoxAfpwoy yivetal oe
4000 Brpoto amé t; = 0 éwg ty = 40 pe 2(0) = —5.

integer ,parameter :: P=1010000
real (8) ,dimension(P):: T,X1,X2,V1,V2

Avtd onpaiver Twg oy BeAnoovpe vor aAAGEovpe To P, TRETEL Vo pLETO-
B&AAoLYE TNV TLUY TOL GTOY TTNYORLO HWILKA KOL LETA VOL EQVOUETOYAWT-
tloovpe. Me 1 SUVOELLXY] EXYWENOY TNG UVNULNG, LTTOPOVILE YO TTAPOVLE
™V TN ToL aELthrod Twv ypovixwy onueinwy Nt, xabwg xot tov aptbud
Ty eElowoswy NEQ, oty TPEYXEL TO TPOYQPAUU %Ot Vo {NTNOOVUE T
TO AELTOLEYLXO GOGTNULO TNV ATTOROLTNTY UVNULY], 0XOU OL TLLES TOUG Yi-
youy YvwoTéc. [t va yivel autd, Tpémetl vo Tpoodtopioovue to shape Twy
arrays (téoovg deixteg €x0VY) oL VA TOLG SWOOLIE TOV TPOTSLOPLOUO
allocatable. Tote YUmOPOVE OE OTTOLASNTOTE GTLYUN VO {NTNOOLUE TN
UYNUN TTOL ATTOLTELTAL XOADYTOG TN ovvaETnon ALLOCATE. ‘Eva mopd-
JELYLOL QOLVETOL TTAOOKATE:

integer Nt,NEQ

real(8) ,allocatable T
real(8),allocatable :: X
real(8) ,allocatable X

(:) ! Rank—1 array
(:,:) ! Rank—2 array
(

0(:) ! Rank—1 array
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Syfuor 5.15: H ovvdpton b(f) yia to Suvapixd Yukawa yior SLopopeTinég TLEG TG
oEyLxNg ToxvTTog v. 'Exyovpe emiAéEel a = 1, k = 1 xat  oAoxApwaon yiveton o 5000
Brivoto amo t; = 0 éwg ty = 30 pe x(0) = —50. Aiveton ouyxpttind n oxéon (b.24) ¢
oxédaong Rutherford amé tig xapmdieg popraptopéveg wg cb.

read *,Nt

call finit(NEQ)
allocate (X0(NEQ))
allocate (T(Nt))
allocate (X(Nt,NEQ))

(compute with X0,T,X)

deallocate (X0)
deallocate (X )
deallocate (T )
(X0,T,X are not usable anymore)

subroutine finit(NEQ)
NEQ = 4
end subroutine finit

2TOV TIOPOTIAVE XWOOLXX, ONAWYOLUE TOL arrays vou €xovy Tny LOLOTNTO
allocatable xat ytor xabe “:” éyovpe éva deixtn. ‘Etor ta arrays T,X0
éxovv éva deixtn (rank-1 arrays) xor to X éyet 800 deixteg (rank-2
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Syfuor 5.16: H ouvéptnon b(6) yiow to duvapind Yukawa yio StopopeTinés TLLéG TG
“€xtaong ” a g dVvaurg. ‘Exovpe emuhéEel v = 4.0, k = 1 xo 1 ohoxAfpwaoy yiveTon
oe 5000 Bruata amd t; =0 wg ty = 30 pe z(0) = —50.

array). Xt oLVEYELR, {NTAUE TLC TLEG Yo Tig petafAntég Nt, NEQ amd
TO XPNOTN XL ol TYY LTOPOLTIVAL finit o XOXAOVUE TN CLVAPTNOM
ALLOCATE ytot vor {nTfoeL omtd TO AELTOVEYLXO GO TYULO TV EXYWENON TNG
{NToVUEYNG UVUNG YLOL TOL OTOLYELO TWY arraysﬂ. Av 1 exywonon uvnung
Yiver pe emituyio, UTTOPOVE VO X OYOLLOTIOLYIOOVUE TO. arrays Omws xéi-
vope péyol twpa. Otayv S ypeltaldUaoTe TLo T arrays, ETLOTPEPOVE TN
UYNUN TTOL {NTNOOUE GTO GVOTNUN UE TNV oLVEPTNOY DEALLOCATE. Av to
OLEAOOVLE KOl {NTOUE UVNLY] OVEEEAEYHTOL Y WPELG VO TNV ETILOTPEPOVLE,
Gtay oty dev eivon Tor avoryxadon (Ay. og pLor emavahouBovopevn dro-
duxaoia), T0 TEOYPOUUE LOG LTTOPEL YO TTOPOVOLAOEL TG TTOL AéYETOL
“Stoppoég pviung” (memory leaks). H dvvautxy exydoenon uviung ei-
vot TTOAD BoALxY], oAAG Bow TPETEL Vor ONUELWTOVIE GTL OE LTTOAOYLOLOVG
VPNAGY emtddoewy (high performance computing) 7 otortixn exydonon
UYNUNG TTOPEL YO OONYNOEL OE TTROYQAUULOTO TTOV TPEYXOLY TTLO YPNYOQO.

Meta amd oo, oL AAAXYES TTOL TTPETEL YOU XAVOLUE GTO TTROYOOUULILOL

“Yrobétovpe mwg tar Nt, NEQ éyxovv Oetixég Tipég xow n puvAun mov {nrdpe eivor
otabéotun. Ilto owotd Bo €mpeme va dhoovpe Ty evToAn allocate (T(Nt) ,STAT=IERR)
X0 LETE Vo EAEYEOLUE TNV ExYWENON KE TNV evTOAN IF(IERR .eq. 0) STOP 'Memory
allocation for T failed'.
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dev elvar onpovtixés. Qo ypdovpe T0 xVPLWG TEOYPAULO GTO XPYELO
rkA.£90, eve) O xwdixomotnoovpe TG SuVoULXEG EELOWOELS OE GLYOJED-
TG OPYELO UE GVoa TNG LOPONG TRA_XXX. £90. XT0 TEAELTALO, O XEPNOTNG
bo Tpémel va Tpoypoppatiost po vropoutive £(t,X,dXdt) 7 omola Ho
Tolpvel 0Ty L0080 TN XEOVIXY OTLYUN] t oL TLS TULEG TWY LTO OAO-
xA\Mpwaon cuvvopTtnocwy X(NEQ) xar Bo diver otny €Eodo Tig TLpéS TwV
TOEOYWYwY Tovg dXdt (NEQ) 10 ypovixy otiyun t. Emtiong, n ocuvaptnon
finit (NEQ) Oo Oéter tov apLhud twv eklowoewy g £ xot v omoio O
XOAELTOL Lot POPA GTNY OPYY] TOL XVELWG TTPOYPAULOTOG.
To xvpiwg TPdypaupa, Tov Bpioxetol 0To OPYELO rkA.f90ﬁ elvou:

!

!Program to solve an ODE system using the

'4th order Runge—Kutta Method

INEQ: Number of equations

!User supplies two subroutines:

1£(t,x,xdot): with real(8) :: t,x(NEQ),xdot(NEQ) which
!given the time t and current values of functions x(NEQ)
!it returns the values of derivatives: xdot = dx/dt
!The values of two coupling constants ki1,k2 may be used
!in f which are read in the main program and stored in
!common /couplings/k1,k2

1finit (NEQ) : sets the value of NEQ

!

!User Interface:

'k1,k2: real(8) coupling constants

INt,Ti, Tf: Nt—1 integration steps, initial/final time
1X0: real(8),dimension(NEQ): initial conditions

! Output:

IrkA.dat with Nt lines consisting of: T(Nt) ,X(Nt,NEQ)

!

program rk2_solve
implicit none
real(8) ,allocatable :: T
real (8) ,allocatable :: X
real(8) ,allocatable :: XO
real(8) :: Ti,Tf
integer :: Nt, NEQ,i
real (8) :: k1,k2
common /couplings/k1l, k2
!We need explicit interface, since energy has

lassumed—shape arrays as arguments.
INTERFACE

*¥10 guvodeuTixd AoyrouLxd Bo Bpeite ko Tow opyeton TkN. £90 xow rkN_XXX.£90 mov
Selyvouy TS UTTOPEL VoL YIVEL O TTPOYQAUUOTLOUOG UE OTATIXY] EXYWENON UVAUNG.
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real (8) function energy(t_intrf,x_intrf)
implicit none
real(8) :: t_intrf,x_intrf(:)
end function energy
END INTERFACE
!Input:
print *, Runge—Kutta Method for ODE Integration.’
!Get the number of equations:
call finit(NEQ);allocate (X0(NEQ))
print *, 'NEQ= ° ,NEQ

print *, Enter coupling constants:’

read *, ki1,k2

print *,'ki= ’ k1, k2= ’ k2

print *, Enter Nt,Ti,Tf,X0:~

read *, Nt ,Ti,TF,XO0

print *, Nt = ° Nt

print *, Time: Initial Ti =’,Ti,’ Final Tf=’,Tf
print ’(A,2000G28.16) ", X0 =’,X0

allocate (T(Nt));allocate (X(Nt,NEQ))
!The Calculation:

call RK(T,X,Ti,Tf,X0,Nt,NEQ)
!Output:

open(unit=11,file="rkA.dat’)

do i=1,Nt

write (11, °(2000G28.16) *)T(i) ,Xx(i,:) .&
energy(T(i) ,X(i,:))
enddo
close (11)

end program rk2_solve
!

! Driver of the RKSTEP routine
!
subroutine RK(T,X,Ti,Tf,X0,Nt,NEQ)
implicit none

integer :: Nt,6NEQ

real(8) ,dimension(Nt) 0 T
real(8) ,dimension (Nt ,NEQ) :: X
real (8) ,dimension (NEQ) S (0
real(8) :: Ti ,Tf

real(8) :: dt

real(8) :: TS,XS(NEQ) !values of time and X at given step
integer :: i

!Initialize variables:

dt = (T£f-Ti) /(Nt—1)

T (1) =Ti

X (1,:)= X0

TS = Ti

XS = X0

!Make RK steps: The arguments of RKSTEP are
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!replaced with the new ones
do i=2,Nt
call RKSTEP(TS,XS,dt,NEQ)
T(i) = TS
X(i,:)= XS
enddo
end subroutine RK
|
!Subroutine RKSTEP(t,X, dt)

!Runge—Kutta Integration routine of ODE
!

subroutine RKSTEP(t,x,dt,NEQ)
implicit none

integer :: NEQ

real(8) ,dimension(NEQ) :: x

real(8) :: t,dt,tt

real (8) ,dimension(NEQ) :: ki1,k2,k3,k4,xx

real(8) :: h,h2,h6
!We need explicit interface, since f has assumed—shape
larrays as arguments.
INTERFACE
subroutine f(t_intrf,x_intrf, xdot_intrf)
implicit none
real(8) :: t_intrf
real (8) ,dimension (:) :: x_intrf,K xdot_intrf
end subroutine f
END INTERFACE

h =dt 'h =dt, integration step
h2=0.5D0*h !'h2=h/2
h6=h/6.0D0 !'h6=h/6

call £(t ,x ,k1); xx
call f(tt,xx,k2); xx
call f(tt,xx,k3); =xx
call f(tt,xx,k4)

x + h2*kl; tt =t+h2
x + h2*k2; tt =t+h2
x + h *k3; tt =t+h

t =t+h
x =x +h6*(k1+2.0D0*(k2+k3)+k4)
end subroutine RKSTEP

Noa emteEnynoovpe pepixég Aemtopépetes. llapatnpnote ™ ypnon sections
TV arrays:

write (11,°(2000G28.16) *)T(i) ,x(i,:)
X(1,:)= X0
X(i,:)= XS
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Mopamavew X (1,:) elvar oAOxAnpon 1 TEWTY Yeoouun tov array X, 7
omolo efvor conformable pe to array X0, xat 7m omolo tibetar otoryeio
P0G oTotyelo (om pe to array X0. AnAodn X(1,1)=X0(1), X(1,2)=X0(2),
, X(1,NEQ)=X0(NEQ). ITotpopoiwe, n evtoAn write(...) X(i,:) Tvo-
TWOVEL OAOXANON TN YOOUUN 1 Tou X, eved M evtoAn X(i,:)= XS OéteL
X(i,1)=Xs(1), X(i,2)=XS(2), ... , X(i,NEQ)=XS(NEQ).
Eriong mopatnpnote Tig SLovuopatixég TPAEELS

x + h2* ki
x + h6*(k1+2.0D0*(k2+k3)+k4)

XX

X

mov efvor Loodvvapeg pe tao do loops

do i=1,NEQ

xx(i) = x(i) + h2* k1(i)
enddo
do i=1,NEQ

x(i) = x(i) + h6*(k1(i)+2.0D0*(k2(i)+k3(i))+k4(i))
enddo

TéAog, Oa eEnynoovpe v €vvora tov INTERFACE block. Tig ovvap-
TNOELG UEYPL TWEN TLS ONADYOUE GTO XAAOVY TROYQOULUN, ONAWDYOVTOG
OTTAG TOV TOTO TNG TLUNG TTOL ETECTPEQPAY. XE UEPLXES TEQLTTWOELG,
6T €86 6TTOL €)0LY WG opiopato (dummy arguments) arrays oL 3ev
elvor Yvwotd mapd pévo to shape toug (assumed-shape arrays), o pe-
TYAWTTLOTYG Y PELALETOL TTEPLOTOTEPT TTANPOYOopia. [Tpémerl vaou dwhoovpe
Toe oploparta, Tovg TVTTOLS TOoLg xabwg xa To shape touvg av elvor arrays.
"Etotl, o xébe mpdypoppor ToL XOAEL TG CLUVAPTNOELG AV TEC, TTPETIEL VO
BéAovpe évor INTERFACE block mou vo Sivel Tig Topamdve TANeoQopies.
Edw, yra tig ovvoptioetg £ xo energy to INTERFACE block efvor

INTERFACE
!

subroutine f(t_intrf,x intrf,xdot_intrf)
implicit none

real(8) :: t_intrf

real (8) ,dimension (:) :: x_intrf,h xdot_intrf
end subroutine f

real (8) function energy(t_intrf,x_intrf)
implicit none

real(8) :: t_intrf,x intrf(:)

end function energy
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1
END INTERFACE

Mmopeite va dnutovpynoete apyeio e ovopoto OTws A.y. interfaces. inc
oL Vo €xeL opadeg amtd INTERFACE blocks ot v to etodyete oe xdabe
QPOLTLYO TTOL TLG XPEMNOLLOTOLEL LE TNV EVTOAY include "interfaces.inc".

m
3

Zynuoe 5.17: Tola ocwpatidio iStag pélog xtvodvtor LT Ty emtidpoon TN BAPLTIXNG
dvvapung Tov aoxel To évor 0To Ao (] iBov PopTiov pe TV ETIBPAOY OTWOTINAG
nAextpoototinyc Svvaung). To meoBAnuo Adveton apLBunTixd 0TO0 TEGYEOLLO. TTOL
Boloxetor oto opyelor rkA.£90, rkA_3pcb.£90.

[Tpoywpdpe tpo vor Adoovpue €var oLYXEXPLLEVO TTEORANUO. Oewp1)-
ote 6t Tplan owpatidta (dlag palog xvobvtal LTO TNV TGP0 TNG
Boputindc dVvoung mov aoxel To éva oto GANo (] (Stov opTiov pe
TNV ETUSPOON ATTWOTLXAG NAEXTPOGTOTLXNG SVVOUNG) OIS POLVETL GTO
oy .17, H Suvéueic mov aoxobdy 1o éva 6to dANo eiva

= k
Ej = m_317?ij7 7’7] = 17273 (530)
e,
6mov ky = —Gm xow oL eEtowoelg xivnong yivovtar (i =1,2,3)

3

dCL’Z‘ dvm Ty — Ty
L L ID D

re.
j=lgAi

dy; dviy ~ yi—y
di = Uy W = k‘l Z T3 s (531)

j=Lg#i Y
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we 17 = (zi—x;)° + (i — y;)*. H ouvoluxi] evépyeta Tov ouoTHPATOS Elvart

3
1 k
E/m = 5(v%+v§)+ E -1, (5.32)

. " T
ij=lg<i

[Mpoypoppotilovpe Tig TOPATAVEL OYETELs 0To op)eio rkA_3pcb.£90, Ta
TIEPLEYOULEVO TOL OTTOLOV BLVOVTOL TTHOORATW:

!

!Sets number of equations
!
subroutine finit(NEQ)
NEQ =

end subroutine finit
!

!Three particles of the same
!mass on the plane interacting
!via Coulombic force

!
subroutine f(t,X,dXdt)
implicit none

real (8) :: k1, k2

common /coupllngs/kl k2

real(8) :: t,X(:),dxdt(:)

!

real(8) :: x11,x12, x21,x22,x31,x32
real(8) :: vi1,v12,6v21,v22,v31,v32
real(8) :: ri12,r13,r23

!

x11 = X(1);x21 = X(5);x31 = X(9)
x12 = X(2);x22 = X(6);x32 = X(10)
vil = X(3);v21 = X(7);v31 = Xx(11)
v12 = X(4);v22 = X(8);v32 = x(12)

!

r12 = ((x11—x21)*(x11—x21)+(x12—x22) *(x12—x22))**(—3.D0/2.D0)
r13 ((x11—x31)*(x11—x31) +(x12—x32) *(x12—x32) ) **(—3.D0/2.D0)
r23 = ((x21—x31)*(x21—x31)+(x22—x32) *(x22—x32))**(—3.D0/2.D0)

!

dxdt (1) = vi1

dxdt(2) = vi2

dXdt(3) = k1*(x11-—x21)*r12+k1*(x11—x31)*r13 | all=dvil/dt
dXdt(4) = k1*(x12—x22)*r12+k1*(x12—x32)*r13 ! al2=dv12/dt
!

dxdt(5) = v21

dXdt(6) = v22

dXdt(7) = k1*(x21-—x11)*r12+k1*(x21—x31)*r23 | a21=dv21/dt

dXdt(8) = k1*(x22—x12)*r12+k1*(x22—x32)*r23 ! a22=dv22/dt
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|
dxdt (9)

= v31
dXdt (10) = v32
dXdt(11) = k1*(x31—x11)*r13+k1*(x31—x21)*r23 ! a31=dv31/dt
dXdt(12) = k1*(x32—x12)*r13+k1*(x32—x22)*r23 ! a32=dv32/dt

end subroutine f
|

real (8) function energy(t,X)
implicit none

real(8) :: kil ,k2
common /couplings/k1l,k2

real(8) :: t,X(:)
|

real(8) :: x11,x12,x21,x22,x31,x32
real(8) :: vi1,v12,v21,v22,v31,v32
real(8) :: r12,r13,r23

|

x11 = X(1);x21 = X(5);x31 = X(9)
x12 = X(2);x22 = X(6);x32 = X(10)
vil = X(3);v21 = X(7);v31 = X(11)
vi2 = X(4);v22 = X(8);v32 = X(12)

|
r12 = ((x11—x21)*(x11—x21)+(x12—x22) *(x12—x22))**(—-0.5D0)
ril3 ((x11—x31)*(x11—x31)+(x12—x32) *(x12—x32) ) **(—0.5D0)
r23 = ((x21—x31)*(x21—x31)+(x22—x32) *(x22—x32) ) **(—0.5D0)

!

energy = &
0.5D0*(v11*v114+v12*v124+v21*v21+v22*v22+v31*v31+v32*v32)
energy = energy + k1*(ri12+r13+r23)
end function energy

Mo voo to Ttpékete xaL yiow vou Oe(TE TOL OTTOTEAECUATO UEAETNOTE TLG
EVTOAEC 0TO OeVAPELO PAOLOV rkA 3pcb.csh. Evdewxtixd exteAéote v
EVTOAN

> rkA_3pcb.csh —0.5 4000 1.5 -1 0.1 1 01 -0.1 -1 0 0.05 1 0 —1

mtov Bow TPEEeL To TEbYPoupa Yo k1 = —0.5, 71(0) = —2 + 0.1y, 9,(0) = z,
#(0) = & — 0.17, %(0) = —2, 7(0) = 0.053 + ¢, 5(0) = —g, Nt= 4000 xou
t;=15.
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5.6 Aoxuvoclg

5.1

5.2

5.3

0.4

5.5

5.6

5.7

5.8

Avamopayete Tot ATOTEAECUATO TWY ZYNUATOY @ %o @ -
TXOLVETE Tl ATTOTEAECUOTA GOG UE TNV YVWOTN AVOALTLXY] AVo.

[Mpoypoppoatiote ™ dVvoun mov archdvetol QOPTLOUEVO GWUOTL-
JL0 OE OUOYEVEG LaYYNTLXO TeSi0 B = Bk o UEAETNOTE TNV TEOYLE
Tou Yo U(0) = vo, & +vo,y. e (0) = 1,y(0) = 0, vy, = 0 vTOAOYiOTE
™V oXTIVOL TNG TEOYLAG XOL QTLAETE YOAPNUO TNG OYEONG OXTIVOLGS
TEOYLAG KO V. ZUYXPIVETE UE MUTO TTOL OVOUEVETE ATTO TOY OV~
ALTLXG vToAoYLoUG. (M7 oYETLULOTIXOC VTTOAOYLOLOC)

MEAETAGTE TOV AYOUOLOYEVH OLPUOVLXS TOAWVTWOTA a, = —Wix, a, =
—wiy. Avoropdyete Tig xoumOleg Lissajous moipvovtog z(0) =
0,y(0) = 1,0,(0) = 1,v,(0) =0, t; =27, w3 = 1, w} = 1,2,4,9,16, .. ..
Tt yivetow dtov w? # nws;

Avamopdyete to amoteAéopota Tov mtivaxe b1 kot twv Zynuétwy
@ %o @ OtLékre daypappo (Ina,InT) xow vroroyiote TNy
xAlom g evbelog ov Bo Tpoxvdher pe ™ pébodo Twy eAayioTwy
TeTpoYWvwy. Elvar avty mov mepipévete; Ymohoylote to onuelo
TOUNG KE TOV XOTOXOPLPO AEOVOL X0l CUYXPLVETE TO OTTOTEAECUA
O0G LE TO OVOULEVOUEVO.

YTTOAOYLOTE TN OTPOPOPUY] WG TTPOG TO XEVTPO TNG dVVOUTNS o€ xabe
Buor OAOXANPWONG OTNY TTACYNTLXY X{VNOY KOl LEAETVOTE OV TTOAY -
pott Stotnpeitot. AstEte avaAvTIXd, OTL 7 SLATNENON TNG TTEOPOP-
UNg ovveTayeTol 6TL TO Stavuopo BEang ToL TTAXYNTY COPWVEL ETTL-
@aveLo pe otobepd pvhuo.

YmoAoytote apltbuntind ™y ToyxdTyToe dtopuyNg ve Yiow GM = 10.0,
y(0) = 0.0, zo = z(0) = 1 pe Tov axdérovbo TtpoTO. AciEte OTL
v = —GM(1/a) + v2. Mépte v,(0) = 0, v,(0) = vy. Metafdrete
™V v,(0) = vy %ol PETPNOTE TOV avtioToLo a. AT6 T0 onueio oL
TEUVEL TOV AEOVOL TWY Y DTTOAOYLOTE TNV Ve.

EmavoAdBoate v mponyoduevn doxnon yia xo = 0.5, 1.0, 1.5, 2.0,
2.5, 3.0, 3.5, 4.0. A6 ™ Ypoupixy Topdotoon ve = f(1/xg) emife-
Bowwate ™ Tyéon (5.14).

EEetdote av yia Ty xAstoTi] Tpo)L& Tov TAavnTY e GM = 10.0,
z(0) = 1, y(0) = 0.0, v,(0) = 0, v,(0) = 4 oydeL N opilovoa L3LéTNTO
™™g EMewdng F1 P+ Fy P = 2a. Q¢ onpelo F| O TapeTe T0 X€VTPO TNG
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Svvoung xo opod TPoadloploete apLbuntixd to a Bo ThpeTe Wwg Fh
T0 oNUELD TTOL VAL CLUUETOLXO WS TTPOG TO XEVTPO TNG EAAELDTG.

Oeswpnote ™Y %YNON TAGVNTOY COUQEOYN UE TNY TTEONYOVUEYN
aoxnom. E@apudote otiyptaio kdbnon oty epamtopevy dtevbovor
NG TPOYLAGS, OPOD O TTAAYNTYG EXTEAEDEL TEPLTTOL 1/4 Tng TPOYLAS
Tov. I16c0 evotabdric eivor 1 TpoxLd oty WHnNom (SnA. Tora eivor 7
eEdptnon tne TpoyLég otd To péyeboc/Sidpxeta tne KwOnong); Ena-
VoA&PBoate TNy avaAvon 6tay 1 whnon eivor oty xébetn dtedbuvon.

Oewpnote 10 duvauLrd ox€daorg TolLTEOVLOL—LEPOYOVOL TNG TYE-
one (6.26). dTLGETe ™ Yooy Tapdatacn T cuv&eTnone f(r)
xo06dg xow g V(1) Yo SLoepopeTiég TLEG TOU a. Y'ToAoyioTe opLh-
UNTLXA TY) GUVOALXY] EVEPYO SLOTOUN T X0 OlETE OTL elvor Lom pe
ma’.

Oewpnote to duvautxd Morse ov ypnotpomoleiton o LOVTEAX SLo-
TOULXWY LOPLwY:

V(r) = D (exp(—2ar) — 2exp(—ar)) (5.33)

we D, a > 0. Aboate apltbuntixd to mpéBAnuo opyixd otn piow dia-
OTOOM ROl CUYXPIVETE UE TLG YVWOTES VOAVTIXEG ADOELS YLo EVEQ-
Yewo B < 0:

o = i { D — /D(D — |E|) sin(at\/2[E|/m + C) } (5.30)

a B

Ke ™ oTtobepd OAOUANPWONG v SLVETOL (G GLVAPTNOY TNG EYLUNG
0gomg xaL tng evépyeLag amd

D — |E|e**
VD(D —[EJ)
H xivnon eivor teptodixn pe mepiodo mov eExptdtal amd TNy eVEQ-

vewo = (m/a)\/2m/|E|. T E > 0 éyovpe
o0 = tin { VD(D + E) cosh(at\/2E /m + C) — D} (5.36)

a |E]

C =sin~! ) (5.35)

eve Yoo £ =0

2
z(t) = éln {% + Dﬂf (t+ 0)2} : (5.37)
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5.13

5.14

5.15

5.16
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X1ig teAevTaieg oyéoetg M otablepd oAoxAnpwong C' divetal amd
GM oxéon ko 6yt amd v (6.35). Mehethiote v xivnon oto
XWDPO TWV PACEWY (T, ) xo LEAETNGTE TN LETAPOGN OO ALVOLYTEG
0E XAELOTEG TPOYLEG TOU CUGTNULOTOG.

2Ty TEONYoVEVY] doxnon Bewpnote Tov 6po Tov gvePYOL duvo-
wxod Vipe(r) = 12/2mr? (I = |L)). Kévete ) Yoo mop&atao
™G ovvaETONG Vi (r) = V(r) + Vepp(r) ytao D =20, a = 1, m = 1,
[ =1, puowd yra r > 0. Ilpoadiopiote 0 HBEam LooppoTiog xol ™y
EVEQPYELOL LOVLOWLOD.

MeAetnote apLbuntixd tig Aoetg x(t), y(t), y(z), r(t) oto eninedo
o E > 0, E =0, xouw £ < 0. Xty TeAevtoior TEPITTWOY UEAE-
T™oTE o To TPEOPBANUa oxédaong, LTOAOYILoVTOG oELOUNTIXA TV
ovvéptnon b(6), o(f) xow TN GLVOALXN EVERYO SLOTOUT Tyt

Ocwpfiote ) dovaun F(r) = f(r)7 6mov f(r) = 24(2/r13 —1/r7) q
ool elvail LOVTEAO LOPLOXOD SLYOLLXOV. YTTOAOYLOTE TO SLYOULXO
V(r) xow xQvete TN YOOUPLXY TopAoTaoT NG oLVEETNONG Vi (r) =
V(r) 4+ Vers(r). HHpoodropiote 0 Bom tooppomiog kot tnv evépyeta
LOVLGLOD).

MeAetote 10 TPOBANUa oxédaomg, vToAoyilovtag apLtbuntind ™
ovvéptnon b(6), () xow ) oLVOALXN EVEEYO SLaTOUN Otpr. [16GO
eE0PTATOL O DTTOAOYLOROG OOG ATTO TNV EAGYLOTY YWViot OXEDAOYG;

MeAethote Ty %xiynon owpartdiov VTG TNV ETLBPOON EAXTIXNG XE-
vTowrc Svvaung F = —k/r3f. EEgtdote pe moteg apyixéc ouvhvxec
TO{PVETE OTELPOELDN] TPOYLAL.

YToAOY{OTE TY] GUVOALXY] SLOPOPLXY] OLUTOUN Tppr OVAAVTLXE KOLL
vToAoYLoTLXA Yo TNV oxédaom Rutherford. Tv mopotnpeite oty
optBuntind vmoAoytouévy TLun, xabwg petofdAete Tar dpLa NG
OAOXANPWONG;

Foddte mpdypappo mov B LOAOYILEL TNV TEOXLE POPTLOUEVOL
owpotdiov, 6toy awTd xveltar oe NAextELxd Tedio Coulomb mov
dnpLovpyeltorl amd N oxivnTo ONUELOXE NAEXTOLXA (POPTLOL.

AVote 10 TPOBANUA TWY TELWOY CWUATWY TTOL AVVETOL GTO XELULEVO
070 apyelo rkA_3cb.£90 otnv mEPITTWON TTOL €YOoLUE TPLO POPTIOL
JLopopeTinod peyébouvg xot TEGoNUOL

Abo ocwpotidia (ong palag xor @optiov (oov KETPOL XLYOVVTOL
TAvw oTo emtinedo xy péoo o otabepd poyvntixd medio B = BZ.
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EmAdote g e€lowoelg xivnong tov ovotiuotog pe N pébodo
Runge—Kutta 4n¢ taEng. Avamopootiote YOOQLXE TLS TPOYLES TwY
COROTLOLWY YLor o) LXEG ouVOTxeg TToL O eTtLAéEETE.

Tolo cwpatidia tong palog m cvvydéovtol UE TTOVOUOLOTUTIOL EACL-
ota otabepdic k xo uoLxod unxouvg [ xot xtvodvtol Ywels TEL-
Béc mhvw oe optldvtio eminedo. EmtAbote Tig eElovdoelg xivnomg
ToLv cvoTHUaTog pe T Uébodo Runge—Kutta 4ng taEne. Avaroapo-
OTNOTE YOOPLXA TLG TEOYLES TWY CWUATLOLWY YLor apyLXES cLYOT-
xeg Tov Oo emiAéEete. (YddetEy: Acite tor apyeion rkA_3hoc.£90,
rkA 3hoc.csh)

y
X
~ mg
m g

Zynuo 5.18: Ao owpdtio (dtag LAlog OTNELYUEVO OTA GXEO. AETTTOV o ooy
PaBdwy unxovg | ovvdéovtor pe aBapéc Ldavixd eAaTNELO oTabepds k xotl QLOLXOV
punxovg I. To onpeion oavéptnong twv paRdwy eivor otabepd xal améyovy anéotaoy |
(Aoxnon B.RO.

5.20 Ado owpdrtia (Stag wélag eivol oTNELYUEVO OTA BXPO AETTTWY %O

oPBoprdv p&fdwy unxovg | xor cvvdéovtal pe afopég LOaVLXO EAT-
™pLo otabepdcg k xal QUOLXOL UNxovLS | OTIWS GTO oYL . To
onuelor avdpTNomng Twv PaBdwy slvar otabepd kot améyovy amd-
otaon [. Ymoloylote ™ Lagrangian touv cuotiuotog xot amd owt
Tig eklodoelg xivnomg yio Tig Ywvieg 01 xow 5. Adote opLtbuntixd
Tig eElowoelg avtég pe ™ pébodo Runge—Kutta 4ng taEng xow ot
OULVEYELO OVOATTOPOOTNOTE TLG DEdeElg Twv GV0 EXXPEUWY O XOPTE-
OLOVEG OLVTETOYUEVES XOL XAVETE TN YOUPLXT TTHOACTACY TNG TOO-
¥Lag. Now Tor XAVETE AUTA YLOL TOUG XOAYOVLXODS TPOTTOVS TOUAAYTWOTG
TOU GLOTNUOTOG YLOL ULXPES TOAVTWOELS B < 0.1 %o oTn cLVEYELDL



304 KE®AAAIO 5. KINHXYH XTO EIIIITEAO

TopotnERoTe T Yivetow xabwg M ywvio avgdver. (YédetEn: Acite
o opyeilor rk_cpend.£90, rk_cpend.csh)

5.21 EmavoAd&fete tqv mponyoluevy) doxnoy 0to Ta onUELo avapTNong
TWY 000 EXXPEUWY UTOPOVY va oAlgbalvovy ywpic TELREg Tavw
otov dEova Twy .

5.22 EnavoAéfete v doxnon E@ mpoobéTovtag €var TPLTO EXXPEUES
dekLd Touv devtepov oe (Sl amboToo (.



KEDAAAIO 6

Kivnoyn 6to Xwpo

270 xe@AA0L0 oVTO Oor pEAETNOOLUE TNY %IVNON CWUATLIIOL OTAY OVTO
xLvelton 670 YWpo (tpeig draotdoelc). Oo cEeTdooLpE TNY TTEPITTTWON TNG
UN OYETIXLOTIXNG OAAL 0L TNG OYETLXLOTIXNG XIVNomg 6Tay 1 ToxOTNTO
TOL OWPATLOLOL TTANOLALEL TNV TOYXDTNTO TOL PWTOS GTO %xeVO. Qo xpnotL-
pwomotnoovpe ™ wébodo Runge-Kutta puébodo ue mpoooppolbuevo Bruo
hnc-5ng téEng (ev ovvtopia RK45) yponotpomoldvtog AoyLoptxd oo dto-
tibetor o amobetpola Aoyioutxod. XTn oLYXEXPELUEVY] TtepimtTtwon OHa
xonolpomotmoovpe Aoytoutxd eAedbepa Stabéotpo amd to amobetrpLo
(repository) www.netlib.org, xat o ovYXEXQLULEV TY] oOVLITOL rksuite
twv R.W. Brankin, I. Gladwell, and L.F. Shampine [3§].

Xtoyxog ToL xe@OAaiov elvar va pabete vo avalntdte Adoelg ota
TPOPRAMUOTE oog artd AoYLoptxd mov dtatibetor amd dANOLS TEOYEOU-
LOTLOTEG KO YOU OTTOXTYOETE EUTELPLOL GTO TG Vo BploxeTe TNV TTANEO-
POPLO, TG VO TO YPNOLULOTIOLNOETE XOL TG VO TO CUVOECETE UE TO OLXO
o0G TPOYPOUUO. XTO TENOG, Do ExeTe o €var EQYAAELD XOANG TTOLOTY-
TG Yoo voo Abvete tpofAnuata pe ™ pébodo apltbuntinig ohoxAnpwaong
Runge-Kutta pe mpooappolduevo Prina, pébodog mouv ypnotpomoreitot
oTté TTOAAOVG EQEVLYNTEG.

305
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6.1 Runge-Kutta o7tig Tpclg Stasthosle.

2TLG TPELS OLAOTAOELG, TO TEOBANUO COYLXWY TLUWY TTOL €YOLUE VO AD-
couye divetar and o abotnue (.6)

dx dvu, (t )

— = Ug = Qg (U, Ty, Vg, Y, Uy, 2, Uy

di di by

dy dv, (t )

— = =a Ty Vg, Y, Vy, 2, Uy

dt Yy dt Y\ & y )

d dv,

d_'; =, c;; = a,(t,x, v, Y, 0y, 2,0;) . (6.1)

21y mepintwon avt) Ha yponotpomotnoovpe yiow aLENUEVY] axplBeta
xol VYPNAGTEPN aTtddoom €vay akyopLiuo tng owxoyévetag Runge—Kutta
ne TPooopPolopevo éleyyo Brnatog (adaptive stepsize control). o Ae-
TCTOUEPELES TTAPATTEUTTOVILE TOV avoryveyotn oto BiBAio [30]. Xxomdg pog
€0 dev elval var aVoAOGOVLE TO CUYXEXQLUEVO OAYOELOLO, OANG Vo eEoi-
oxnbodue otn YENON TEOYPAUUATWY TOL €XOLY YOAPEL GAAOL YLoL TO
OUYXEXPLLEVO TPOBANULOL TTOL EXOVLUE VO ADOOVLE.

DvoLxd, TO TEEWTO TTOL €YOLUE VO XAVOLUE ELVOL VO TTPOGOLOPLOOVILE
TO XOTAAANAO AOYLOWLXO YLo TO TTPOG AVaY TPOPBANua. o To Adyo avTd,
ovaAoYo UE TN OLVOXOAL TOL TPEOPRANULOTOS OVALNTOVUE TANPOYOPLES
oto OixTvo, BBAla oxeTixd UE TO TEOPANUO. XOL QUOLXA, OV TO TEO-
BANUG pog elvar epeLYNTLXOD ETULTESOL, OVOLNTOVUE TTANPOPOPLES OTLS
EPEVYNTLXES EQPYOUOLES KO TOVG ELOLXOVG. LT CUYXEXPLULEYY TTEPLTTTWON),
TO TEOPANUE LOG elvol OYETIXA OTTAG Ol €YEL TTOAAEG XL XOAES AL-
oclg. Avalntwvtog AVom 0To YWEO TOL TOLOTLXOL €Acbbicpov Aoyloy.L-
%00 oPLOuNTIXWY EQUEUOYWY, N TTEWTY CTAOCY TTOL XAVOLUE Vol GTO
www.netlib.org repository. Ané 1 Aiota Tou Stabéoiuov Aoyiopixod
emtAéyovpe T PBLPAodnxn ode xar amd awtn TN covito rksuite. XTO
oVvdeopo http://www.netlib.org/ode/ diofdlovue

lib rksuite

alg Runge—Kutta

for idinitial value problem for first order ordimary <«

differential

equations. A suite of codes for solving IVPs in ODEs. A
choice of RK methods, is available. Includes an error
assessment facility and a sophisticated stiffness checker.
Template programs and example results provided.

'Avotuyng To Ttaxéto diffpack ...0AOEOTHOTNOE X0l TTEQUOE GTO YWEO TOL EUTO-
OLX0D AOYLOULXOD.
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Supersedes RKF45, DDERKF, DO2PAF.
ref RKSUITE, Softreport 92—S1, Dept of Math, SMU, Dallas, <
Texas
by R.W. Brankin (NAG), I. Gladwell and L.F. Shampine (SMU)
lang Fortran
prec double

and 6mov pobaivovpe ot 10 TORETO €)Xl ahydpLbuoug TdTov Runge-
Kutta ypoppévoug oe yAwooo Fortran xow opopd TEOYUOTIXES UETO-
BAnTéc dimAnc axpifetoc (double precision). KateBdlovue tow apyeion
rksuite.f, rksuite.doc, details.doc, templates, readme.

[Mo vo xpNotomotqoovpe LTTOPOVTIVES GTO TTPOYPOULUA OGS TO TTPWTO
Brua eival voo StaBdoovpe TPOGEXTIXE TO EYYELOLOL XPNONG TOL TTOXE-
Tov. Autd propel vo Bploxeton (avdAoyo pe Ty mePiTTWON QLX)

OE TUTTWUEVOL EYYPOPA, OE NAEXTPOVIXA éyypapa [html, pdf, ..., o ov-
vodeuTixd apyela pe ovopota tTov README, INSTALL, ... M apyela
0L BploxovTol 08 LTTOXATUAGYOLG UE OVOULOTO OTtwG doc/ . . ., o€ online

apyeio Boribetag (man pages) x.0.x.]. To koAb Aoytoptxd éxet 6An T xeNi-
OLUY] TTANPOPOPLO. OTO CLPYELO TTOL TTEPLEYOLY TOY TINYALO XWOLXA, KATL
TIOL LOYVEL XOL OTNY TEPITTWOY LOC.

[Mo vo suYGETovE LTTOTTPOYPAUULOTO GTO SLXO LAG TTEOY PO Y OELO-
{opaote Tig Eg Paoixég TAnpopoplies:

e INPUT DATA: AnA. TG TOPEYOVUE GTO TIPOYQAUUA UOS TLG OLTTO-
POLTNTEG TTANPOYOPLES YLoL Vo eXTEAETTEL 0 LTTOAOYLOUOG. Elval oo-
(PEG TTWG OTNY TEPLTTTWOY] oG YOEELALETOL TOVAGYLOTOV VO JLCOLUE
TLG aPYL*EG auvinxeg, To YPOVO OAOXANPWOTS %ot Tov apLtiud Prud-
Twvy. Etiong, 0 xoNotng mpémet va TopéxEL TG oLYAPTNOELG GTO O]
wéroc e (6.1). Arec TAnpopopicc ToL eiva Suvartéy vor {nTob-
vtor gfvoe Ay. embount axpifBeia, TAnpopopies yia To hardware
OTtwg dtabeatun apLtbuntinn axpifeto xAT.

e OUTPUT DATA: AnA. mtdg xow ToH T0 TEOYQOUUO Lag OlveL Ta
OTTOTEAECULOLTOL TOV VTTOAOYLOULOV, OV AVTOG €YLVE OUOAR XATT.

¢ WORKSPACE: Ewdwxé os povtiveg FORTRAN 77 ov 1 pviun dev
Onreitar Suvopxd (0AA& Oyt avoryxaotixd pévo T0Te) UTOPE! vor
YOELAOTEL VO TTOLPEYOVILE GTNY LTTOPOVTLVAL YWPEO GTN UYNIULY YLO TOVG
EVOLALETOVG VTTOAOYLOLOVG.

H eyxotdotaon tov Aoyiouixod eivor omAn. ‘OANog o xwoxog €i-
vou péoo. oto apyelo rksuite.f xal 6mwg poboivovpe amd to apyeio
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rksuite.docﬂ opxel Vo SWOOLUE GTO TEOYPOUUO TNV TLLY TELWOY UETO-
BANTOY oL xobopilovy TNy axpifeta LTTOAOYLOUOV LE LTTOSLAGTOAY GTOV
LTOAOYLOTN poG. Arafalovpe:

RKSUITE requires three environmental constants OUTCH, MCHEPS,
DWARF. When you use RKSUITE, you may need to know their
values. You can obtain them by calling the subroutine ENVIRN
in the suite:

CALL ENVIRN(OUTCH,MCHPES,6 DWARF)
returns values

OUTCH — INTEGER
Standard output channel on the machine being used.
MCHEPS — DOUBLE PRECISION
The unit of roundoff, that is, the largest
positive number such that 1.0D0 + MCHEPS = 1.0DO.
DWARF — DOUBLE PRECISION
The smallest positive number on the machine being
used.

sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk ok kok ok Installation Details sk 3k sk sk ok sk sk sk sk ok kok

A1l machine—dependent aspects of the suite have been
isolated in the subroutine ENVIRN in the rksuite.for file.
Certain environmental parameters must be specified in this
subroutine. The values in the distribution version are
those appropriate to the IEEE arithmetic standard. They
must be altered, if necessary, to values appropriate to the
computing system you are using before calling the codes of
the suite. If the IEEE arithmetic standard values are not
appropriate for your system, appropriate values can often
be obtained by calling routines named in the Comments of
ENVIRN.

AnA. ov petofAntéc OUTCH, MCHEPS, DWARF opilovtoL GTvy LTOPOLTIVO
ENVIRN tnv omoior UTOpel vl OYOLLOTIOLYOEL YLOL VO TLS Y QY OLLOTTOLY)-
ocL omovdnote OéAel oto mEdYpaupa. Tlopoxdtw diafalovue 6Tl TO
TEOYQOULUO TLG TTPO—O0PLLEL OE UAANOY OOQPOAELG TLULEG, OAAG oY O TTPO-
YOOUUOTLOTAC TTEéTeL var Tie oAGEELf], TéTe mpémer var eméupet oty LTTO-

*Eivow évoe amAd text opyelo mov pmopeite vor dafdoste pe TNV €VTOA less
rksuite.doc M pe TOv emacs.
*Ed® @aivetor xow 1 EMOYYEALOTIXOTNTO TOL GUYYQPOPER TOL XMSLXOL TTOL TTPO-
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pouTivo ENVIRN %ot vo TLg dAAGEEL. Apat, TTRETEL VL XOLTAEOLUE LETO GTO
opyelo rksuite.f yia v StafBdoovpe tor oxOAL TNG €V AOY® poLTivaG:

SUBROUTINE ENVIRN(OUTCH,MCHEPS , DWARF)

C The following six statements are to be Commented out

C after verification that the machine and installation

C dependent quantities are specified correctly.
WRITE(* ,*) * Before using RKSUITE, you must verify that the
WRITE(* ,*) ° machine— and installation —dependent quantities ’
WRITE(* ,*) * specified in the subroutine ENVIRN are correct,
WRITE(* ,*) ° and then Comment these WRITE statements and the °’
WRITE(* ,*) ° STOP statement out of ENVIRN. ’
STOP

C The following values are appropriate to IEEE

C arithmetic with the typical standard output channel.

C
OUTCH = 6
MCHEPS = 1.11D—16
DWARF = 2.23D—308

Apa, opxel va apatpéoovpe Tig €EL evtoAég WRITE xar STOP xdvovtag
TG OYOALL TG Fortran, ooV Beforwbodue dtL oL eTLAOYES Lo TLG TLUES
TwY petofAntedy OUTCH, MCHEPS, DWARF eivol LXOVOTTOLYTLXEG:

WRITE(* ,*) * Before using RKSUITE, you must verify that the °’
WRITE (* ,*) ° machine— and installation —dependent quantities
WRITE (* ,*) specified in the subroutine ENVIRN are correct,
WRITE(* ,*) ° and then Comment these WRITE statements and the
WRITE(* ,*) * STOP statement out of ENVIRN. ’
STOP

>

oleleloNeNe

"Evog tpdmog va to eAéyEovpe pe tn Bonbeta eAedbepa Stabéatpon Ao-
YLopLxoU glvot vor avolntoovpe xal vo xateaoovpe to apyeio dimach. £,
ilmach.f omd TN netlib.org, va Tig TomObETNOOLIE GTOV LTTOXATAAOYO
blas/ﬁ %o vor Ypdpovpue To Utxpd TPoYpoUo test_envirn_blas.f90

‘program testme ‘

BAETeL OTL TO TTEGYPOPUE TOL UTTOPEL Vo YENoLpoToLbel TOAD opYdTEPO KATW OTTH
ayvwoteg eEehifelg oto hardware.

‘Mopatnpfiote 6T ot LopE? xHddixa “fixed width” tng maktdtepng Fortran, ot
YOOUUESG TTOL €XOVY WG TTPWTO XXEOXTHPN TO “C” BewpolvTar oxdALo xot oryvoodyTol
oTtd TO UETAYAWTTLOTY).

Y emopevo xe@dhono Bo pédbovpe mepLtoodtepa Yoo T Bootxn BLBAL0BYxn Yoou-
KNG aAYeBpoc blas.
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implicit none

integer :: O0OUTCH

real(8) :: DWARF, MCHEPS

real(8) :: x

integer :: I1MACH !blas routines
real(8) :: DIMACH

OUTCH = I1MACH(2)

MCHEPS = D1MACH(3)

DWARF = DIMACH(1)

write (6,101)0UTCH , MCHEPS , DWARF

MCHEPS = epsilon(x)/2.0D0
DWARF = tiny(x)
write (6,101) 0UTCH , MCHEPS , DWARF

101 format(I4,2E30.18)
end program testme

‘Otwg PAETETE xoL OTTO TO TOPATIAVL TTEOYQAUUE, OL LeTBANTEC MCHEPS
%ot DWARF ummopody vor UTTOAOYLETOVY Xal amtd TLS intrinsic ouvoptioestg
¢ Fortran EPSILON() xat TINY () wQLg Vo XOELOXGTOVUE TLG CUVOPTYOELG
T7¢ blas. MetayAwttilovpe o TpEyoLPE

> gfortran test_envirn_blas.f90 blas/*1mach.f —o ¢
test_envirn_blas
> ./test_envirn_blas
6 0.111022302462515654E—15 >
0.222507385850720138 —307

%O TTPOXVTITEL OTL OL ETTLAOYES LOG ELVOIL LXOYOTTOLYTLXEG.

To emépevo Prpa eivar va pabovpe vo ypnoLpomolodue ™ poutivor.
Mo 10 Adyo avtd drafdlovue Tpooextixd to apyeio rksuite.doc amd
70 omolo TePLANTTLXG pobalvovpe ta €ENg: To TPdYPaUUO XENOLULOTOLEL
™ povtivaee UT (UT = “Usual Task™) yia vor xéver Ty 0OAOXAAPWOY] LE TN
u€bodo Runge-Kutta pe mpoooppolouevo Brua. To Bruo Tpooopu.dletol
yonorpomorwvtag Runge-Kutta 2n¢g-3ng téEng (METHOD=1), 47g-57g TéENg
(METHOD=2) % 77m¢-87n¢ téEng (METHOD=3) amtd Tic omoieg Oo StahéEovpe
METHOD=2. [Iptv xoAéoovpe v UT, TEETEL VO XOAECOVUE (UL VTTOPOVLTIVOL
opyLxomoinong, ™y SETUP. TéAog, 0 ypNotng Topéyel Ty vTopoLTiva F
N omolor 0PLLEL TLG TTOPAYWYOLS TWY GUYRPTNOEWY, ONA. TNV TEPLTTWON
pnog to Oekl néAog Twv @ "Evog ypnyopog tpémog yrow vo nébovpe vo
XONOLLOTOLOVUE évar TPOYpopue elval “by example”. Xtny mepintwon
LOG OTO TTOXETO TIOPEYOVTAL QOXLUUOTIXG TTOYQAUUOTO YLor exébnon
%o EAeyyo opbdtnTog. Avtd Bploxovtor oto opyelo templates TO omolO
ovolyeL ot LOVO TOL PE TO TTPOYPAUULO PAOLOD sh:
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> sh templates
tmpll.out
tmplla.f

To mpéypoppo tmplla.f €xel T AOOY YL TOY QPUOVLXO TOAXYTWTY XOL
QOLVETOL UE TTOMAG ETTEENYNUATIXG OYOALOL 1| LTTAN XPNON TOL TTEOYOPAU-
KLOTOG, TNV OTtolol ETULAEYOLUE TEALXG OTN Owxld oG Tepimtwor. ‘Etol
XOTOUAYOVE OTO TOPOXAT TTEOYQOULUDL YLOL TNV OOVYNOT TNG OAOXAN-
pwaong, To omolo amobnxedovpe oto apyelo rk3.£90

!

!Program to solve a 6 ODE system using Runge—Kutta Method

!Output is written in file rk3.dat
!

program rk3_solve
include ’'rk3.inc’

real(8) :: TO,TF,X10,X20,X30,V10,V20,V30
real(8) :: t,dt,tstep

integer :: STEPS

integer :: i

real(8) :: energy

! Arrays/variables needed by rksuite:

real (8) TOL,THRES(NEQ) ,WORK(LENWRK) ,Y(NEQ) ,YMAX(NEQ).&
YP(NEQ) ,YSTART (NEQ) ,HSTART

logical ERRASS, MESSAGE

integer UFLAG

!.. External Subroutines

EXTERNAL F, SETUP, STAT, UT

!Input:

print *,’Runge—Kutta Method for 6-ODEs Integration’

print *,’Enter coupling constants ki1,k2,k3.,k4:’

read *, ki1,k2.k3,k4

print *, 'ki= " k1, k2= ’ k2, k3= ’ k3, k4= ' k4

print *,’Enter STEPS,TO,TF,X10,X20,X30,V10,V20,V30: "’

read *, STEPS,TO,TF,X10,X20,X30,V10,V20,V30

print *,’No. Steps= ’,STEPS

print *,’Time: Initial TO =’,T0,’ Final TF=’,fTF

print *,’ X1(T0)=",%X10, " X2(T0)=",X20,  X3(T0)=",X30
print *,’ V1(T0)=",v10," V2(T0)=",v20,’ V3(T0)=",V30
!Initial Conditions

dt = (TF-TO)/STEPS

YSTART (1) = X10

YSTART(2) = X20

YSTART(3) = X30

YSTART (4) = V10

YSTART(5) = V20
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YSTART(6) = V30
!

! Set error control parameters.
!

TOL = 5.0D—6
do i = 1, NEQ
THRES(i) = 1.0D—-10

enddo

MESSAGE = .TRUE.
ERRASS = .FALSE.
HSTART = 0.0DO

!Tnitialization :
call SETUP(NEQ,TO,YSTART,TF,TOL,THRES 6 METHOD, 'Usual Task’,&
ERRASS , HSTART , WORK , LENWRK , MESSAGE)
open(unit=11,file="rk3.dat’)
write(11.,100) TO,YSTART(1) ,YSTART(2) ,YSTART(3) ,YSTART(4),&
YSTART(5) ,YSTART(6) ,energy(TO, YSTART)
!Calculation:
do i=1,STEPS
t = TO + i*dt
call UT(F,t,tstep,Y,YP,YMAX K WORK, UFLAG)
if (UFLAG.GT.2) exit !exit the loop: go after enddo
write (11,100) tstep,Y(1) ,Y(2).,Y(3),Y(4) ,Y(5).Y(6).&
energy(tstep,Y)
enddo
close (11)
100 format(8E25.15)
end program rk3_solve

[Mopotnpodpe GTL TOLG %OLYOVS 0PLOW.OVE Tovg ToTobetnoaue oto Ee-
XWELOTO 0pyelo rk3.inc yio vo xpnotpomotniody xal amd 11 cLVAPTNOoN
TOY TTOPoYWYwY. Ta Teplexdpeva Tov apyelov avtod ToTobeTodvTaL 0N
octpa include 'rk3.inc':

!Basic definitions of variables for the suite rksuite
implicit none

INEQ is the number of equations, 6 in 3 dimensions
METHOD=2 is for RK45.

INTEGER NEQ, LENWRK, METHOD
PARAMETER (NEQ=6,LENWRK=32*NEQ , METHOD=2)
REAL *8 k1,k2,k3,k4 !force couplings

(QOMMON /COUPLINGS/k1,k2,k3,k4

[Mapatnpodpe 6Tt €3 BETovpe TOV OPLOUO TWVY SLOPOPLYWY EELCWOEWY
NEQ=6, xa0ug %ot T nébodo oAoxAnpworng METHOD=2. H petaBAnty LENWRK
xofopilet To péyebog Tng LyNUNG TTOL YPELALETOL TO TTPOYQOUILOL YLOL TOUG
eVOLAPETOLS LTTOAOYLOROVG. To TPdYpoppa opyilel axpLBug OTwg xo
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TOL TTPOMYOVUEVL, aPYVOVTOG €TOL TO interface pe to Mot avaAroiwTo.
Ov apyxég Béocelg xow toyxdtnTeg amobnxedovtar oto array YSTART oTig
Béoetg 1...6. Xtig 3 mpwIteg OEoelg €YOLUE TLE OLVTETAYUEVES YWPEOU,
EVW OTLG 3 TEAEVTALES TLG OLVTETAYUEVES TNG ToXVTNTAS. Aol xabopl-
ooVLUE UEPLXES PETAPBANTEC oL xobopllovY TN GLUTEPLPOPA TOL TTPO-
Yodupotog (deg opyeio rksuite.doc YLor ASTTTOUEPELES), XOAOVUE TNV
vTopouTivoe SETUP. XTn CUVEXELX, TUTTWVOLUE TLS APYLXES oLVONXES 0TO
opyelo eEGdov rk3.dat %o QTEAVOLPE OTNY XOPOLA TOL TTPOYPAULOTOGC,
TNV OAOXANPWOT:

do i=1,STEPS
t = TO + i*dt
call UT(F,t,tstep,Y,YP,YMAX 6 WORK,6 UFLAG)
if (UFLAG.GT.2) exit !exit the loop: go after enddo
write (11,100) tstep,Y(1) ,Y(2),Y(3),Y(4) ,Y(5),Y(6),&
energy(tstep,Y)
enddo

F elvow 1 ouvaptnomn mov LTOAOYLLEL TG TTOEAYWYOLS, YOOLUEV aTO
EUBCS TTOPOXATW. t elvot 0 YPOVog aTov oTolo emtthvpodue vor €xovpue To
OTTOTEAECUO TNG OAOXANPWOYG. AdYw TPOosoprolouevoL BRUATOG, aVTOg
UTopel vau uny elval oxpLpodg o (BLog UE oVUTOV TOL TEALXQ OGS ETTL-
oTEEQEL v vToPoLTIVa, OMA. ToV tstep. Y elval oL TLHEG TWV CLVAOTN-
oswy, ONA. = Y(1), y= Y(2), 2= Y(3) xo v,= Y(4), v,= Y(5), v,= Y(6).
energy(t,Y) elvot 1 oLVAETNOYN TOL LTOAOYILEL TN UNYOWVLXY EVEQYELX
TOL CLOGTNUATOS TNV omoia Bo Ypdpovpe ato (dLo apyeio pe 0 oLVAE-
on F. Téhog, N petofAnty UFLAG eivar “onpoio’” mov deiyver ot n UT
ETLOTPEPEL UE OQPAAUR, OTOTE TO TEOYOPOUUO TEPUaTileL. Tlopaxdtw,
Topabétovpe Tov xWIxor doxlung, Ty xivnoyn BAMuatog oto medio PBo-
EOTNTOG UE SVVOUY OVTLOTOOYG OTTH PELOTO OVAAOYY TNG TOYXVTNTOS TOV
BANuotog F. = —mk#. O xwoxog amobnxedetar oo apyeto rk3_g.£90.
[Taipvovpe § = -ki k xou k = k2.

]
subroutine F(T,Y,YP)

include ’'rk3.inc’

real(8) :: t

real (8) :: Y(*),YP(*)
real(8) :: x1,x2,x3,vl,v2,v3

x1 =Y(1);vl = Y(4)
x2 = Y(2);v2 = Y(5)
x3 = Y(3);v3 = Y(6)

! Velocities: dx_i/dt = v_i
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YP(1) = vi

YP(2) = v2

YP(3) = v3

! Acceleration: dv_i/dt = a_i
YP(4) = —k2*v1

YP(5) = —k2*v2

YP(6) = —k2*v3—ki

end subroutine F
'

real(8) function energy(T,Y)
include ’rk3.inc’

real(8) :: t.,e

real(8) :: Y(*)

real(8) :: x1,x2,x3,vl,v2,v3
x1 = Y();vl = Y(4)

x2 = Y(2);v2 = Y(5)

x3 = Y(3);v3 = Y(6)
!Kinetic Energy

e = 0.5*(vi*vi+v2*v2+v3*v3)
!Potential Energy

e = e + k1*x3

energy = e
end function energy

Mo evxoAia, “petappaoape” Tig TLLég Tov array Y(NEQ) oe petafAntég
Oéongxattaw}wnagxauusmiXpnoqununﬁoausrougYvworoégrénoogﬂ
H petayAwtTion, vmobétovtag 6Tt ™) covita rksuite.f tny Tomobetn-
OOLE OTOV LTTOXOTAAOYO rksuite/, TO TEEELLO xou M ETMLOXOTNOY TWV
OTTIOTEAECUATWY LE TO gnuplot YIVETOL WLE TLG EVTOAEG:

> gfortran rk3.f90 rk3_g.f90 rksuite/rksuite.f —o rk3
> ./rk3
Runge—Kutta Method for 6—0DEs Integration
Enter coupling constants ki1,k2,k3,k4:
10 0 0 O
ki= 10.0000 k2=  0.0000E+000 k3=
0.0000E+000 k4=  0.0000E+000
Enter STEPS,TO,TF,X10,X20,X30,V10,V20,V30:
10000 0 3 0 0 0 1 1 1
No. Steps= 10000

‘Mapotnefiote e dnAdoope to arrays Y, YP: real(8) :: Y(*),YP(x). Ta arrays
ouTta yro LG F, energy eivor “assumed-size” arrays, OvA. arrays Twv omolwy To péyebog
elvar dyvwoto ot Stadxacio. Ay €xovpue arrays Ue TeEPLOOHTEPOVS BEIXTES, YOVO 7
Tehevtaio Stdotaoy emitpémeTol va eivar *. [evixd eivor xoaAdTEQO Vo amo@edyeTon
Ot XOLYOVPYLOL TPOYQAUUOTO 7 XENon assumed-size arrays xol vo TEOTLULWVTOL T
assumed-shape 6mwg xdvope 010 TESYPOUUe TRA.£90 0N OEA. @ H dnAwon oty
TeplmtTwon ot Oa toy real(8) :: Y(:),YP(:)
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Time: Initial TO = 0.0000E+000 Final TF= 3.0000
X1(To)= 0.0000E+000 X2(T0)= 0.0000E+000
X3(To)= 0.0000E+000
vi(To)= 1.0000 v2(T0)= 1.0000
v3(To)= 1.0000

> gnuplot

gnuplot> plot "rk3.dat” wusing 1:2 with lines title "x1(t)”
gnuplot> plot "rk3.dat” wusing 1:3 with lines title "x2(t)”
gnuplot> plot "rk3.dat” wusing 1:4 with lines title "x3(t)”
gnuplot> plot "rk3.dat” wusing 1:5 with lines title "vi(t)”
gnuplot> plot "rk3.dat” wusing 1:6 with lines title "v2(t)”
gnuplot> plot “rk3.dat” wusing 1:7 with lines title "v3(t)”
gnuplot> plot “"rk3.dat” wusing 1:8 with lines title "E(t)”

gnuplot> set title “trajectory”
gnuplot> splot “rk3.dat” using 2:3:4 with lines mnotitle

Try mopamdvw epyooion TNV €XOVUE XWOLXOTOLMOEL GE GEVAPLO PAOLOV
(shell script) pe 6vopo rk3. csh. Ao to apyeio owTd ypnoLLoToLelToL TO
ovaAoyo apyeio yioo animation pe to 6vopa rk3_animate.csh. ‘Etot, 7
TOPATIAV® GOVAELA GUYOPLLETOL GTNY TTAPOXATL EVTOAN:

./rk3.csh —£f 1 — 10 0. 0 0 0 0 0 1 1 1 10000 O 3

6.2 Kivnon Xopotiov o HM wedio.

Metd v aovaALGOT NG TTPONYOVLEYYG TTORAYPAPOV, EXOVUE TOL ATTOLOOL-
™To €QYOASiot VO LEAETNOOLUE TN UN—OYETLXLOTLXY X{VNON QOPTLOUEVOL
owpotiov péoo oe nhextpopoyvytikd (HM) medio. Avtd vtdxetton otny
entidpaon tng SVvaurng Lorentz:

F=q(E+7xB). (6.2)

Ag Bewproovpe TpwTo TRV oA TepinTwon otabepob HM mediov tng
wopong E = E, @ + B,y + E.2, B = Bz. Ot OUVLOTWOES NG ETLTAYVYONG
Tov cwpotiov Ho elvar:

Ay = (qu/m)+(qB/m)Uy

ay = (qEy/m)— (¢B/m)v,
a, = (qE,/m). (6.3)

[Mpoypopp.atifovpe To TOPATAV® SLVOLLXS TTEDLO 0TO pyelo rk3_B.£90,
Bétovtog k1 = ¢B/m, k2 = qE,/m, k3 = qE,/m, k4 = qE,/m:
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!
!Particle in constant Magnetic and electric field
'!qg B/m = k1 z q E/m=%k2 x + k3 y + k& z
subroutine F(T,Y,YP)

include ’rk3.inc’

real(8) :: t
real(8) :: Y(*),YP(*)
real(8) :: x1,x2.x3,vl,v2,v3

x1 = Y(1);vl = Y(4)
x2 = Y(2);v2 = Y(5H)

x3 = Y(3);v3 = Y(6)

! Velocities: dx_i/dt = v_i
YP(1) = vi1

YP(2) = v2

YP(3) = v3

! Acceleration: dv_i/dt
YP(4) = k2 + k1 * v2
YP(5) = k3 — k1 * vi1
YP(6) = k4

end subroutine F

]

Il

o
|

-

real (8) function energy(T,Y)
include °'rk3.inc’

real(8) :: t.,e

real(8) :: Y(*)

real(8) :: x1,x2,x3,vl,v2,v3
x1 = Y(1);v1 = Y(4)

x2 = Y(2);v2 = Y(5)

x3 = Y(3);v3 = Y(6)

!Kinetic Energy

e = 0.5*(vi*vi+v2*v2+v3*v3)
!Potential Energy

e = e — k2%x1 — k3*x2 — k4*x3
energy = e
end function energy

Me mopopoto 1pémo pumopolue vo LeAeTioovpe Tedio T oTolo elvor
XWEOeEXPTNUEVR. Ol ETLAOYEG OGS TTPETEL VAL LXOVOTIOLOVY TLG €ELOM-
oelg Tov Maxwell! Mo va dodpe Tov TEPLOPLOUO GTO YWEO POPTLOUEVOD
owpoTdiov pe ™Y emidpoon LoryynTLXoL TEDLOV, TTOLPVOVUE TLG OTTAEG
TIEPLTTTWOELG B = Byy + B,z pye qBy/m = —koy, ¢B./m = ki + koz o
qBy/m = ksz, ¢B,/m = ki + koy. Hopatnpodue 6t Loydel V-B = 0. Eoeic
LTOAOYLOTE TNV TLXVOTNTA PEVULOTOS oTtd TNV eElowaon V x B = pgJ.

To amoteréopatd Lac Qaivovtaol oto oyfuato 6.1-6.4.
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Zynuo 6.1: Tooyia @optiouévonv ocwpattdiov oc otablepd poyvntind medio B =Bz UE
gB/m = 1.0, 9(0) = 1.0§ 4+ 0.12, 7(0) = 1.0Z. H ohoxApwon twv eELodoewy x{vnong
Yivetow pe ) pébodo RK45 pe 1000 Brpato amd to = 0 péypt ty = 40.

6.3 Xyetwtotinn Kivyon.

TNV TTopAYpopo ot Bor sLINTNCOLILE TOV LTTOAOYLOWO TPOYLES CWLO-
Tdlov pn undevixng wélag neepiog, 4Tay 1 TaXOLTNTE TOL YIVETOL OUL-
Yxplowwn pe vt Tov PwTos. Ilopoxdtw, B BEcovpe Ty ToydTRTA TOL
QPwTéG 0T0 ®eVvd ¢ = 1. Ou eElowdoetg xivnong ocwpotidiov palog nee-
wlog mog > 0, palog m = mo/vV1 —v2, oppfg P = miU xaL evEQYELUG
E =m = \/p* + md péoa oe Suvoptxod medio F divovtow omtd TLG OYEOELG:

dp =
— =F. 6.4
= (6.4)

[N vo g ypdovpue o oboTU SLOPOPLKWY EELCWOEWY TEWTNG TAENS
YONOLLOTTOLOVUE TLS OYETELS:

S (6.5)
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Zynue 6.2: Tooytd QopTlopévou owpatidiov oe atabepd poyvynTixd medio B =Bz UE
gB/m = 1.0, xou 61abep6 hextoixd medio E = E,d + E,j pe ¢E;/m = qE,/m = 0.1,
#(0) = 1.0g + 0.12, 7(0) = 1.0z. H ohoxAipwon twy elodoewy xivnong yivetal pe ™
uébodo RK45 pe 1000 Brpoto and tog = 0 péyor t; = 40. H tpoytd dev elvan vmd
xAlpoxa, TPOGEETE TG JLOPOPETIXES XALLOXES aTOVG TPELG GEOVEC.

oL ottoieg pall pe v ¥ = dr/dt pog divooy:

dzx _ (Pz/m0) d(pz/mo) _ I
dt 1+ (p/mg)?’ dt mo
dy _ (py/m0) d(py/mo) _ F,
dt ~ T+ (pfmo)? di mo
dz (p=/m0) d(p./mo) _ F.

(6.6)

dt T+ (p/mo)? - my’

TTOL ATTOTEAOVY EVOL CVOTNULO SLOPOPLYWY EELOWOEWY TTPWTNG TEENS YLt
g owvaptioes (z(t),y(t), 2(t), (px/mo)(t), (y/mo)(t), (p=/mo)(t)). T
AOom pe T nébodo Runge-Kutta mpooappoopévou Briuatog 4ng — dng té-
ENg odppwvaL UE TLG TTPONYOVIEVES TTOROYPAPOVG, YOELULOUOOTE TLS OQ-
xwxég ovviiixeg ((0),4(0), 2(0), (pz/1m0)(0), (py/m0)(0), (p2/mM0)(0)). Xon-
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Zynue 6.3: Tpoyld @opTiopévov cwpotidiov o payvntixd medio B = B,y + B,% ue
gBy/m = —0.02y, ¢B./m = 1+ 0.02z, 7(0) = 1.0y + 0.12, #(0) = 1.02. H oAoxApwon
TV eElowoewy xivnong yivetow pe ™ pébodo RK45 pe 10000 Brpota omd tg = 0 péypt
ty = 500. H tpoytd Sev eilvar vmé xAipoxa, TEOGEETE TLg JLOPOPETINESG HALUOKESG GTOVG

TPELG AEoVEG.

OLUOTIOLOYTOGS TLG OYETELS

(px/mO) = ﬁ
(py/mo) = \/1—%1)2
(pz/mO) = \/1—%1)2

WLTTOPOVIE VO SWOOVUE EVOANAXTIXG WG opYIxES ouvOfxes (x(
2(0), v2(0), v(0), v2(0)), %2xBdG o a6 Tig AoeLs ((t), y(t), 2(1), (P2/mo) (1),
(Py/m0)(t), (pz/mo)(t)) vo Twapovue Tig (x(t), y(t), 2(t). va(t), vy(t), v

r =

y =

., =

(pz/m(J)

1+ (p/mo)?
(py/m0)

1+ (p/mo)?
(pz/m())

1+ (p/mo)?
(6.7)

0), (0),
(t))-

[Tpoooyh dpwe va eréyyovpe 6t LoydeL Tévta (my > 0)

v? = (v.)% + (v,)° + (v,)? < 1. (6.8)

["o Tov TEOYPOUUOTLONG TOV TTAPATTEAV® TEOBANULKTOG YOELALETOL VO
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Zynuwo 6.4:

KE®AAAIO 6. KINHYXH XTO XQPO

Tooyié @opTiopévonv owpattdiov o poyvntixd medio B= By + B.% pe

qBy/m = 0.08z, ¢B./m = 1.4 + 0.08y, ¢(0) = 1.09 + 0.12, ¥(0) = 1.0Z. H oAoxAnpwon
TV eElowoenwy xivnong yivetar pe ) pébodo RK4S pe 40000 Brpoto amd tg = 0 péypt
ty = 3000. H Tpoytd dev elvat vTO (ALpoK o, TTPOCEETE TLG OLOPOPETIXES HALUAKES GTOVG
TPELG AEOVEG.

petofarroovpe ehapod to TEdypaupo rk3.£90. Ot aAhoryég ouopoby To
XVPLWG TEOYPOUUO. LOVO GTY] OYEDY] TOYXVTNTWY OPUWY TOL WLTOPEL Vo
embopel va peletnoet o ypnotng. Oco yio to apyelo pe to omoio TEO-
Yoaupotifovpe To duvoutxd medio, ypetdletor va petofFaAAovpE (LOVO
TLG OXEOCELG YLOL TNV TAYXVTNTA, 0OV 1 TTPOG OAOXANPWOY] GLYAPTNOY Efvort
TEA N 0pun. Ag apyloovpe TEWTH pE TO xLPLWG TEOYPOUUY, ST .£90:

!

!Program to solve a 6 ODE system using Runge—Kutta Method
!Output is written in file sr.dat
!Interface to be used with relativistic particles.

!

program sr_solve

include
real(8)
real (8)
real (8)
real (8)

’sr.inc’
TO,TF,X10,X20,X30,V10,V20,V30
P10 ,P20,P30
P1,P2,P3,V1,V2,V3
t,dt,tstep
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integer :: STEPS

integer :: i

real (8) :: energy
!Arrays/variables needed by rksuite:

real(8) :: TOL,THRES(NEQ), WORK(LENWRK), Y(NEQ), YMAX(NEQ).&
YP(NEQ), YSTART(NEQ) ,HSTART

logical :: ERRASS, MESSAGE

integer :: UFLAG

!'.. External Subroutines ..

EXTERNAL F, SETUP, STAT, UT

!Input:

print *,’Runge—Kutta Method for 6—ODEs Integration’

print *,’Special Relativistic Particle:’

print *,’Enter coupling constants k1,k2,k3.,k4:’

read *, k1,k2,k3,k4

print *,'ki= " k1, k2= ’ k2, k3= ', k3, k4= ' k4

print *,’Enter STEPS,TO,TF,X10,X20,X30,V10,V20,V30: "’

read *, STEPS,TO,TF,X10,X20,X30,V10,V20,V30

call momentum(V10,V20,V30,P10,P20,P30)

print *,’No. Steps= ’,STEPS

print *,’Time: Initial TO =’,T0,’ Final TF=’,TF

print *,° X1(T0)=",%X10, " X2(T0)=",%X20,  X3(T0)=",X30

print *,’ V1(T0)=",v10,’ V2(T0)=",v20,  V3(T0)=",V30

print *,’ P1(T0)=",P10," P2(T0)=",P20," P3(T0)=",P30

!Initial Conditions

dt = (TF-TO0)/STEPS

YSTART (1) = X10

YSTART(2) = X20

YSTART(3) = X30

YSTART(4) = P10

YSTART(5) = P20

YSTART(6) = P30
|

! Set error control parameters.
!
TOL = 5.0D—-6
do i = 1, NEQ
THRES(i) = 1.0D-10

enddo

MESSAGE = .TRUE.
ERRASS = .FALSE.
HSTART = 0.0DO
!Initialization :

call SETUP(NEQ,TO,YSTART,TF,TOL,THRES,METHOD, Usual Task’ ,&
ERRASS , HSTART , WORK , LENWRK , MESSAGE)

open(unit=11,file="sr.dat’)

call velocity(YSTART(4) ,YSTART(5) ,YSTART(6),V1,V2,V3)

write(11,100) TO,YSTART(1) ,YSTART(2) ,YSTART(3),&
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V1,V2,V3,&
energy (TO,YSTART) &
YSTART(4) ,YSTART(5) ,YSTART(6)
!Calculation :
do i=1,STEPS
t = TO + i*dt
call UT(F,t,tstep,Y,YP,YMAX ,WORK,UFLAG)
if (UFLAG.GT.2) exit
call velocity(Y(é),Y(B),Y(6),V1,V2,V3)
write (11,100) tstep.Y(1).Y(2) .Y(3).&
V1,V2,V3.&
energy(tstep,Y).&
Y(4),Y(5),Y(6)
enddo
close(11)
100 format(11E25.15)

end program sr_solve
!

!momentum —> velocity transformation
!

subroutine velocity(pl,p2,p3.,vl,v2,v3)
implicit none
real(8) :: vi1,v2,v3,pl,p2,p3.Vv,p,Vsq,psq

psq = pl¥*pl+p2*p2+p3*p3

vli = pl/sqrt(1.0D0+psq)
v2 p2/sqrt (1.0D0+psq)
v3 = p3/sqrt(1.0D0+psq)
end subroutine velocity
!

!velocity —> momentum transformation
|

subroutine momentum(vi,v2,v3,pl,p2,p3)
implicit none
real(8) :: vi1,v2,v3,pl,p2.p3.Vv,p,Vsq,psq

vsq = v1*vi+v2*v2+v3*v3

if(vsq .ge. 1.0D0 ) stop ’sub momentum: vsq >= 1’
pl = v1/sqrt(1.0D0-vsq)

p2 v2/sqrt (1.0D0—vsq)

p3 v3/sqrt (1.0D0—vsq)
end subroutine momentum

[Mapatnpovpue To pdio ov Ttallovy oL LTTOPOLTIVEG momentum xoL velocity
ot omoiec avoaBévovy Touc petaoynuatiopods (6.7). Exel yiveton xou
0 €AeYyog g ovviNxung (@). Oa TLg XENOLLOTIOLIOOVUE XOL GTO OQ-
¥eto ov Ba ypddhovpe to TEdypoppo oL Ha Sivel TLC TOPAYWYOLE TWY
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oLYOPTNoEWY Ylow x&be Tedio duvapewy mov Ha BeAnoovpue vor peAeTn-
OOULLE.

H mpwt pog amdmelpa elvor vor LEAETNOOVILE TNV KLVNOY] OYETLXLOTL-
%00 POPTLOUEVOL awuaTdlov péoo oe otablepd HM medio. Méoa oto
ed{o AVTO N ETLTAYLVOY] TOL CWULOTLILOL SLveETOL UTTO TLG OYECELG ().
Ov oyéocelg avtég mpoypoppatiCovtor péoa ato apyeio sr_B.£90. [I€pa
OO TLG XAAAYEG TIOL AVOUPEQOUE UEXOL TWPEX, TPETEL YO TTPOCEEOVLE
XOL TOV OPLOWUO TNG XLYNTLXYG EVEQYELOG:

T (ﬁ_l) mo= (VIF@mP -1)m (69

To mepLexduevo tov sr_B.£90 elvar:

Particle in constant Magnetic and electric field
q B/m = k1 z q E/m=%k2 x + k3 y + k& z

subroutine F(T,Y,YP)
include ’sr.inc’

real(8) :: t
real(8) :: Y(*) . YP(*)
real(8) :: x1,x2,x3,vl,v2,v3,pl,p2,p3

x1 = Y(1);pl = Y(4)

x2 = Y(2);p2 = Y(5)

x3 = Y(3);p3 = Y(6)

call velocity(pl,p2,p3,vl,v2,v3)

!now we can use all x1,x2.x3.pl,p2.p3.vl,v2,v3

YP(1) = vi
YP(2) = v2
YP(3) = v3
! Acceleration :

YP(4) = k2 + k1 * v2
YP(5) k3 — k1 * vi1
YP(6) = k4

end subroutine F
1

!Energy per unit rest mass
!

real (8) function energy(T,Y)
include ’sr.inc’

real(8) :: t,e
real(8) :: Y(*)
real(8) :: x1,x2,x3,v1,v2,v3,pl,p2.p3.psq

x1 = Y(1);pl = Y(4)
x2 = Y(2);p2 = Y(5)
x3 = Y(3);p3 = Y(6)
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psq= pl*pl+p2*p2+p3*p3
!Kinetic Energy/m 0

e = sqrt(1.0D0+psq) —1.0D0
!Potential Energy/m_0O

e = e — k2*x1 — k3*x2 — k4*x3
energy = e
end function energy

Ta amoteAéopatd pog Tor SE(YVOVUE OTO OYNLATO @@

Zynuee 6.5: Tpoytd oxettntoTixol QOPTLoUEYOL owuaTtdiov, 6Tty xiveltol péoo oe
poywrixé medio B = B2 pe ¢B./mo = 10.0, 7(0) = 0.95§ + 0.102, #(0) = 1.0z. H
0AOXAPWaN TwY eElowaewy xivnang yiveton pe ™ nébodo RK4S pe 1000 Bruoato amd
to = 0 péxpl ty = 20. H tpoxtéd Sev elvar T wAlpoxo, TEOCEETE Tig SLOQPOPETIXES
xAlpoxeg oToug GEOVEG.

Ao BePorwbrope yioo Ty emLTUYLO TNG TTEOTEYYLONG TOL TTPOPBAY-
LOTOG YL TO QOPTLOUEVO owpdTio o otoblepd HM medlo, pmopodue
voo TpooTofoovpe vor LEAETNOOVLUE EVa TILO EVOLOQEPOY TTPOBANUa. Oa
QTaEovuEe Evar aTTAO LOVTEAO Yiow TNV oxTVOPBoAlar Van Allen Tng yng.
Oo vmobéoovpe GTL Tor NAEXTEOVLOL KLYOVVTOL GTO UOYYNTLXO Ted(0 TG
YMS TO 0TTolo TPOTEYYI(ETOL (WG LayYNTLXO TGO SLTTOAOL TNG LOPONG:

. Rp\® .
B =B, (-) [S(d-r)r—d}, (6.10)

r
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0.4 T T T T T T T

03 1

0.2 r 1

0.1r 1

_04 | | | | | | |
09 1 11 12 13 14 15 16 1.7

Syfpo 6.6: TIpoBoin Tng TEOYLAS GYETIXLOTLXOD POPTLOUEVOL CWOTLELOV 0TOo ETtiTTESO
xy Otay xweltol péoo oe poryvntind medio B =B,z ue ¢B,/mo = 10.0, ¥(0) = 0.957 +
0.10z, 7(0) = 1.02. H ohoxApwon twv eEtotoewy xivnong yivetal pe ) pébodo RK45
pe 1000 Bruota amd to =0 uéypt ty = 20.

6mov d = dd N LOYYNTLXY] POTY] OLTTOAOL TOL POYVNTLXOV TESLOL TNG
NG %ol QUOLXA T = 17. EvdetxTind oL TLHES YLo TG TOPAUETPOVS TTOV
LTELGEPYOVTAL GTNY TTOPATEVW eElowaon elvar By = 3.5 x 10757, r ~ 2R,
xor Ry n oxtivo Tng YnG. LTS ATTOOTACELS VUTES, TUTILXESG EVEQYELEG YL
Tow XLYOVUEVA MAEXTPOVL Elval ~ 1 MeV Tou avtiotolyody o TaydTNTES
v/ie = \/E?—=mi/E ~ v/1—0.5122/1 = 0.86. AtoAéyovtog T0 oLOTNUO
0EOVWY €TOL WOTE d =2 %o UETPWYTOG TLG TTOOTAOELS OF uové@agﬂ Rg,
TOLLPVOLUE:!

B, = B°%
r
3Yz
By — BQF
1
B. = By (315“2——3) (6.11)
T r

To 1edio dHvoung TpoypapotileTor TP eOX0AX aTO 0pyelo sr_Bd.£90:

"A@ob ¢ = 1, awT6 onpoaivel 6Tl N Lovéada ToL XEOVOL Elvor 0 YEGVOC TOL YEELELETOL
TO QWG 070 %eVo va SLooyioel amdéotaon Ri.
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100
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Zynue 6.7: H emidpoon g mpoohixng evég niextpixol mediov qﬁ/mo = 1.02 oty
TEOYL& TOL CYNULOTOG d

!

! Particle in Magnetic dipole field:
! q B_1/m
!

!

!

= k1 (3 x1 x3)/r~b
q B.2/m = k1 (3 x2 x3)/r?b
q B_.3/m = k1[(3 x3 x3)/rA5—1/rn3]

subroutine F(T,Y,YP)
include ’sr.inc’

real(8) :: t

real(8) :: Y(*) ,YP(*)

real(8) :: x1,x2,x3,v1,v2,v3,pl,p2,p3
real(8) :: B1,B2,B3

real(8) :: r

x1 = Y(1);p1l = Y(4)

x2 = Y(2);p2 = Y(5)

x3 = Y(3);p3 = Y(6)

call velocity(pl,p2,p3.vl,v2,v3)
'now we can use all x1,x2.x3,pl,p2.p3,vl,v2,v3

YP(1) = vi
YP(2) = v2
YP(3) = v3
! Acceleration:

T = sqrt(x1*x1+x2*x2+x3%*x3)
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if( r.gt.0.0D0)then

B1 = k1*( 3.0D0*x1*x3)/r**5H
B2 = k1*( 3.0D0*x2*x3)/r**5
B3 = k1*((3.0D0*x3*x3) /r**5 —1/r**3)
YP(4) = v2*B3—v3*B2

YP(5) = v3*B1-v1*B3

YP(6) = v1*B2—v2*B1

else

YP(4) = 0.0DO

YP(5) = 0.0D0O

YP(6) = 0.0D0O

endif

end subroutine F
|

!Energy per unit rest mass
!

real (8) function energy(T,Y)
include ’sr.inc’

real(8) :: t,e
real(8) :: Y(*)
real(8) :: x1,x2,x3,v1,v2,v3,pl,p2.p3.psq

x1 = Y(1);pl = Y(4)

x2 = Y(2);p2 = Y(5)

x3 = Y(3);p3 = Y(6)

psq= pl*pl+p2*p2+p3*p3
!Kinetic Energy/m 0

e = sqrt(1.0D0+psq) —1.0DO
energy = e
end function energy

To amoteAéopator QaivovIaL 6To oYU @ OTO OTOLO EYOVUE LTEP-
BEAAEL TLG TTOPAUETOOVS, OTE VO EXOVUE EVOL XOATATOTILOTIXO OTTTLXO
OTTOTEAECULOL. LTNV TRAYULOTIXOTNTA, T NAEXTOEOVLO. OLOYPAPOLY TTOAD
AeTTTEG OTElPES oL O aVaYVWOoTNG evloppbvetol vo peretnoet apLtbun-
T TO TTPEOBANUOL YLOL POLYOUEVOAOYLXA PEXMOTIXES TLUES TWY TTOOOUE-
TOWY Uy, By, Tp %O VO XXTAVONCEL YLATL TO QALYOUEVO ouufaivel Lovo
XOYTA GTOLG TTOAOLG.

6.4 Aoxfoclg

6.1 No peAetioete v xivnom oouatidiov xOVTE OTNY ETTLPAVELL TNG
NG, 6TV TO HETPO TNG OVTLOTAONS TOL AP Elvoll avEAOYO TOL
TETPOYWYOL TOL PETPOL TNG TOXVTNTAS TOV.

6.2 Ao @optio xLvodvTaL UE UN OYETIXLOTIXES TOVTNTEG UECDL OE OTOL-
0epbd poyvnuixd medio B = BZ xal oAAMAETLOpoVY peToED Toug
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0.004 0.008 0.012 0.016 0.02

Zyua 6.8: Kivnon @optiopévou owpatiov o poyvnuxd medio StwéAov mov Sivetou
anéd ) oxéon (B.11). T v éxovpe xoAiTEPX OTTTIXG amoTEAéOUaTR THpaUEe By =
1000, ¥ = 0.02Z 4 2.002, ¥ = —0.999992. H ohoxApwon €ytve pe 10000 Brpata amd
¥p06vo tg =0 éwg ty = 5.

6.3

6.4

6.5

wévo pe niextpootatixég duvapelc Coulomb (o vTOAOLTTES OAAT-
AeTtLdpdoetg Ptopoly vo ayvonBoiy). Na ypdupete Tpdypopor Tov
vor UTTOAOYLLEL TLG TPOYLEG TWY CWUATLOLWY OESOUEVHLY TWY TOYLUWDY
ouvVinxWyY yonotporolwvtag ) wébodo RK4S.

Ipdpte TEdYPOUUOL YLOL TOV OVLOOTPOTILXG OLPUOVIXG TOAVTWTY
F = —kyx2 —kyyy —k.22 xo EAETNOTE TLG TOLOOLAOTOTEG KO-
Aeg Lissajous 1Tou ep@oavifovTol YLot XATAAANAEG TLUES TWY XUKALXGY

OUYVOTNTWY W, = \/ky /M, Wy = \/ky/m, w, = \/k,/m.

Abo cwpotidia pélog M Boploxovtal otepewpéva otig HBéoelg i =
az xow 7y = —az. Tolto cwpatidio walog m oAAMAETLOPS pall
Toug pe Nevtovera BopuTixy] SOVOLY KoL XLVELTOL UE L] OXETLULOTL-
%€C TOYOTNTEG. MEAETNOTE TLG TPOYLES TTOL SLAYPOUPEL TO CWUATIOLO
oTO oL EEETAOTE AV LTTAPYOLY XATAAANAEG aEYLXES TLYVOXES TE-
TOLEG, WOTE 7 %x{VYNOM TOL CWUATLILOL Yo TTEPLOPLleTaL 0TO ET{TEDO.

Abate o mpdBinua BIY e ceridac XOMNOLLOTIOLWOVTOG TY] LE-
0odo RK45. EmAéETe apyixég ouvbneg T€ToLeg, (YOTE TO GLATNUO
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vou eXTEAEL LOVO LETOPOPLXT XIVNOY. 2T OLVEYELX ETILAEETE QLY LXEG
ovVONxEG ETOL WOTE, YL ULXPES TUAXAVTWOELG, TO XEVTPO UALOS VO
ToPaUEVEL oxivnTo. Bpeite Toug xovovixolg TPOTOVS TOAAVTWONG
TOU OLOTAUOTOG XL BAATE XATAAANAES 0P LxEG aLVONXES, HOTE TO
oVotnuo vo exteAéostl xabe Evay amd avtolc.

Adote to mponyodpevo TEOBAnua Baloviag To ocVoTNUe. O €va
xoutl || < L xou |y| < L.
YtédeLEn: Agite to apyeio springl.£90.

AVote t0 TEOBAUO E@ ™™g oeAldOg @ XOYOLULOTIOLWOVTAG TN
nébodo RK45.

Avbote to TP BL.R1 e oeridac B04 yonouwomotdvtac ) ué-
0odo RK45.

To NAextpxd Tedio mov dnuiovpYel NAexTELXG JITTOAO SLTTOALXYG
QOTNG P = pZ 07O YWEO BlveTol ol TIG OYETELS:

E = Ep+E.2
1 3psinfcosf

o
r 47eq r3
20 _
B - 1 p(3cos*d —1) (6.12)
47eg r3

omov p = /22 +y? =rsind, £, = E,cos ¢, E, = E,sin ¢ xo (1,0, ¢)
OL TTOALXEG OLVTETAYUEVES TOL OMueiov 0TO omoio vToAoYileTol
70 NAextEnd TeEdio. YTOAOYIOTE TNY TEOYLE SOXLUATTIXOD (POOTIOL
TTOL XLVELTOL U1 OYETLXLOTIXE HECO OTO TTOPATIAVE TESLO. XTN OL-
VEYELOL, LEAETNOTE TN OYETLXLOTLXY %(YNOY TOL CWUATLOLOL. YTTOAO-
YioTE TLG ATTOXALOELG TWY TEOYLWY UETAED TNG OYETLXLOTIXNG XOL UM
OXETLXLOTLUNG XivNomg YLa TLg LOLeg apytxég oLVOTXES WG oLYAPTNON
TOL YPOVOL, Tay N aEyLx TovTTa Exel étpo 0.01¢, 0.1¢, 0.5¢,0.9¢
avtiotoryo (oyvonote Qatvopevo axtvoBoliag Adyw emLTéyLYOTG
TOL POPTIOVL).

HAextptxd @OPTIO XATOVEUETAL YOOUULXA TEVW OTOV AEOVO TWV
z pe Betiny) yooputxn moxvotnta @optiov A. To nAextpixd medio
dlvetor amd ™ oYEon

12X\,

F—F )—
oP 4reg pp
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YmoAoyioTe TLg TEOYLES OVO (OLwY SOXLUATTIXWY CEVYNTIXWY (POP-
Tlwy TOL KLYOLVTOL U] OYETLXLOTIXA LECH OTO TAPUTTOV® TESLO.
Mmopeite va Bewpnoete 6Tt Tor 30O POPTLOL AAANAETLPOVY LOVO
pe nAextpootatixég duvapetg Coulomb.

HAextptxd OPTIO XOTAVEUETOL YOAUULXE TTAV® OE TECOEQLS EL-
Oelec mov elvor ToPAAANAES aTOV GEova TwY z pe atobepn yoouu-
wLxn TuxvoTNTA oETIioL A. Ot evbeieg avTég TEUVOLY TO eTTiTTESO TY
ota anuela (0,0), (0,a), (a,0), (a,a). YToroyioTte TNy TPOYLE SOXLUO-
oTLXOV (POPTIOL TTOL ULVELTOL U1 OYETLXLOTIXA LECO OTO TTOPAUTTAVL
ed(0. 2TN CLVEYXELX UEAETNOTE T OYETLXLOTLXY XLVNON TOL CWUN-
Tdiov (oyvoriote @owvdpevo oxtivoBoliog AGYw ETLTEYLYONS TOL
©oPTLOL).

Tolo owpatidio walog m aAAMAETLEPOVY UETAED TOLG LOVO UE TV
dvvopn g Nevtwvelog BapldtnTag. MeAeTNOTE TN UN OYETLXLOTLXN
%{yNoY TOLS OTO XWPEO.
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HAextpooToTiny

270 xe@GA0Lo ouTO Oor peAeToOLE OPLOUNTLXA TO NAEXTPOOTOTLXG TTE-
Ol0 OTOTIXNG XATOVOUNG POPTIWY. TNV TEWTY TOEAYEXPO UEASTAUE TLG
SUVOULLYES YOOULUES O LOOSLVOLULKES ETTLOAVELEG XOTAVOUNG ONULELAXWY
NAEXTOLXWY POPTLWY 0TO eTiTESO. LT 3eVTEPY TTOPAYPOUPO EEETALOVTOL
TEOPBANUOTO. GUYEYWY XATAVOUWY PoPTiov, TéAL oto emimedo. ['lveton
opLBunTIX AVom TEOPBANUATGY CLYVOPLOXWY TLUWY YPNOLULOTTOLOVTOG UE-
8630vg toTov (over)relaxation.

71 Zqperoxn] Kotoavopn ®optimwy

"Eotw N onuetoxd nhextptxd @optia (); Too omolo Bploxovtal oe otobe-
péc Béocig oo emtimedo mov divovtal amd To dravdopota B€org Toug 77,

t=1,...,N. O vépog tov Coulomb pog diver ™y TLUN TOL NAEXTELXOV
mediov
1 ZN Qi
E - . Ai 71
(F) dmeo i=1 |F—Fi‘2 & ( )

6mov to p; = (T'—7;) /|7 — 7| elvor To povadiaio Stévuopo ot dtevbuvon
Tou 7 — 7. OL oLYLOTWOES TOL TteEdioL Elvart

Ery) = 3 o)

1 Qi(y — yi)
B o) | - (7.2)
(z,y) 121 ((z — )2 + (y — y;)2)

331
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To nAextpootatind Suvoutxd oty Béon 7 elvor

o ! N Qi (7.3)
() =V(z,y) = 4mey ; ((x =2+ (y —y)»)"* |

%o LoyVeL . .
E(F) = -VV(7). (7.4)

Ov duvaptxég Yoo UES Vol oL OAOXANPWTIXES XOUTTOAES TOU SLOVL-
opatixol Tedlov E, ONA. oL XOUTTOAEG EXELVES TTAVW OTLS OTTOLEG EQA-
TTETAL TO OLAYLOUO TOL NAEXTELXOV Ttedlov oe x&be onueio tovg. Ml
oVpPoon Tov axorovbeital 6To OYESLOOUS TWY SLVAULXEWY YOAULWY EL-
voL 0Tl 1 TOXVOTNTOL TOUG OV LOVADO. ETTLPAVELOG ELVaL aVEAOYT TOL
KLETPOL TOL E. AnA. 0 opLBudg TwY SLVOULXEY YOOUUKY TTOL TEUVEL ULO
empdvela S elvor avahoyn g pong Pp = fsﬁ . dA tov NAEXTELXOV
edlov oL TN SLUTTEPVEL.

O LooBuVoULKES ETTILPAVELES EIVOL O YEWUETPLXOG TOTTOG TWY ONUELWY
exelvwy OTov 1 ovVAaEToN Tov duvaulxob €xel otabepn Ttun. H oyxéon
(@) pag Aéel TTwg TTURVES LoOBLYaULLXES ETLPAVELES (TTOL onuaivoLY YEY-
YOPN YWELXA LETOPOAY TOL SLYOLLXOD) GLYETTAYOVTOL LOYLEO NAEXTELXO
medio oty TepLoyn xoaw aviiotpopa. Emiong, pog Aéel 4t n dredbuvon
TOL NAEXTELXOV Tedlov elval xABeTN OTIG LOOBLVOULUES ETILPAVELEG OE
x&Be onueiof (n drevbuven TaydTepnc weTaBoric Tov V) xaL ue Popd
ovT) ™G pelwong Tov Suvoptxod. Otay TepLopl{épnote oto eniTeESO
0L BPLOXETOL N XOTAVOUT] TWY POPTLWY, Ol LOOSLYOULKES ETILYPAVELES Ol-
YOULY XAELOTESC XOUTTOAES TTOL ELVOL 7 TOUY] TOVG UE TO €Y AdYw eTimedo.

XTOV DTTOAOYLOTY] OEY LTTOPOVUE VO ADGOVUE TO TTPOPBANULO GTO CLVE-
¥éc. H ovveyng xopmdAn ov H€Aovpe va vtohoyioovpe Ba TpooeyyLotel
KE €Vl LEYBAAO OAAG TteTEQOOUEVO 0pLOUG atd pixpd evOVYPaUpLO TUN-
potoe. H 3o mepLypdupeton oto oynquo @: To pxpd evboYPOULO TUNRO
unxovg Al eivar atn dtevbvvon tov NAexTELxoV TEdiov, omHTE ATH TO
opoto Tplywvor Taipyouvpe

E, _ E,
Az = Al = Ay = Al ok (7.5)

6mov E = |E| = /L2 + 2.
[Nt Tov LTTOAOYLOUS TWVY LEOSLYOULXKY XOUTTOAWY Y EYVOLLOTTOLOOUE
™Y LOLOTNTA TTOL EYXOLY OL SLYOULXES YPOUUES Vo elvort TtovToL xabeteg

'Enetdn o xdbe pixph petotonion dif mévew o gLt LoOSUVOULLXY ETTLPEVELO TO
Suvoprnd mopoapéver atabepd (dV = 0), éxovpe 6Tt 0 = dV = VV - dF = —E - dF, dpo
E L dF.
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|
X

Synpo 7.1: Xe xabe onpelo Tou XHEOL Ol SUVAULKES YOOULUES EQPATTTOVIOL UE TO SLO-
yooua g évtaong Tov NA. Tediov, eve oL Loodvvaixéc entpdveleg (86 xopTOAES)
70 €yovy xébeto. Ipooeyyilovtag ™ ovveyn xaumOAN pe to vb. TuRuo Al éyovue
Ay/Ax = E,/E,.

oTLS LoodLVOULKEG eTtLpdveLeg (e86) oTig xopuTUAEg). Apa av (Az, Ay)
OLVEL TNV EQATTTOUEVY GTNY LEOSLYOULXY] YOOUWUY, TOTE TO (—Ay, Ax) elvor
oe x&betn xotevbovon, opod (Ax, Ay) - (—Ay, Ax) = —AzAy + AyAz =
0. Omdte Y TLG LOOSLYAULKES KAUTTOAEG TOU ETILTTESOL TPOXVTITEL V|
eklowon

E E
Ar = —A] =¥ = - .
x l T Ay = Al i3 (7.6)

Mmopodpe tpa va ayedLtéoovpe Lo ohyoptuixn Stadixocio Tov Oo
LOG ETLTEEPEL TOY TTPOGEYYLOTLXO DTTOAOYLOUO TWY SLVOULXWY X0l LEODV-
VOULXWOY XAUTTOAWY: ETttAéyovpe apyixd onueio amd To omolo TepvdeL 1
(povadixy)) Suvotx] YooY N LoOSLYOLLLXY] ETTLPAVELD TTOL ETLOLLOVE.
AT ™V *oTOVOUY] TV QOPTILWY DTTOAOYLLOVIE TO NAEXTELXO TTESL0 XON-
aworodvtac Tic oyéoete (7.9). Eméyovtac apxetd wixpd PAuc Al
petaxtvobpaote oty dtevbuvon (Ax, Ay)

r—=rx+Ar y—y+ Ay, (7.7
yonatpomordvtoc Tie ayéoeic (7.5) % ([7.6) avéroyo pe v mepinTwon.
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EravoropBavovpe tn dtadixaocion pé€xpl vor TEAELHOEL O TYESLATUOG YLOL
éva peydro aptbud Prudtwy. To xprtiolo yio awtéd B To xabopiost o
TPOYQOULUATLOTNG 1] O XPENOTNG OVAAOYX UE TLS AVAYXES TOU UTTOAOYL-
opov, Ay. N SuVOULXN YOORWY QEVYEL EEW amd Ta OpLa oYESLHOUOD N
TANGLALEL ®OVTOTEQPO GE EVOL POPTLO OTTO YLD EAAYLOTY ATTOCTOOY,.

7.2 To lpoypoppo — Opextind %ot ... eTLIOE-
TLO

O Brootixdg, ARG %o EAXPEA HATAPTLOUEVOS OVOYVWOTYG LTTOPEL VO
ovveyloel ™ LEAETN TOL TINYoivovTog xatevbeioy TNy TOPAYEOPO
xaL vo emloTeeédel €36 apydtepa Lo dtevxpLvioets. Exel Oa Bpet v te-
ALXY] X0 TTAYOY LOPPY] TOL TTROYQAULUATOG, XS xot GLVOTTTIXES 0OTYLES
XONoNG TOL.

[Na tov mpoypoappatiopd Tov aAyopLbuov mov meplypddoue oty
TIPOMNYOVWEYY], TTopAYPopo, o ywploovpe Tig Stadixoocieg o TEOOEQLS
EeywpLotég xow aveEqptnTeg LeToED TOLS OUAGES OL OTTOLEG EYOLY XOAL
0PLOUEVOVG GTOYOLG XUl LTTOPOVY VO XENOLULOTTOLO0o0Y ot SLapopeTLXd
TUNUOTA EVOS TTROYPBLUOTOG.

¢ To xvplwg mpdypappa: Opiletar 1 doun TwY 3e30uévwy, TTOL KO-
TeAeitol xVPlwg amd Tig HEoelg TwY PoPTiwY ToL arobnxedovTon
oto arrays X(P), Y(P) xot v Ttpn twv @optiwy Q(P). Aetopy
(interface) pe to ypfo™): Tivetow amd 10 XPHoTY ELoaywYY| dedou.é-
YOV, OTtws 0 optbudg Twv @optiwy N, 1 BEon Toug xow to péyebog
Toug, xo ylvetal N emeEepyacion TwY ATOTEASOUATWY.

e subroutine eline(xin,yin,X,Y,Q,N): YmoAoyilel Tn Suvoyrtxn
YooY TTOL TEPVAEL omtd To onueio xin,yin. Xtny eloodo o Y-
otng dlvel 1o onuelo xin,yin xow Tt dedopévar N, X(N), Y(N),
Q(N). 2Ztnv €Eodo 1 vropovtiva TVTTWYEL oTNY xablepwuévy €Eodo
(standard output - mov eivar cuYHBwe 1 006vN) Tig cLVTETAYUEVES
™G SLVOULUNG YOOLUNG TTOL TTEPVAEL Ot TO onuelo (xin,yin) xou
TTPOEXTELVETOL LEYOL VO PTACEL TTOAD XOVTIA OE XATTOLO AANO (POQ-
Tio N péypt va Byet extdg TG TEPLOYHS oyedioong (e8¢ opiletor vo
exTEVETOL PEYOL Lot LEYLOTY ATTOGTOON OTTO TNV OOYT TWY OEOVWV).
KoAel tmy vmopouvtiva efield yio Tov DTTOAOYLOUO TOL NAEXTELXOV
tediov xaL Ty mdist YLa TOV LTTOAOYLOUO TNG EAGYLOTNG ATTOOTAOYG
TWY ONUELWY TNG SLYOULLYNG YOOLUNG OO TOL NAEXTOLXE QOopTLOL.
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® subroutine epotline(xin,yin,X,Y,Q,N): YmoAoyilel v Looduvor-
ULXY] XOAUTTOAN TTOL TEPVEEL oTtd TO oMUeLo xin,yin. Xty €loodo
0 YPNoTNg dlvel To onuelo (xin,yin) xow tor dedopéva N, X(N),
Y(N), QUN). Ztnv €Eodo 1 vTopoLTIVA TUTIWVEL BTNV Xabepwévn
€E0S0 TLG OLVTETUYUEVES TNG LOOSVYOULXTG XOUTTOANG TTOL TTEPVAEL
omd to onueio (xin,yin) xot mTEoexTelveTOl UEXEL ELTE VO XAE(-
OEL OLPXETA XOVIA GTO OPYLXO onueioﬁ N péYEL va Pyel exTdG TNG
meptoyNg oyedioong. KaAel v vmopovtiva efield yior Tov UTTOAO-
YLORO TOL MAEXTELXOD TESLOL XoL TNV mdist YLot TOV LTTOAOYLOUO
NG EAAYLOTYG OTTOOTUONG ATTO TOL NAEXTOLXA (POPTLOL.

® subroutine efield(x0,y0,X,Y,Q,N,Ex,Ey): KaAeltow amd tig To-
POTavw PovTiveg. YToAoYileL To MAexTExO Tedio (Ex, Ey) oty
Béon (x0, y0). Xty eloodo o ypnotng mopéyet tov optbud N, tig
Béoelg Twv Qoptiwy Tov amobyxedovtor ota arrays X(N), Y(N), To
uéyebog Ty @optiwy mov amobnxedovtar array Q(N) xar 0 Oéom
x0, yO otnv omola Ha vToAoYLOTEL TO NAEXTELXO Ttedio. Xtny €E0d0
0 XENOTNG TALPVEL TLG CLVLOTWOES TOL NAEXTELXOV Ttedlov Ex, Ey.

® subroutine mdist(x0,y0,X,Y,N,rmin,rmax): KoAeltow amd TLg mor-
POTTaYW povTives. YTTOAOYLLEL TNV EAGYLOTN KO LEYLOTY ATTOGTAOY
Tou onuelov x0, yO amd Ta @optior mov PBploxovtorl otig B€oelg
X(N), Y(N). Ztnv €loodo o xpNotng TopéxeL Tov optbud Twy @op-
tiwv N, tig O€oeig Toug X(N) , Y(N) xow o onueio x0, y0. Xtnv €Eodo
7 pouTivor OLVEL TNV EAGYLOTY %Ol HEYLOTY ATTOGTAOY] rmin, rmax.

210 x0plwg TEOYPOUUO O YENOTNG TEETEL Yo 0ploel TLg UETOPBAN-
g N, X(N), Y(N), QUN). To mpdypoppa Oo mpemel voo {ntioet amd
TO YOEWOTN TLC OYETLXEC TTANPopopiec (“Sieapy| pue Yonot”) xot, Xen-
OLUOTIOLOVTOG TG, VO XOAETEL TLG OYETLXES POVTIVEG TTOU VAOTTOLOVY TOV
voAoYLtopd. Mo pvipaAtotixy mpooéyyion Bo elvar va ypdovpue oe
évar opyeio ELines.f90 éva mpdypoppon 6mtwe to mapaxdte (“rtpedtn éx-
doon” - version 1):

3k 3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok k

program Electric_Fields

| %k 3k 3k ok sk sk sk sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok sk ok ok sk sk sk sk sk sk sk ok ok ok sk sk sk sk sk sk ok ok ok ok ok ok sk ok ok ok ok
implicit none

integer ,parameter :: P=20 !max number of charges
real ,dimension(P) :: X,Y.Q

*Oupdiote QaVTALOWOL TIWG OL LOOSLYOULXES ETILPAVELES, BP0 XA OL XOUTIVAES, ELvo
*AELOTEG.
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integer

!
N
x(1)

Y(1) =

Q(1)

X(2) =

Y(2)
Q(2)

!

O~ N

coocococ

I
|
SR

[

call
call
call
call
call
call
call
call

eline (0.0,
eline (0.0,
eline (0.0,
eline (0. O,
eline (0.0,
eline (0.0,
eline (0.0,
eline (0.0,

N
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SET CHARGE DISTRIBUTION ——

R e e

>

>

[P RV VEVR VR Ve

end program Electric_Fields

Ov evtoAég

!

N

Y (1)
Q(1)
X(2)
Y(2)

x(1) -

(@R )

oL~

SET CHARGE DISTRIBUTION ——

cocooococo

Q(2)

[

Tortobetody dVo foa xar avtibeta @optior Q(1)= -Q(2)= 1.0 otg Oe-
oetg (1,0) xow (—1,0) avtiotoryo. Ot emdpeveg YOoLES XAAOVY TNV LTTO-
pouTiva eline Vor XAVEL TOV DTTOAOYLOUO YLO 8 SLUVOULXES YOAUUES TTOV
TeEVOLY a6 to onueta (0,+1/2), (0,+£1), (0,4£3/2), (0,£2):

! DRAWING LINES

call eline(0.0, 0.5.X,Y,Q,N)
call eline(0.0, 1.0.,X,Y,Q,N)
call eline(0.0, 1.5,X,Y,Q,N)
call eline(0.0, 2.0,X,Y,Q,N)
call eline(0.0,—-0.5.X,Y,Q,N)
call eline(0.0,—-1.0.X,Y,Q,N)
call eline(0.0 1.5,X,Y,Q,N)
call eline(0.0,—2.0.X,Y,Q,N)
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Ou eVTOAEG OUTEG TUTTOVYOLY TLG GUVTETAYIEVEG TWY ONUELWY TWY SLVO-
ULX®Y Yoouuoy oto standard output, Tig omoieg o ypNnotng Ha mpénet vo
eneEepYOOTEL TTEPALTEPW.

Mo Tov VTOAOYLOPO TWY LEOSLYOLLXGY KAUTTOAWY O XWOLXAG LV
oxpLBug o idtog avtixabiotwvrtog call eline — call epotline.

Mo vo oopmtAnpwiet To Tpdypappo o Tpénel va Tpoypoppaticovpe
TG vopouTiveg eline, efield, mdist. Avtéd Ha to ovlnToovue To-
poxatw. o Ty Wpa, av BEAeTE Vor XONOLULOTTOLNOETE TO TANPES TTPO-
Yooppa, avolntote To opyelo ELines.f90 amd to ovvodevTixd AOYL-
outxo. MetoyAwTti{ovpe xot TPEYOVILE TO TTOOYOOUUO XOTA TOL YVWOTA:

> gfortran ELines.f90 —o el
> ./el > el.out

OTTOL UE TO YOPOXTNPO > ETAVAOPLOUOV TOL standard output UETOPE-
QOLUE TO ATTOTEAEGUOTA TTOV TUTTWVEL TO TTPOYPOLUA GTO 0PYELO el . out.
Mo vo dobpe Ta amoTteAéopaTo, YPNOLLOTOLOVUE TO gnuplot:

gnuplot> plot “el.out” with dots

To amotéheopa paivetor 1o oxhua [1.2.

Acg yvoadovpe tpo To TEOHYPOUKO GIVOVTOS GTO YEPNOTN TNV ELXOL-
olor Vo LEAETNOEL EUXOAGTEPO DLOUPOPETLXES KATUVOUES (POPTIWY XOL VO
eTUAEEEL TG SuvauLxég Yoopués mov OBa voAoytotovy. O ypnotng Ho
TopEyeL dLadpaoTixd Tov aptbud xow ) B€on/uéyebog Twy NAexTELRWOY
@optiwy xabdg xor tov aptbud xon o opyxd onueior TwY SLYOULXKDY
Yooppwy mov Oa vToAoyioTovy. O TPWTOG GTOHNOG ETUTUYYAVETOL OA-
Adllovtag Tov ®woLxa oTo oNUELo TToL B€TEL TNV XATOYOWUY] POPTIWY WG

eENg:

! SET CHARGE DISTRIBUTION ——
print *, ’# Enter number of charges:’
read *, N
print *, '# N= ° N
do i=1,N
print *, ’# Charge: ’,i
print *,’# Position and charge: (X,Y,Q):’
read *, X(i),Y(i),Q(i)
print *,’# (X,Y)= ’, Xx(i),Y(1), > Q= ’,Q(1)
enddo

H mpwtn evtodn {ntéer amd To XpNnotm™ Tov oplipd Twy QopTimwy NG
XOTAVOUTG, Tov omolo Stafalel amd to standard input. X1n cvvéxeia,
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05 1 ' N\ T

_2 | | | | |
-1.5 -1 -0.5 0 0.5 1 15

Zyfuo 7.2: Mepixég Suvautxés Yoourés MA. mediov dbo avtifetwy QopTiwy ToL oYE-
dtallovpe pe o TEOYPOoUUa ELines.£90 otny ... TEWTY TOL €xdOOM).

Yo xé&be Tipn touv i Stafdlovpe Tig TEG TNg BEomg/uéyebog poptiov
xo Tig amofnuedovpe otig avtiotolyeg Oéoelg Twy arrays X(i), Y(1),
Q(1). Ta amOTEAETUOTA TUTTHOYOVTOL YLO VO T BAETIEL O XPNOTNG KAL YL
Vo EAEYYEL OTL TTEQOOAY GWOTA GTYN YN TOL LTTOAOYLOTY).

O oyedloopoc Ty SLYUULXWY YOOUUWY YIVETOL AAAALOVTOS TOY XK-
dtxor 0To oNUELD OYEDLOOYNG TWVY YOOUUWY WS EENG:

! DRAWING LINES
print *,’# How many lines to draw?
read *, draw
do i=1,draw
print *,’# Initial point (x0,y0):
read *, x0,y0
call eline(x0,y0,X,Y,Q,N)
enddo

]

)

To TPdYpoOL TO TPEYOLUE, OTTWE POLVETOL TTOPAXATW, YLOL EVOL (POOTLO
g = 1.0 oy opyn Twv aEovey NTtoviag vo oxedtalel uior duvouixn
Yoo mov mepvael amtd to onueio (0.1,0.1).




7.2. TO IIPOI'PAMMA - OPEKTIKA KAI ... EIIIAOPIIIO

> gfortran ELines.f90 —o el
> /el

# Enter number of charges:

# N= 1

# Charge: 1

# Position and charge: (X,Y.Q):

0.0 0.0 1.0

# (X,Y)= 0.000000 0.000000

# How many lines to draw?

1

# Initial point (x0,y0):

0.1 0.1
9.2928931E—02 9.2928931E-02
8.5857861E—02 8.5857861E—02
7.8786790E—-02 7.8786790E—02

Q=

1.000000

339

Mo peyoAdtepeg xatovoués QopTiwy ypnotpomoteiote évay editor xot

oe éva opyelo pe ovopo Ay. Input ypate Tar dedopéva eLaO30L

2 N: Number of Charges

1.0 0.0 1.0 (X,Y,Q): Position and charge
—-1.0 0.0 —1.0 (X,Y,Q): Position and charge
8 Number of lines to draw
0.0 0.5 x0,y0: Initial point of line
0.0 1.0 x0,y0: Initial point of line
0.0 1.5 x0,y0: Initial point of line
0.0 2.0 x0,y0: Initial point of line
0.0 -0.5 x0,y0: Initial point of line
0.0 —1.0 x0,y0: Initial point of line
0.0 —1.5 x0,y0: Initial point of line
0.0 —2.0 x0,y0: Initial point of line

Av 3®oeTE TP TNV EVIOAT ﬁ

./el < Input > el.out

Do ThpeTE T ATTOTEAEGUOTA YLOL TLG SUVOLLXES YOOAUWUES TTOL {NTNOOTE
VO DTTOAOYLOTOVY ot Tow omolar Ho amobnxevtody oto CdPyelo el.out.
Mmopeite €toL v @TLaEeTte T dwntd oog “BLBALobnxn” amd xotovouég
QPOPTIWY %ol SLVAULXES YOOUKES TOL NAEXTELXOD TEGLOL TTOL JINULOVLE-
youv. O TopaTdve xHhdxog (“dedtepn éxdoon” - version 2) mopotifetol

TTOLPOXATW:

’To “< Input” emovoopilel To standard input vo eivow T0 opyeto pe dvopo Input.
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|k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok k

program Electric_Fields
sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk sk sk skosk sk sk sk sk sk sk sk sk sk sk oskosk sk sk sk sk sk sk sk sk sk ok sk skosk

implicit none

integer ,parameter P=20 !max number of charges
real ,dimension(P) :: X,Y.Q

integer it N

integer it i,j,draw

real x0,y0

! SET CHARGE DISTRIBUTION ——
print *, '# Enter number of charges:’
read *, N
print *, '# N= ° N
do i=1,N
print *,’# Charge: ’,i
print *,’# Position and charge: (X,Y,Q):’
read *, X(i),Y(i),Q(i)
print *,’# (X,Y)= 7, X(i),Y(i), * Q= ’,q(1)
enddo
! DRAWING LINES
print *,’# How many lines to draw?
read *, draw
do i=1,draw
print *,’# Initial point (x0,y0):
read *, x0,y0
call eline(x0,y0,X,Y,Q,N)
enddo
end program Electric_Fields

[}

)

'Hon o mpooextindg avoayverotng Oo €xer aounbel apxetd, wote vao
XATOALPEL TTWG YL VO QTLAEEL ULt wEaLa ELXOVOL AT KYTLTIPOCWTTEVTL-
%€ SUVOULLYES YOOULUES YOELALETOL OPXETO XPOVO YL VO TO XAVEL... [1dg
Do ptopoVvooLE, TOLAGKLGTOY CEYLXA, VOU TTAPOVILE YOTYOQEO [LLOL OLVTLTTPO-
OWTELTLXN ELXOVA TOV NAEXTELXOV Ttediov; Mo Tig SuvoLréc YOO LUES
oTtayTnom eivol eOX0AN: APXETA XOVTA OE EVOL ONUELOXO NAEXTOLXO (POP-
tto, T0 NAexTEXO TEDLO Elval XATE TTOAD XOAY] TTPOOGEYYLON LOOTPOTILXA
oxTxd. O opLhudg Twv SLVOULXOY YOOLUEY TTOL EEXLYOVY/XOTAATYOVY
omé/oe Evo onueloxd BeTLnd/opynTind NAEXTELXO QOPETLO Elval oVAAOYOG
Tou peyéboug Tou popTtiov. 'Etol, opxel vo emAEEOLUE WG oYL onpeia
gvay opltipd ovaAoYo Tov QoPTLoL OTTH LEOTPOTIOL XAUTOVEUNULEVD ONUELD
TAVW OE EVOL LPXETA LLXPO HUXAEXL YOPW oTtd x&be PoPTIO TN xaTavo-
uhe. Mapaxdtw mapadétovpe tov xwdixa (“tpitn éxdoon” - version 3)
Yioe popTiot Loow oe PEYEDOG oL QUPVOVUE WG ATNCY GTOY AVOYVWOOTY
TNV TEPITTWOY POPTLWY TTOL Elval SLoPoPeTLXoL LeYEboug:
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program Electric_Fields
1 sk sk sk sk sk sk sk sk sk skosk sk sk sk sk sk sk sk sk sk oskosk sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk skosk sk ok

implicit none

integer ,parameter:: P=20 !max number of charges
real ,dimension(P):: X.,Y,Q

integer it N

integer it i,j,nd

real :: x0,y0, theta

real ,parameter 1 PI= 3.14159265359

! SET CHARGE DISTRIBUTION ——
print *, '# Enter number of charges:’

read *, N

print *, °# N= ' N
do i=1,N

print *,’# Charge: ’.,i

print *,’# Position and charge: (X,Y,Q):’

read *, X(i),v(i),Q(1)

print *,'# (X,Y)= ", X(i),Y(i), * Q= ",Q(1)
enddo
! DRAWING LINES
!We draw 2*nd field lines around each charge
nd =6
do i = 1,N

do j = 1,(2*nd)

theta = (PI/nd)*j

x0 = X(i) + 0.1 * cos(theta)
yO = Y(i) + 0.1 * sin(theta)
call eline(xO,yO,X,Y,Q,N)
enddo
enddo

end program Electric_Fields

Qo TapaTnEnoate NON TWS N LOYN XAAXYY] TTOL XAVOUE ELVOLL GTO KOU-
UETL OYEDLOOLOD TWY YPOUUWY. BEToLUE TOV LG TV cEYLX®Y YOOU-
LY YOpw amd xdabe @optio va eivarl 12 pe tnv evtoA] nd = 6 xaL YETA
YOpw amd x&be @oPTio xohoVpe TNy eline pe opyixd onueilor (x0,y0)
TAVW o€ €var XOXAO x€vtpou (X(1),Y(1)) xot axtivag 0.1. Auto yiveto
2*nd @Qopég oc onueia Tov xabopilovtor amd ™ Ywvia theta=(PI/nd) *j.

Mo vae to TpéEovpe, Ypdpoupe Evar opyelo Input (e TEQLEYOUEVO TNV
XOTOYOUY] TWY QOPTIWY. ['lot ToPASELYUO, YLOL Lol XOTAYOWY] TEGOAQWY

@OPTIWY ¢; = 11 TAVWL OTLG XOPLPES EVOS TETPAYWVOL YOAPOVLUE:

4 N: Number of charges
1 —1 (X,Y,Q): Position and charge
—1 1 1 (X,Y,Q): Position and charge
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1 —1 1 (X,Y,Q): Position and charge
-1 -1 —1 (X,Y,Q): Position and charge

%Ol LETA OLVOLUE TLG EVTOAEC:

> gfortran ELines.f90 —o el

> ./el < Input > el.out

> gnuplot

gnuplot> plot “el.out” with dots

2To oyquoTo —@ OclXVOLUE TO ATTOTEAECULOTO VLA UEPLXES HATOYVO-
HEG oPTIOL. APNVOLUE WS BOXNOYN GTOY OVOYVWOTY VoL BPEL OTtO TTOLES
XOTAYOWUES TTIPOXDTTTOVY XOL VO OVOTIOAYEL TOL OYNULOTO VT YLow EEC-
oxXMno.

Nk o RN W

@

BN WA

A v A o
N =
T T T

Zynuer 7.3: Avvoputrég Yoo UES NAEXTOELXOD TTESIOL XATAVOUNG ONUELAXWDY QPOPTLLY TOL
oxedialovpe pe to TpdHypoppor ELines . £90.

Me mopbp.oto TpHTO YPAPOLUE TTEOYPOULLO. XOL YLOL TLG LOOSVVAULXES
xopmOAes. H povn drapopd eivarl 6Tt av BEAovpe tor opyixnd onueion vou
ETUAEYOVTOL QVTOUOTA, Do TEETEL Vo eTTLVONo0LE évar VEO aAyopLOpo
0L Vo {wYPoQLlEL TG SUVOLLXES YOOULUES YLl OESOUEVEG TTTWOELS dL-
vopLxol. Adyw ™™g TOALTAOXGTNTOG TOL aAydpLipov, avtd apnveton
WG QoxNoN Yo ToV avaryvwotn (Seg oxetiny] doxnom pe odnyisg). Epeic
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Syfpo 7.4: Avvopixéc YOoUUES NAEXTELXOD TTESLOL XATOVOUNG ONILELOXWDY POPTIWY TTOV
oyedtélovpe pe 10 mpdypoupa ELines.£90.

OTOV TTOPOXATEL XWOLXO ETILAEYOVUE YLOL AOYLXA ONUEL LOXTTEXOVTO O
uetor Tavw o éva TeTPaywitxd TAEYHo. O xwhdxog amobnxedetor oto
opyelo EPotential.f90:

sk 3k sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk ok ok

program Electric_Potential
| ok ok ok sk sk ok ok sk ok ok sk sk ok sk sk ok ok sk sk ok sk sk ok sk sk sk ok sk sk ok ok sk sk ok sk sk ok ok sk sk ok ok sk ok ok sk ok ok ok sk k ok

implicit none

integer ,parameter :: P=20 !max number of charges
real ,dimension(P) :: X,Y,Q

integer i N

real ,parameter :: PI= 3.14159265359

integer :: i,j,nd

real :: x0,y0,rmin,rmax,L

)

print *, °# Enter number of charges:

read *, N
print *, '# N= ' N
do i=1,N

print *, ’# Charge: ’.,i

print *,’# Position and charge: (X,Y,Q):’

read *, x(i),Y(i),Q(i)

print * '# (X,Y)= ", X(i),Y(i), * Q= ",Q(i)
enddo
! DRAWING LINES
!We draw lines passing through an equally
!spaced lattice of N=(2*nd+1)x(2*nd+1) points
!in the square —I<= x <= L, —I<=y <= L.

nd = 4
L = 1.0
do i = —nd,nd

do j = —nd,nd
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x0 = i*(L/nd)
yo = j*(L/nd)
print *,’# @ ’,i,j,L/nd,x0,y0
call mdist(x0,y0,X,Y,N,rmin,rmax)
!we avoid getting too close to a charge:
if (rmin .gt. L/(nd*10) )&
call epotline(x0,y0,X,Y,Q,N)
enddo
enddo
end program Electric_Potential

O %xWdwxog elvol TAVOROLOTUTIOS E TOV TTPONYOVUEVO GTO TOWTO KO
J0eTEPO LEPOG TOV. XTO TELTO KEPOG, OTTOL {NTeElTOL O OYESLUOUOS TWY
XOUTIOA®Y, XOAELTOL TWEA ¥ LTTOPOLTLVO epotline Vo XAVEL TO OYEDLO-
oud. OAat Tor LTTOAOLTTOL AVULPEPOYTOL GTOV TTPOGOLOPLOUO TWY OYLUWY
onuelwy Tov yivetor wg eEng: EmAéyovpe tov aptbud twy onueiwy tov
TAEYUOITOG LE TNV EVTOAY nd=4, 1 omtolot divel (2*nd+1) * (2*nd+1)= 81 on-
peto. Me tny evtoAn L=1.0 xabopilovpe Tor 6pLor TOL TAEYLOTOG Vou ELVorL
7o Tetpaywvo (1,1), (—=1,1), (—=1,—1), (1,—1). Zn ovvéyeta, yrow xdbe
onueio Tov TAEYROTOG (x0,y0) LTTOAOYLLOLE TNV LEOSLYAULXT] KAUTTOAY
IOV TLEPVAEL OTtH ALTO PE TNV TTPoLTO0EoN TO oNEElD OV TH Vo UMY Elvor
TTOAD XOVT& o€ €vor atd Tow PopTio. AuTé YivETAL XOAWYTOS TNV LTTOPOV-
Tiva mdist amwd v omolor TAlPYOLUE TNY EAAYLOTN aTOOTOGY rmin TOL
onueiov xat Balovtog xdtw 6pLo o oty Tov oPtbud L/ (nd*10). Mo va
70 TPE€EoLPE BIVOLUE TLG EVTOAEGS:

> gfortran EPotential.f90 —o ep
> ./ep < Input > ep.out

> gnuplot

gnuplot> plot “ep.out” with dots

Mepxd amd Toe amoTEAEOULATO PAIVOYTOL GTO OO @

7.3 To IMpéypappoa - To Kvpiwg Iidto

2TV TTOPAYPOUPO 0T TTEPLYPBPOVILE TN AELTOLEYLOL XOL TOV TTROYQOUL-
LOTLORO TwV xVPLWY XORUOTIWY TOL TpoYpdupoatos: Tig vropoutiveg
UTTOAOYLOUOU TWY XAUTTOAWY eline, epotline, TOU NAEXTELXOV TEDLOL
efield xoi ™G EAAYLOTNG amtOOTOONG OTTO To POoPTial mdist.

Apytlovue amd v poutiva eline. O xPNOTNG TNY XOAEL LE TNY EVTOAN

call eline(x0,y0,X,Y,Q,N)
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15

Zynuo 7.5: Iooduvvopinéc ko mOAES NAEXTELXOV TTESLOL KATOVOUNG ONUELOXKWDY QOQPTLWY
mov ayedLélovpe e T0 TPdYpopo EPotential . £90. [lpocoyy Spwg: v TuxvOTTO THY
XOPUTIOAWY OEV QVTLOTOLYEl OTO TEAYUATIXO TESLO, YL VO TIAPETE TLS OWOTES ELUOVES
0o TpéTeL vou xGvete Ty Aoxnon 1.5

divovtog atny eloodo to apyLxd onpeio g Yoo ung (x0,y0), tov aplbpd
TwY opTiwy N, xabvg xar Tig O€oelg Twv Qopticy (X(N),Y(N)) xow pe-
Y€ Ty @optiwy Q(N). I'at vou oyedtaoTel 1 SuvouLxy YOOUUN YOELO-
Covtat o Pruo Al tng oyéong (@), xog xow T dpLa oxedloong TwY
Yooupwy. Ta 6pta avtd etvor dvo: Ipwta dtay TAnoLédlovue TOAD 0oVt
oe éva popTio. THte T0 NAexTELXO TEDLO TELVEL GTO ATELPO XOoL oV TO O
onpLovpynoet mpofAnuoato. To Brpo Al elvar pror xoh] xAlpoxor pLixpov
unxovg xow Bétovpe to GpLo mpoaoéyyong o 2Al. Eniong, de Béhovpe
voo amopoaxpvybodue TOAD amd ™y xotovouy, omdte HETovpe plor ow-
Bolpetn péyrotn amdotaon amd OAx Tor popTiar tom pe max_dist=20.0.
AMeg TTPOPRANUATIXESG XATUOTAOELS TTOL TEETEL Vo TTPOBAEPoLuE, elvor
vou UnoevLoTtel To NAEXTELXO TEDLO, OTTOTE TO ATTOTEAEGULOL TOU VTTOAOYL-
opob ot Xyxéon (@) Yivetar ampoadiépiato. TéAog, maipvovtog Al > 0
UETOXLYOVULOGTE TTAVW OTY] SUVOLLYY] YOUWY LOVO TTPOG TNy xatebbuvon
TOU NAEXTELXOD TLEGLOL KATAAYOVTOG TTAVTIA TIAVL OE EVOL APYNTLXO (POP-
tio N ot péyrotn amdotao (yrorti;). Ta vo oxedidoovpe ™) duvaptxy
Yoo 0AOxANET, Oo eTavadfovpe Tov LTTOAOYLOUSG OTTH TO [BLO OPYLKO
onueio pe Al < 0.
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H xwdwxomoinon tng dradtxaciog Qalvetolr TapoxaTe:

|k 3k sk sk sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok sk ok ok ok sk sk sk sk sk sk ok ok ok ok ok sk sk sk sk sk sk ok ok ok ok sk sk ok ok ok ok ok ok

subroutine eline(xin,yin,X,Y,Q,N)
| sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk ook sk sk sk kok

implicit none

integer N

real ,dimension(N):: X,Y,Q

real :: xin,yin,x0,y0

real ,parameter 11 step=0.01

real ,parameter :: max_dist=20.0
integer :: i,direction

real :: rmin,rmax,r,dx,dy,dl
real :: Ex,Ey.E

do direction = —1.,1.,2 !'direction= +/— 1
dl = direction * step

x0 = xin

yO = yin

dx = 0.0

dy = 0.0

call mdist(x0,y0,X,Y,N,rmin, rmax)
do while(rmin .gt. (2.0*step) .and. rmax .lt. max_dist)
print *,x0,y0
! We evaluate the E-field at the midpoint: This reduces
! systematic errors
call efield(x0+0.5*%dx,y0+0.5*dy.X.Y.Q.N,Ex, Ey)
E = sqrt(Ex*Ex+Ey*Ey)
if( E .le. 1.0e—10 ) exit
dx = d1*Ex/E
dy = d1*Ey/E
x0 = x0 + dx
yO = yO + dy
call mdist(x0,y0,X,Y,N,rmin, rmax)
enddo !do while ()
enddo !do direction = —1,1,2
end subroutine eline

2T0 TPWTO XOPUATL TOL %xWOxa dNAwvovtor ot petaBAntés. To pévo
XOLYOVPYLO TTOL EYOLUE VO TTOVPE glvort 1 ONAwoN

real ,dimension(N):: X.,Y.Q

ovtl vt dimension(P). Auvtd dev melpdlel o Timota, apxel QLOLXA O
TPOYQAUUOTLOTYG Yo €xEL 11O EAEYEEL 6TL N < P. 210 atpytxd TEOYQOUUO
oL INAWOTNXaY Tor arrays X,Y,Q, {ntlnxe xow o QuOLXGS YWEOG TV
UYNUN TOL LTTOAOYLO TN dToL Bor aobnxevTobY Tar dedopéva. Ta arrays
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X,Y,Q mepvave otny vopoutiva “by reference”, dnA. divetor 1 6éon oty
uvnun otny omola elvar amofdnxevuéva xor Oyt “by value”. To péyebog
Tou PBrpoatog Al, xabwg xaL n LéYLotn amdoTaoy oyxedioopol, xabopilo-
VTOL [LE TOV TTPOGOLOPLOUG parameter oTlg OVO ONAWOELS:

real ,parameter 11 step=0.01
real ,parameter :: max_dist=20.0

Ou tipég awtég Oa tpémet vor xoBopLaTody TTPOGEXTIXA ATTO TOY TTPOYPAU-
LOTLoTY] avaAoya pe T {ntoduevn axpifeta emtAvong Tov TPoBANUOTOC.
270 ®VPLWG TPOYPOUUO. TTPATNPOVIE TOV EEWTEPLXO BpOYO

do direction = —1,1,2
dl = direction * step
enddo

0 oTolog aAAGLeL TNV xoTtedBuvor ®ivnong TAvw oTY SLYOLLYY] YOOUUTN.
H evtoAn do direction = -1,1,2 exteAel t0 Bpdyo yLow direction amd
—1 éwg 1 pe Pua 2. AnA. B exteAeotel dVO Popég yio direction= =£1.
Apo o Ppa dl €xel xdbe popd SLaopeTind TEAOTLO.

2TN OLVEYELR, OL EVTOAEG X0 = xin, yO = yin opilovv TO aEYLxd
onueio g SuvoULXNG Yoopung. (x0, y0) eivot to exdotote onueilo g
SUYOULLUNG YOOUUNG TO OTTOLO TUTTWYOLWE 0TO standard output pe v
€VTOAY print. (dx, dy) elvar o Brpo LeTOXIYNONG TEVWL OTN SLVOULLYN
YooRWY, é€tol wote (x0, yO) — (x0+dx, yO+dy) petd amd xdébe vmo-
AoyLopd. O oxedioopdg TNG SVVOPLUNG YOOUUNG YIVETOL OTOV ECWTEQPLXO

Bpodxo

call mdist(x0,y0,X,Y,N,rmin, rmax)
do while(rmin .gt. (2.0*step) .and. rmax .lt. max_dist)

call mdist(x0,y0,X,Y,N,rmin, rmax)
enddo

0 omolog exteAeltan, 6ty M oLV rmin .gt. (2.0*step) .and. rmax
.1t. max_dist €yxet v Tpn .TRUE., eivor ONA. oAnbvg. Autd Loydet
000 1M €AGYLOTY ATTOOTOON OO OAX TAL POPTLOL GTO EXACTOTE OMUELO
oL PBpLoxdpaocte dev €xel yivel uLxpdtepn M lon amd 2.0*step xol 1
UEYLOTN OTTOOTOOY OTO OTTOLOJNTTOTE (POPTLO TTAPOUUEVEL [LLXPOTEPN OLTLO
max_dist. Ot uéyiotec xar ehdyrotec amootéoelc TPoadlopilovta e

‘Edw pmopeite vo BéAete o rmin .1t. max_dist.
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xOAeoUa 0TNY LTTOPOLTIVH mdist TV omola Ho peAeToOLUE TTOPAXATW.

To nAextpxd medio mov Ha ypnorpomoinbel otn Xyéon (@) VTTOAOY(-
(et xoAwvTag efield (x0+0.5%dx,y0+0.5*dy,X,Y,Q,N,Ex,Ey). Ta dbo
TEWTO OPLOUATOL TYG LTTOPOVTIVAG ELVOL TO ONUELO GTO OTOLO {NTOVLUE
T0 NAexTELX6 eSO, xoL o TH ETLAEYETOL Vo elval To (x0+dx/2,y0+dy/2)
ovtl Yyt To (x0,y0). AuTO YivETOL YLt VO UELWOOVUE TO CLUCTNUOTIXO
OQAALO OO TN SLOXPLTOTOLNGYN TOL TPOBANUATOS TTALPVOVTOS GLVEL-
oQOoPA oTd TO PECO TOL JLooTNULOTOS (x0,x0+dx) xat (yO0,yO+dy) xou
Oyt oo TO Eval AXPO LOVO.

Metd Tov LTTOAOYLOUS TOL NAEXTELXOV TTESLOV, N EPUEUOYY TNG OXEONG
([7.5) yivetor amhé pe Tic evtorée

E = sqrt(Ex*Ex+Ey*Ey)
dx = d1*Ex/E
dy = d1*Ey/E
x0 = x0 + dx
yO = yO + dy

0 éleyyog Ty TaoroyLx®y xotaoTdoewy E=0.0 xot dx=dy=0.0 yiveTou
LE TNV EVTOAY

if( E .le. 1.0e—10 ) exit

OTToV, GTAY TO LETPO TOL TESLOV YIVEL TTOAD X0 CTOULOTAEL O VTTOAO-
YLopOg Byoivovtog amd To Peodyo LE TNV eVTOAN exit. OpoAioyovpévag,
XGOLY oTTAGTNTOG, OEY ELUAGTE TTOAD TTROGEXTLXOL XOL O OVOYVWOOTNG KO-
Asttor va Ogpamedoel xol GAAeG TOHOAOYIXEG KATUOTAOELS OE OYETLUN
aoxno.

Me mopdporo Tpdmo mpoypoppatiCovpe xot Ty epotline. O oyxetixdg
xWOLxog TopotiheTon THPOURETW:

|k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk ok ok sk sk sk sk ok sk sk ok ok

subroutine epotline(xin,yin,X,Y,Q,N)
| sk sk sk oskosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ook sk sk sk skok

implicit none

integer it N

real ,dimension(N) :: X,Y.Q

real !¢ xin,yin,x0,y0
real ,parameter 11 step=0.02
real ,parameter :: max_dist=20.0
integer |

real it r,dx,dy,dl

real :: Ex,Ey.E
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dl = step

x0 = xin

yO = yin

dx = 0.0

dy = 0.0

r = step !in order to start loop

do while( r .gt. (0.9*%d1) .and. r .1lt. max_dist)

print *,x0,y0
! We evaluate the E-field at the midpoint: This reduces
! systematic errors

call efield(x0+0.5*dx,y0+0.5*dy,X,Y,Q,N,Ex,Ey)

E = sqrt(Ex*Ex+Ey*Ey)
if( E .1le. 1.0e—10 ) exit
dx = dl*Ey/E

dy = —d1*Ex/E

x0 = x0 + dx

yO = yO + dy

r = sqrt((x0—xin)**2+(y0—yin) **2)
enddo !do while ()
end subroutine epotline

OL Srapopéc pe to Tponyolduevo mpdypouua eivot Alyeg: Ot tooSuvoputxég
XOPUTIOAEG Elvor XAELOTEG, Gpa TLG JLooYL{OVIE LOVO XaTA [ict POPd %ot
TO XPLTNPLO TEQUATLOLOV TOL LTTOAOYLOULOV ELVAL TO VO (PTAGOVILE OLOKETA
XOVT& 0TO aPYLxO onuelo:

do while( r .gt. (0.9*%d1) .and. r .1lt. max_dist)

enddo

O mopamave Ppdyog exteieiton pLEYEL N ATTOOTOON OTTO TO OEYLXO ON-
ueto vo yivel ptxpdtepn amd 0.9*%d1l N vor QUYOLUE EXTOS TNG TEPLOYNG
oyedioopod. To dx, dy vrwoloyilovtor obppwve pe Ty (7.6):

dx d1*Ey/E
dy = —dl1*Ex/E

vmopouTiva efield TpoypoupoTileTon EQAEUOLOVTAS TOVG TOTTOVG

H
@-D:

| sk %k sk ok ok sk sk sk sk sk sk sk sk sk ok ok ok sk sk sk sk sk sk ok ok ok ok sk sk sk sk sk sk ok ok ok ok ok ok sk ok ok ok sk sk sk sk sk sk ok ok ok

subroutine efield(x0,y0.X,Y,Q,N,Ex,Ey)

*BeATLoTE TO TEOYEOULO, WOTE Vo Aapfdver véYPn Tov TV TEPiTTWoTN r; = 0.
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|k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk kok

implicit none

integer N

real ,dimension(N) :: X,Y.Q
real :: x0,y0,dx,dy,Ex,Ey
integer |

real :: r3,xi,yi
Ex = 0.0
Ey = 0.0
do i= 1,N

xi = x0-X(i)

yi = yo—-Y(i)

r3 = (xi*xi+yi*yi)**(—-1.5)

Ex Ex + Q(i)*xi*r3
Ey = Ey + Q(i)*yi*r3
enddo
end subroutine efield

Télog, n vTtopoLTIV mdist TTOL YPEYOLLOTTOLOVUE CLPXETE GTOL TTOLOOL-
AV LTTOAOYLLEL TNV EA&YLOTN XOL LEYLOTY TTOOTOOY rmin Xol rmax oo
éva dedopévo anuelo (x0,y0):

|k sk sk sk sk sk sk sk sk ok ok sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk ok sk ok sk sk sk sk sk sk sk sk sk ok ok sk sk sk ok ok sk ok ok k

subroutine mdist(x0,y0,X,Y,N,rmin,rmax)
| sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk skook sk sk sk skook

implicit none

integer it N
real ,dimension(N) :: X,Y
real :: x0,y0,rmin, rmax
integer 5g 4
real T
rmax = 0.0
rmin = 1000.0
do i =1,N
r = sqrt((x0-X(i))**2 + (yo—Y(i))**2)
if (r.GT.rmax) rmax = r
if(r.LT.rmin) rmin = r
enddo

end subroutine mdist

Edw 1 apytxn Tt Tov rmin TEETEL VO OPLOTEL TTPOCEXTIXA AVEAOY L UE
T 6pLor oYESLOONG TWVY SLY. YOOUUWY.
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7.4 To Ilpéypoppo - ovodh

2Ty Topaypopo ot Topatifevtor yior SLELXOALYGY] TOL OVAYVEHOTY
OAOXANPOL TOL TTOYPAUULOTO TWY SV0 TEASLTOLWY TTAEXYPAPWY, xobwg
XOL GUYOTITIXEG OOMYLES YL TN UETOYAWTILON XOL OVOAAVGY TWY OTTO-
TeAeopaTwY. MTopeite, av O€AeTe, TPWOTO VO AVTLYPAUPETE T TTROYOEAL-
LOLTOL OTOL LY TLOTOLY O LOYELDL KO VO EXTEAETETE TLG EVTOAEG GUANOYYG KOLL
OVAALOTG TV GEGOUEVLY TTOL SivovTol €36 YWELG EENYNOMN KoL UETA VO
ETULOTPEPETE GTLG TTPONYOVEVES TTOLPOYPAPOLS Yo Babitepn xortavdnom
TWY TETPAYULEVWY.
[Mpdtor divovpe o TepLeydpeva Tov opyelov ELines. £90:

3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk ok k

program Electric_Fields
| ok sk ok sk sk sk sk ok sk ok sk sk ok sk ok sk ok sk sk ok sk ok sk sk ok sk ok sk ok ok sk ok sk ok ok ok ok sk ok sk ok ok ok ok ok ok ok ok ok sk ok ok

implicit none

integer ,parameter :: P=20 !max number of charges
real ,dimension(P):: X.,Y,Q

integer DN

integer it i,j,nd

real :: x0,y0,theta

real ,parameter :: PI= 3.14159265359

! SET CHARGE DISTRIBUTION ——
print *, '# Enter number of charges:’
read *, N
print *, °# N= " N
do i=1,N
print *,’# Charge: ’.,i
print *,’# Position and charge: (X,Y,Q):’
read *, X(i),Y(i).Q(i)
print *,’# (X,Y)= ’, X(i),Y(1), ’~ Q= ’,Q(1)
enddo
! DRAWING LINES
!We draw 2*nd field lines around each charge
nd =6
do i = 1,N
do j = 1,(2*nd)

theta = (PI/nd)*j
x0 = X(i) + 0.1 * cos(theta)
yO = Y(i) + 0.1 * sin(theta)
call eline(x0,y0,X,Y,Q,N)
enddo
enddo

end program Electric_Fields
3k 3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok k

subroutine eline(xin,yin,X,Y,Q,N)
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|k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok ok

implicit none

integer o N

real ,dimension(N):: X,Y,Q

real :: xin,yin,x0,y0

real ,parameter 11 step=0.01

real ,parameter :: max_dist=20.0
integer :: i,direction

real :: rmin,rmax,r,dx,dy,dl
real :: Ex,Ey.E
do direction = —1.,1.,2 !'direction= +/— 1
dl = direction * step

x0 = xin

yO = yin

dx = 0.0

dy = 0.0

call mdist(x0,y0,X,Y,N,rmin, rmax)
do while(rmin .gt. (2.0*step) .and. rmax .lt. max_dist)
print *,x0,y0
! We evaluate the E-field at the midpoint: This reduces
! systematic errors
call efield(x0+0.5*dx,y0+0.5*dy.X.Y.Q.N,Ex, Ey)
E = sqrt(Ex*Ex+Ey*Ey)
if( E .le. 1.0e—10 ) exit
dx = dl1*Ex/E
dy = d1*Ey/E
x0 = x0 + dx
yO = yO + dy
call mdist(x0,y0,X,Y,N,rmin, rmax)
enddo !do while ()
enddo !do direction = —1,1,2
end subroutine eline
!****************************************************

subroutine efield(x0,y0,X,Y,Q,N,Ex,Ey)

|k sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk ok ok sk sk sk sk sk sk ok ok ok ok

implicit none

integer i N

real ,dimension(N) :: X,Y.Q

real :: x0,y0,dx,dy,Ex,Ey
integer g8 dl

real :: r3,xi,yi

Ex = 0.0

Ey = 0.0

do i= 1.,N

xi = x0—X(i)
yi = yo-Y(i)

! Exercise: Improve code so that xi*xi+yi*yi=0 is taken care of
r3 = (xi*xi+yi*yi)**(—1.5)
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Ex = Ex + Q(i)*xi*r3
Ey = Ey + Q(i)*yi*r3
enddo

end subroutine efield
| sk sk sk sk sk oskosk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk sk ok

subroutine mdist(x0,y0.,X,Y,N,rmin,rmax)
1 sk sk sk sk sk sk sk sk skoskosk sk sk sk sk sk sk sk skosk sk sk sk sk sk sk sk sk sk sk sk sk sk oskosk sk sk sk sk sk sk sk sk sk sk sk skosk skosk sk ok

implicit none

integer it N
real ,dimension(N) :: X,Y
real :: x0,y0,rmin, rmax
integer 52 4
real nor
rmax = 0.0
rmin = 1000.0
do i = 1,N
r = sqrt((x0—X(i))**2 + (yo—Y(i))**2)
if (r.GT.rmax) rmax = r
if (r.LT.rmin) rmin = r
enddo

end subroutine mdist

21 ovvéyeLa, dlVoupE T TTEPLEXOUEVA TOL aip)Elov EPotential . £90:

3k 3k sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk Sk sk sk sk ok sk sk sk sk sk sk ok ok

program Electric_Potential
|k sk sk ok sk ok sk ok sk ok ok sk ok sk ok sk sk ok sk ok sk ok sk sk ok sk ok sk sk ok sk ok sk ok ok sk ok sk ok ok ok ok ok ok ok ok ok ok ok kok ok

implicit none

integer ,parameter :: P=20 !max number of charges
real ,dimension(P) :: X,Y,Q

integer o N

real ,parameter 11 PI= 3.14159265359

integer :: i,j,nd

real :: x0,y0,rmin ,rmax,L

)

print *, ’# Enter number of charges:

read *, N
print *, '# N= ' N
do i=1,N

print *,’# Charge: ’,i

print *,’# Position and charge: (X,Y,Q):’

read *, Xx(i),¥(i),Q(1)

print *,’# (X.,Y)= ", X(i).,Y(1d), °~ Q= ".,Q(1)
enddo
! DRAWING LINES
!We draw lines passing through an equally
!spaced lattice of N=(2*nd+1)x(2*nd+1) points
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!in the square —I<= x <= L, -I<=y <= L.

nd = 4

L = 1.0

do i = —nd,nd

do j = —nd,nd
x0 = i*(L/nd)
yo = j*(L/nd)
print
call

*'# @ °,i,j,L/nd,x0,y0
mdist(xO,yO,X,Y,N,rmin,rmax)

!we avoid getting too close to a charge:
if (rmin .gt. L/(nd*10) )&
call epotline(x0,y0,X,Y,Q,N)

enddo
enddo

end program Electric_Potential
| kkkkokskkskkokskokskkokkokskskskkokskokskkskkok sk sk sk sk sk skok sk sk sk skok sksk sk sk sk skok sk sk ok %

subroutine epotline(xin,yin,X,Y,Q,N)
sk sk sk sk sk sk sk sk oskosk sk sk oskosk sk sk sk oskosk sk sk oskosk sk oskoskosk sk sk sk sk sk oskosk sk sk sk sk sk sk sk sk oskosk sk sk skosk ok sk skosk

implicit none
integer

real ,dimension (N)

rea

1

real ,parameter
real ,parameter

integer
real

real

dl = step
x0 = xin
yO = yin
dx = 0.0
dy = 0.0
r = step
do w

print *,x0,y0
! We evaluate the E-field at the midpoint: This reduces

! systematic errors

N

X,Y.Q
xin,yin,x0,y0
step=0.02
max_dist=20.0
i

r,dx,dy,dl
Ex,Ey,E

!in order to start loop

hile( r .gt. (0.9*dl1) .and. r .1lt. max_dist)

call efield(x0+0.5*%dx,y0+0.5*dy.X,Y,Q,N,Ex,Ey)
sqrt (Ex*Ex+Ey*Ey)

E =
if( E .le.
dx = dl*Ey/E
dy = —d1*Ex/E
x0 = x0 + dx
yO = yO + dy
P =
enddo

1.0e—10 ) exit

sqrt ((x0—xin) **2+(y0—yin) **2)

!do while ()

end subroutine epotline
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OToL oL . .. glvar oL vtopouTiveg efield xow mdist ot omoleg lvo idieg
ue awtég Tov apyetov ELines.£90.

TéAog, vmevbovpilovue GTOY AVUYVHOOTN TTOS Vo ToL TPEEEL XOL VL OEL
To amoTEAETPLOTA. METAYAWTTILOVIE TO TTEOYPOLUOL UE TNV EVTOAY

> gfortran ELines.f90 —0 el
> gfortran EPotential.f90 —o ep

2T OLVEYELDL, YPAPOLUE OE Eva apyelo Input Tor SeSOUEVAL TNG KATOVO-
NG Ty QopTiwy. o Topddetypa:

4 N: Number of charges
1 1 —1 (X,Y.Q): Position and charge
—1 1 1 (X,Y,Q): Position and charge
1 —1 1 (X,Y,Q): Position and charge
—1 -1 -1 (X,Y,Q): Position and charge

Tow amoTeAéopaTo TO TOLPVOVULE LE TLG EVTOAEG:

> ./el < Input > el.dat

> ./ep < Input > ep.dat

> gnuplot

gnuplot> plot “el.dat” with dots
gnuplot> plot “ep.dat” with dots

Koy ... dtooxédaon!

7.5 HAextpoostotind Iledio oto Kevo

Oewpolpe NAexTELXO TTEGLO TO OTOLO ELVOL AVEEAPTNTO TOL YPOVOL OF
TLEPLOYN TOL YWPEOL TOL Elvort AdeLa atd NAexTELXA PopTia. O eElowoelg
Tov Maxwell oty mtepimtwon avt elvon 1 eElowor Gauss

L 0E, OE, OF.,
V- E(x,y,z2)= B + ayy+ P =0, (7.8)

pwoli pe v eklowon mov opilel To NAEXTPOOTOTLXO SUvaum(’)ﬁ

— —

E(x,y,z)=-VV(z,y,2). (7.9)

ToodOvoun pe ™y ekiowon V x E = 0.




356 KE®AAAIO 7. HAEKTPOXTATIKH

O ctrocboerc (1.8) xow (7.9 poc Sivovv pio eEicwon Laplace yio
V(z,y, 2):

0*V 9V 9*V
V2V (2,9, 2) = 527 + B + 5.2 =0. (7.10)

H Adon tng moapomdave cElowong elvor Evo TEORANUO. GUYVOPLOXKDY
oLVONUWY: Znrodpe to Suvouxd V (z,y, 2) o€ pla TepLoym Tov YWEoL S 1
oot TEPLBAAAETOL aTtd TO OPLO TNG, it xAstoTn emtipavela IS. ‘Otay to
SLVYOULXO Elval YVWoTo Tavw otny IS,  Adon g () elvort pLovodixm
XOL TO SUVOULXO, XOL XOT  ETEXTOOY TO NAEXTOLXO Ttedio, TTpoodlopiletal
TToyToV oty S.

[No amAdTTa Bewpodpe to TEOPANUO avnYUEVo aTo ETTiTtESO, OTTOTE
V = V(z,y). Zmy mepimtwon awth, o tehevtaioc 6poc oty ([7.10) amov-
olélel, 1 S elvol CLUTOYEG TUNULO TOL ETLTEDOL XL M OS elvor pLo
XAELOTY] HOWLTTOA,.

[No va peAetioovpe 10 mPOPBANUa optbuntind, mpooeyyi{ovpe To
YOO UE EVO TETPOYWYLXO XOL TETPAYWYO TAEYUO UE TO OLVAULXO VO
optletal povo mavw oe N mAeypotixég O€octg. Av To unog xd&be mAev-
P0G €lvol | XL TOL YELTOVIXO TTAEYULOTLXA ONUELO. ATTEXOLY PETOED TOLG
oméo’cocmqﬂ a, téte | = (L —1)a, 6mov L = /N eivon 0 apLBpéc twy mhey-
potixwy onueiwy oe xébe mAsvpd tov TAEYHatoc. H mpooéyyion g
OLYEYOVG ADOYG ETILTUYYAVETOL, OTOY 7 OLAXOLTOTTOINON AVUTY] EXAETTTOVE-
oL SLaPXWG, TalpvovTog Tov opLthud Ty TASYUaTIXWY onuelwy N — 0o
xol a — 0, étol wote 1o pNxog | = (L — 1)a va mopopéver otobepd. H
xoTOAN OS TpooeyYiletal amd Tig TAeYpLoTiXég OEoeLg Tov aTTOTEAODY
TO OPLO TOL TAEYUOTOS %o TOAVOS atd GAAX oMUElor OTO ECWTEPLXO
oto omolor M Tl Tov duvautxod eival dedopévy. To Quoxd odoTnuo
TTOL AVTLOTOLYEL OTO HOVTEND oG Vol Lo SLATOEN Al aywyods oty
ETULQAVELX TWY OTTOLwY TO Suvotxd eivar otabepd ot {nteitor To NAe-
xTPd medio mov dMuLovpYeiTol oToY TEPLBAANOVTO XWEO ToLvg. Mio
TéTola SLATAEN Qoalvetor oto oyxnuo [1.6.

Mo voo Bpodue v eEiowon memepaouévwy dLopopwy mov Ho mTpo-

"H améotaon a Aéyetol TASYLoTixY oTobepd.
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Zynue 7.6: IIAéypo Tov avtioTolyel oty SLdtaEy 800 TOEAAANAWY, ETUTESWY Ay WYWY
UEoO O YELWUEVD UETOAAMXO xouTi. Ou padpeg mAeypotixég Oéoelg avtiotolyody ot
onpeia otobepod duvoxoy, eve oL doTPeS ge oNELELX TOL XEVOD YWEOV.

oeyyllet Ty eklowon (), Bewpodpe to avamtuypo xotd Taylor:

V(e +dz,y) = Vix,y)+ g—‘;é:v + %(227‘2(5:13)2 +...
Vie—6n,y) = Vizy) — g—‘;éx + %%(5@2 +
Vz,y+0y) = V(r,y)+ aa—‘y/éy + %(227‘2/(&/)2 +
Vieg,y—dy) = V(r,y) - %—‘y/@ + %(227‘2/(59)2 +

[Maipvovtog to dbpoloua xaL Twy dV0 UEAWY TNG TAPATAVL EE(CWOTC,
0x = 0y RO OLYVOWYTOS TOUG GPOVE . . . TTOLLPYOVLE
V(z +dz,y) + V(e —dz,y) + V(x,y + 0y) + V(z,y — dy)
o*vV OV
— 2
=4V (z,y) + (dx) (W + a—yz) + ...

6mov ypnororoiaape ™y ekiowon ([7.10) yio va SudEovpe to Sebtepo
60 TNG BEVTEPNG OELPAG.
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OeWPWYTOCS TLG GUVTETAYIEVES TWY TAEYULATIXWY ONUELWY va Sivovto
amnd axépalovg (i,j) Tétolovg, wote x; = (i — 1)a xow y; = (j — 1)a pe
1,7 =1,..., L, xo alpvovtog dr = dy = a, €ToL WOTE ; £ dr = x; £ a =
(i—1+la=z vy £y =y;£a = (j—1x1)a = yj11, N TOEATAV®
eklowon ylvetal:

1
V(i,j) = (V= L) +V(@+ L)+ V(i,j - )+ V(@ j+1), (7.12)
7 oTolo EYeL TNV oxOAovby amtAn epunvela: To Suvouixd otn Béon (i, j)
elvot atAG 0 €GOS HPOC TOL SLYAULXOD TWY TANGLEGTEPMY YELTOVWY TOV.
O aAydpLbuog ov o axohovbnoovue evtdoosTol oTN YEVLXY XATNYORLO
nefodwy “yardpwong ” (relaxation methods) xow o Paotxd Tov Pruoto
elvot:

1. Kabopiletor 10 péyebog tetporywvixod mAéypotog e L mASYUOTL-
x€éc Oéoelg oc xabe AL

2. Kabopilovtal ov mAeypotinég Béostg mov €yovv xabopLopévo du-
vopxd xow Stvetor v Tty Tov duvaptxod oTig Oéoelg awTéc.

3. Kabopileton avbalpetn apyixn Tiun Yoo T0 Suvouind oTig LTTOAOL-
meg Oéoelg. Mo xaAn emthoyn Oor dwoel Ypnyopdtepn, o¥yxALom
TEOG TN 0WoTH cuvdptnon V(x,y). Mo xoxn emhoyn bo Sdoet
0pYN oOYXALOY, oUYxALoY] Ttpog Aovboopevn Aborn 1 xabdrov ab-
YXALO).

4. Ye Sradoyxd eovahopBovopeva “mepdopoato”’ (sweeps) Tov TAEY-
LoTog eETLoXETTTONaOTE x&be TAeypatixy Oéorm, vmoAoyilovue To
Suovautxé V (i, j) amé ™ oxéon ([7.12) xow opiovpe vt va eivan 1
vEou TLUM TOL duvauLxol oty Béon awty.

5. H drodwxaoia otopotact étoy o€ 3V0 SLoSOYLXO TIEQACULOTO 1| UE-
ToBoAT ToL dLVAULXOD ELVAL LXOYOTTOLNTLXA ULXEY]. Y'TTofETovpue dNA.
OTL EYOLUE TTPOXTLXA ETULTOYEL TV GUYXALOY 0T OWOTY ADOY.

H mpooextiny ypnon Tov mopamdvew aiyodptbuov amortel vo Tov PeAeTn-
OOVUE UE OLOUPOPETLXA XOLTNPLO “LXAVOTIOLNTIXA ULXPNG ~ SLOPOPAS KoL
OLOLPOPETIXES otPYLXES TLVOTEG.

[Mopoxdtw, Topabétovpe TEOYOOUUA TTOL YENOLULOTIOLEL TOV TTOO-
AV oAYOPLOUO Ylor TOV DTTOAOYLOUO TOL NAEXTEOCTATIXOD SUVOLLXOV
000 TOPAANAWY ETUTESWY PETOANXWDY aYWYWY oL [Bploxovtol péoo
0E VO YELWUEVO, TETPAYWVO, LETOAALXO aYWYLLO xouTi. To TAEYpo Qai-
VETOL 0TO oyNuot [1.6, 6mov oL padpeg x0LXXIGES OVATTOPLOTOOY TOUG
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oywyods. To xouti €xel duvouxd V = 0, eved oL aywyol dvvautxd V;
xal Vo avtiotorya. O ypnotng oty eioodo Siver tig ttpnég Vi xo Vs, to
unéyebog L tov mAEypoTog %o Ty axpifeto ovyxAlong mou emtbupel. H
teAevtaior xabopiletal mToooTixd amd éva utxpd aplbpd e. H péyiot
UETOBOAT 0TO SLVOULKO OVAUETH OE GVO0 OLAUPOPETIXE TLEQAOUOLTO. TOV
TAéYpatog Bo Tpémel vou elval uixpdtepn amd € yio emitevEn obYxALoTg
g pebiddov.

H Sopn twv dedopévwy eivor oA, Xpetaldpoote Evor TTRAYULOTLXO
array V(L,L) pe amofnxevuéveg g TLpég Tou duvoulxod xol v logical
array isConductor(L,L) To omoio xafopiletl av ptow TAeypotinm 0€on Exet
xofopLopévo duvapixd (“aywydg ” = .TRUE.) 7 6yt (“xevig ydpog 7 =
.FALSE.).

To xvplwg TEdypaupa, opod StaBaoel tor dedopéva amd To YPNOTN,
XOAEL TPELG LTTOPOVTIVEG:

1. initialize lattice(V,isConductor,L,V1,V2):

To dedopéva etabdov Tng povtivog elvar To duvoutxd V1 Tov opL-
oTEPOV oYwYoU %ot To Suvoutxd V2 tov Jeklod aywyol, xobvg
xow to péyebog tov mAéypatog L. Ou petafBAntég eEddov eival to
arrays V(L,L) xot isConductor(L,L) To omoiar otny €Eodo €youvv
TG opyxég TLpéc: V1 otov aplotepd aywyo, V2 oto Okl 0 oto
xouti, xofwg xot ™y avbaipetn TLuN 0 Yo Tig LTOAOLTTEG TTAEY-
potixég 0€ocic. H yewpetpio tng SLétoEng elvor xwdtxomotnuévn
xoL 0 YeRotng Tov Oo Bédet va Tt petafdaier (A.y. peTafBory omo-
oTOONG AYWYWY, TPochixn/apaipeon aywyod xAT) Ba mpénel vo
eTEULEL OTOV XWILXO YLOL VO XAVEL TLG ATTOPOLTNTEG UETATOOTIEG.

2. laplace(V,isConductor,L,epsilon):
H xopdLa Tov mpoypdupotog. X1y €{0000, TTOPEYOVUE TO. OLOYLXO-
mownuéva arrays V(L,L), isConductor(L,L) xow to péyebog xdabe
daotaong toug L, xafwg xor v embount) axpiBeia obyxAiong
epsilon. Ztny €£0d0, Talpvovue TNy TeALxN Abon V(L,L) yio TeporL-
Tepw emekepyooia. XN poutivar avT) LITOAOYLCoLUE TN HEOM TLUN
ToU dLVaULXOL Vav TV TANGLEGTEQWY YELTOVWY XBA0E TAEYUOTIXYG
Oéomg o apéowg aAAalovpe ™y TN V(i, j)=Vavﬁ. H péytotm tipn
error g amOXALONG NG VEAG TLUNG TOoLv duvoutxod Vav amd TNy
moAd V(i,j) vmoroyiletor yioo xébe odpworn Tov TAEYLOTOG. Av

*Moporhayf Tng pebddov Bo Arov 1 ph Vav vor amobnxeutel o éva TPoowELvo
array Vnew(i,j) xot m aAAayn Twv TLpey V(i,j)=Vnew(i,j) vo yiveton Letd amd
06 pwaon Tov TAEYRoTos. [Totar péfodog mepLpévete vo €xel xaAVTEPES LOLOTNTEG OVYXAL-
ong; Aoxipdore...
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o T Yivel utxpdtepn amd o dedouévn TLwn epsilon v Stadixoctio
- YOAEPWONS OTUUATAEL.

3. print_results(V,L):

H vmopovtiva avt) amAd tomtdver to duvautxd V(L,L) oto op-
yeto data. Tumvovtor ot ovvtetaypéveg i, j xot n Twpn V(i,j)
oe xafe yoopun. To pévo &Eto Adyov onueio eivor ot xé&be popd
TTOL OXAAGLEL O JEIXTNG 1 TO TEOYPOLUA TUTTWVEL YLD XEVT] YOOUUUY.
Avtd yivetal Yo va emeEEQYOTOVUE T ATTOTEAECUOTA UE TO TTPO-
Yooppo Yooupixwy gnuplot. [Mloe vo yivel 1 TpLodtdotatn Yooty
TOPAOTAOY], CLYVAPTNGY V0 PETUPANTWV LE TNV EVTIOAY] splot TpE-
mtel To format twy dedouévwy vo elvor avTNG TNG LOPPNS.

‘OAo 0 TTPOYpaUO 0XOAOVOEL TTOHPOXATW:

|k sk sk sk sk sk sk sk sk sk sk ok ok ok ok sk sk sk sk sk sk sk sk ok ok ok ok sk sk sk sk sk sk sk sk ok ok ok sk sk sk sk sk sk sk ok ok ok sk ok ok ok sk sk ok ok ok ok ok ok ok

!PROGRAM LAPLACE_EM

!Computes the electrostatic potential around conductors.

!The computation is performed on a square lattice of linear
!dimension L. A relaxation method is used to converge to the
!'solution of Laplace equation for the potential.

!DATA STRUCTURE:

'real(8) V(L,L): Value of the potential on the lattice sites
!lTogical isConductor(L,L): If .TRUE. site has fixed potential
! If .FALSE. site is empty space
!real epsilon: Determines the accuracy of the solution

!The maximum difference of the potential on each site between
!two consecutive sweeps should be less than epsilon.

!PROGRAM STRUCTURE

!main program:

! . Data Input

! . call subroutines for initialization , computation and

! printing of results

!subroutine initialize_lattice:

! . Initialization of V(L,L) and isConductor(L,L)

!subroutine laplace:

! . Solves laplace equation using a relaxation method
!'subroutine print_results:

! . Prints results for V(L,L) in a file. Uses format compatible
!with splot of gnuplot.
!*************************************************************
program laplace_em

implicit none

!P defines the size of the arrays and is equal to L

integer , parameter 11 P=31

logical ,dimension(P,P) :: isConductor
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real (8) ,dimension(P,P) :: V

!V1 and V2 are the values of the potential on the interior
!conductors. epsilon is the accuracy desired for the
!convergence of the relaxation method in subroutine laplace ()
real (8) 11 V1,V2,epsilon

integer ;0 L

!The user should provide the necessary data: V1,V2 and epsilon
L=P

print *,’Enter V1,V2:’

read *, V1,V2

print *,’Enter epsilon:’

read *, epsilon

print *,’Starting Laplace:’

print *,’Grid Size= ’,L

print *,’Conductors set at Vi= *,Vi,’ V2= ’ V2
print *,’Relaxing with accuracy epsilon= ’,epsilon

!The arrays V and isConductor are initialized
call initialize lattice(V,isConductor ,L,V1,V2)
!We enter initialized V,isConductor. On exit the
!routine gives the solution V

call laplace(V,isConductor,L,epsilon)

!We print V in a file.

call print_results(V,L)

end program laplace_em
!*************************************************************
!subroutine initialize lattice

!Tnitializes arrays V(L,L) and isConductor(L,L).

I'V(L,L)= 0.0 and isConductor(L,L)= .FALSE. by default
!isConductor(i,j)= .TRUE. on boundary of lattice where V=
!isConductor(i,j)= .TRUE. on sites with i= L/3+1, 5<= j
lisConductor(i,j)= .TRUE. on sites with i=2*L/3+1, 5<= j
'V(i,j) = VI on all sites with i= L/3+1, 5<= j <= L-5

—5
L-5

0
<
<

'V(i,j) = V2 on all sites with i=2*L/3+1, 5<= j <= L-5
'V(i,j) = 0 on boundary (i=1,L and j=1,L)

'V(i,j) = 0 on interior sites with isConductor(i,j)= .FALSE.
IINPUT:

!integer L: Linear size of lattice

'real(8) V1,V2: Values of potential on interior conductors
!OUTPUT:

'real(8) V(L,L): Array provided by user. Values of potential
!logical isConductor(L,L): If .TRUE. site has fixed potential
! If .FALSE. site is empty space
!*************************************************************
subroutine initialize lattice(V,isConductor ,L,V1,V2)

implicit none

integer ;0 L

logical ,dimension(L,L) :: isConductor
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real (8) ,dimension(L,L) :: V
real (8) 11 V1,V2
integer i

!Tnitialize to 0 and .FALSE (default values for boundary and
linterior sites).

v = 0.0D0

isConductor = .FALSE.

'We set the boundary to be a conductor: (V=0 by default)

do i=1,L

isConductor(1,i) = .TRUE.
isConductor(i,1) = .TRUE.
isConductor(L,i) = .TRUE.
isConductor(i,L) = .TRUE.

enddo
!We set two conductors at given potential V1 and V2
do i=5,L-5

A ( L/3+1,i) = V1
isConductor( L/3+1.,i) = .TRUE.
v (2*L/3+1.,1) = V2
isConductor (2*L/3+1,i) = .TRUE.
enddo

end subroutine initialize_ lattice
!*************************************************************
!subroutine laplace

!Uses a relaxation method to compute the solution of the
!Laplace equation for the electrostatic potential on a

!2 dimensional square lattice of linear size L.

!'At every sweep of the lattice compute the average Vav

lat each site (i,j) and we immediately update V(i,j)

!The computation continues until Max [Vav—V(i,j)| < epsilon
'INPUT:

!integer L: Linear size of lattice

'real(8) V(L,L): Value of the potential at each site
'logical isConductor(L,L): If .TRUE. potential is fixed

! If .FALSE. potential is updated
'real(8) epsilon: if Max |Vav—V(i,j)| < epsilon return to
!callingprogram.

!OUTPUT:

'real(8) V(L,L): The computed solution for the potential
!*************************************************************
subroutine laplace(V,isConductor,L,epsilon)

implicit none

integer :: L

logical ,dimension(L,L) :: isConductor
real (8) ,dimension(L,L) :: V

real (8) :: epsilon

integer it i,j,icount
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real (8) :: Vav,error,dV
icount = 0 !counts number of sweeps
do while (.TRUE.) lan infinite loop:

error = 0.0DO !Exit when error<epsilon
do j=2,L-1

do i=2,L-1

!We change V only for non conductors:
if ( .NOT. isConductor(i,j))then
Vav = ( V(i—1,j)+V(i+1,j)+V(i,j+D+V(i,j—1)) * 0.25D0
dV = DABS(V(i,j)—Vav)

if (error .LT. dV ) error = dV !maximum error
V(i,j) = Vav ! we immediately update V(i,j)
endif
enddo
enddo
icount = icount + 1
print *,icount,’ err= ', error

if ( error .LT. epsilon) return !return to main program
enddo

end subroutine laplace

! sk 3k 3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok ok
!'subroutine print_results

!Prints the array V(L,L) in file “data”

!The format of the output is appropriate for the splot function
!of gnuplot: Each time i changes an empty line is printed.
VINPUT:

!integer L: size of array V

'real(8) V(L,L): array to be printed

!OUTPUT:

!no output

! 3k sk sk ok sk sk ok ok sk ok ok sk sk ok sk sk ok ok sk sk ok sk sk ok sk sk sk ok sk sk ok sk sk ok sk sk sk ok sk sk ok sk sk sk ok sk sk ok sk sk sk sk sk sk ok sk sk ok ok sk ok
subroutine print_results(V,L)

implicit none

integer L
real (8) ,dimension(L,L) v
integer i,j
open(unit=11,file="data™)
do i=1,L

do j =1.,L

write (11,%)i,35,V(i,j)

enddo

write (11,*)’’ !print empty line for gnuplot,

!separate isolines

enddo

end subroutine print_results
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7.6 AmotsAéopoTo

To mapamdvw Tedypouua to aobnredovue oto apyelo LaplaceEq. £90.
H petoyAdTtion Tov TEoYpaupoTog YIVETOL UE TOY LETOYAWTTLOTY gfortran
XOL YLOL VOU TO TPEEOVULE DIVOLUE TLG EVTOAEG:

> gfortran LaplaceEq.f90 —o 1f
> ./1f
Enter V1,V2:
100 —100
Enter epsilon:
0.01
Starting Laplace:
Grid Size= 31
Conductors set at Vi= 100. v2= —100.
Relaxing with accuracy epsilon= 0.01
1 err= 33.3333333
2 err= 14.8148148
3 err= 9.87654321
110 err= 0.0106860904
111 err= 0.0101182476
112 err= 0.00958048937

To mpdypoppor xdaver 112 mepdopoto 0To TAEYUA HEXQL TO HEYLOTO
oQAaApa vo yivel 0.00958048937 < 0.01. Ta awoteAéopato amobnxedo-
vtor 0To opyelo data. I'ta voo SoOpE Ta ATTOTEAETUATO X ONOLLOTTOLOVILE
TO TEOYPOLUO. gnuplot:

gnuplot> set pm3d

gnuplot> set hidden3d

gnuplot> set size ratio 1
gnuplot> splot “data” with lines

Tow amoteAéopotor Qalvovtol GTo GYNUO @

7.7 EEiowom Poisson

TNV TOEAYEOPO CAVTY] OVOPEPOVUE TIEQLANTITLXA TY] AVOT TOL TTPOPAN-
LOTOG TTOL LEAETNOAUE OTLG TTPONYOVUEVES TTOPOYPBPOLG, OTOY VTTAQYEL
XOTAYOWY] GTOTLXOV NAEXTELXOD POPTIOL TTOL SLVETOL ATTH TNY TTUXVOTYTOL
@optiov p(r). v mepinttwon o), N ekiowon Laplace yia to Suvouixd
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"data”

Syfpo 7.7: H Adom g eElowang () omté to Tpdypopor LaplaceEq. £90 yto L= 31,
V1=100, V2=-100, epsilon=0.01.

Yivetar 1 eEiowon Poisson:

o*V. 9V 9PV
ViV = Ox? * y? " 022 —4mp(e.y,2) 7.13)

H popon tng eElowong oto emtimedo TAEYUO TTOL peAsTioape YiveTol

V(i,j) = i(V(i—1,j)+V(i+1,j)+V(i,j—1)+V(z’,j+1)+ﬁ(i,j)), (7.14)

omovf] p(i,5) = 4ma®p(i, j), xow eivor Thpo TOAD aTAG vou LeTartpédpovpe
TOV XWOOLXOL TYG TTEONYOVUEVTS TTOPUYPAPOL, ETOL (IOTE VO UEAETNOOVLE
XOTOYOWUES QPOPTLOL TTOL ETTLOLUOVLE.

Mopoaxatw, Tapabétovpe to TEOYPOUUO PoissonEq.£90 mou AVvel
v ([.14) v opolbuopeyn xotavour tov @optiov (e [1.10), oto
omolo éyovpe Béoet a = 1. O avoyvwoTg XAAELTAL YO OVOTIOPAYEL TO
oyNuo. avtd, xabwg xoL To IE, IE

"Ened’ Q = [pdA= Y, ;pa® = (1/47) 33, p. Onéte 3, ; p = 47Q.
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"data”

Zyfuo 7.8: H Aban g eEloworng () o6 To TEdYpopo Poisson. £90 yioe L= 51, V=
0 070 abvopo xot T0 PoPTio 4mE) = 1000 cvYxeEVTPWEVO TE éva ouelo.

|k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok ok ok ok sk sk

!'set the boundary of a square to given potentials
|k sk ok sk sk sk sk sk sk sk sk ok ok ok ok sk sk sk sk sk sk ok ok ok ok sk ok sk sk sk sk sk sk sk ok ok ok sk sk sk sk sk sk sk sk ok ok ok sk ok ok ok sk sk ok ok ok ok ok ok ok

program poisson_eq
implicit none

integer , parameter 11 P=51
logical ,dimension(P,P) :: isConductor
real (8) ,dimension(P,P) :: V,rho

real (8) 1t V1,V2,V3,V4,.Q,epsilon
integer L

L=P

print *, Enter V1,V2,V3,V4:’

read *, V1,V2,V3,V4

print *,’Enter 4*PI*Q:’

read *, Q

print *,’Enter epsilon:’

read *, epsilon

print *,’Starting Laplace:’

print *,’Grid Size= ’,L

print *,’Boundaries set at Vi= *,V1,’ V2= ’,v2,’ V3= ’ V3 &
V4= ° ,v4,’ and Q= ’,Q
print *,’Relaxing with accuracy epsilon= ’,epsilon
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"data”

Syhpon 7.9: H Abon g eElowong () omd to mpbdypopo Poisson. 90 yioo L= 51,
V= 0 g70o a0vopo xoL T0 QopTio 47Q = 1000 XUTAVEUNUEVO OULOLOLOPPX GE EVOL [LLXPO
TETPAYWVO TAGTOUG 10 TASYUOTLXWY ONUElWY.

call initialize lattice(V,isConductor ,rho,L,V1,V2,V3,V4,Q)
call laplace(V,isConductor,rho,L,epsilon)
call print_results(V,L)

end program laplace_sq
3k 3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk ok

subroutine &
initialize lattice(V,isConductor ,rho,L,V1,V2,V3,V4,Q)
| sk sk sk sk sk sk sk sk sk skosk sk skoskosk sk sk sk oskosk sk sk sk sk sk sk sk sk sk sk sk oskosk sk sk sk sk sk sk sk sk sk sk sk oskosk sk sk sk sk ok sk sk ook sk sk sk skoskoskok

implicit none

integer it L

logical ,dimension(L,L) :: isConductor

real (8) ,dimension(L,L) :: V,rho

real (8) :: V1,V2,V3,V4,Q,Area
integer 0 i,j,L1,L2
!Initialize to O and .FALSE.

v = 0.0D0

isConductor .FALSE.




368 KE®AAAIO 7. HAEKTPOXTATIKH

"data”

80
70
60
50
40
30
20
10

Zyhuoe 7.10: H Adbon tng eElowong () omd to TEGYPaUUa Poisson.£90 yior L= 51,
V= 0 o710 o0vopo xol To PopTio 47} = 1000 xOTOUVEUNUEVO OLOLOPOPPO. GE OAES TLG
e0WTEPLUES TTAEYUOTIXES OEoELC.

rho = 0.0D0
'We set the boundary to be a conductor:
do i=1,L
isConductor (1,i) = .TRUE.
isConductor(i,1) = .TRUE.
isConductor(L,i) = .TRUE.
isConductor(i,L) = .TRUE.
\' (1,i) = v1
v (i.L) = V2
v (L,i) = V3
v (i,1) = v4
enddo

'We set the points with non—zero charge
'A uniform distribution at a center square
L1 = (L/2)-5
L2 = (L/2)+5
if (L1.LT.1) stop ’array rho out of bounds. Small L1’
if (L2.GT.L) stop ’array rho out of bounds. Large L2’
Area = (L2-L1+1)*(L2-L1+1)
do j=L1,L2
do i=L1,L2
tho(i,j) = Q/Area !rho is \tilde\rho in notes
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enddo !'so Q is 4*PI*Q
enddo

end subroutine initialize_lattice
1 sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk ook sk sk sk skoski sk ok

subroutine laplace(V,isConductor,rho,L,epsilon)
| sk sk sk skosk sk sk sk sk sk sk sk sk oskosk sk sk sk sk sk sk skosk sk sk sk oskosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk ok

implicit none

integer :: L

logical ,dimension(L,L) :: isConductor
real (8) ,dimension(L,L) :: V,rho
real(8) :: epsilon
integer :: 1,j,icount
real (8) :: Vav,error,dV
icount = 0

do while (.TRUE.)
error = 0.0DO
do j=2,L-1
do i=2,L1
!We change the voltage only for non conductors:
if ( .NOT. isConductor(i,j))then
Vav = (V(i—1,j)+V(i+1,j)+V(i,j+D+V(i,j—1D+rho(i,j))&

*0.25D0
dV = DABS(V(i,j)—Vav)
if (error .LT. dV ) error = dV !maximum error
V(i,j) = Vav
endif
enddo
enddo
icount = icount + 1
if ( error .LT. epsilon) exit
enddo
print *,icount,’ err= ', error

end subroutine laplace
sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk sk sk ok ok skosk

subroutine print_results(V,L)
!*************************************************************
implicit none

integer

real (8) ,dimension(L,L)
integer

o<

open(unit=11,file="data™)
do i=1,L
do j =1,L

write (11.,%)i,j,V(i,j)
enddo

369
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write (11,*)’’ lempty line for gnuplot, separate isolines
enddo

end subroutine print_results

21 Brproypoapio o Topamavew okyoptbpog avagépetal wg N rébodog
Gauss—Seidel. Xopoaxtnpiletar and to 6T 0t0 Okl Yérog g ekiow-
ong () YOYOLLOTIOLOVUE TLS NON EVNILEQWUEVES TLUES YLOL TO QLVOULXO
V(i,j) xow evnuepwvovpe opéows ™ véa TN V (i, j). Miow aAAn pébo-
dog eivor M pébodog tov Jacobi dtov oTo SeEl LEAOG XPNOLLOTTOLOVUE TLG
TIOALEG TLLEG TOV SLYOULXOD OTTH TO TTPONYOVLEVO TEEQATULO TOV TTAEYLOL-
Ttoc. H pébodog Gauss—Seidel vmepéyet tng Jacobi wg mpog v torydTnTa
oVUyxAong. Mmopobue duwg va yevixedoovpe ™ pébodo Jacobi wg ekng.
OpiZovpe to vIoAetmopevo (residual) g eEiowone ([7.14) va eivo

(7.15)

70 omoio undeviletan, tav V (i, j) eivow 1 Ao e ([7.14). Tére, yonot-

pomotwvtag Tor R, ; n puébodog Jacobi pumopel va yooptel wg

VO (i, ) = V™ (i, §) + _R(’".) (7.16)

OTTOL OL TTOGOTNTEG e Gvw Jeixtn (n) avaépovtal oTLg TLUES TTOL VTO-

Aoyilovtan amé Tig TLpéc mou éxetl To duvauxd V™ 610 n-0oté mépaoua

Tou TAéypatog. H pébodog “successive overrelaxation” (SOR) divetor omd
T YEVLXELON TNG TOPOTIAVE OYEONG:

VO (G ) = V(i §) + %RE? , (7.17)

Otay n mopdpetpog w < 1, éyovue “underrelaxation” xow v pébodog
ouYXAlvel Lo apyda amd TN pébodo Jacobi. Otav 1 < w < 2, €xovpe
“overrelaxation” xout, ov 1 L€B030G GUYKALVEL, N XATAAANAY ETTLAOY TNG
w UTopel vor 0dMnyNoel oc ooty BeAtiwon o oygon pe ™) puébodo Jacobi.
Otov w > 2, 1 SOR amoxAiver. H peAétn g pebodov SOR aprivetar wg
QOXNON CTOV OVAYVWOTY.
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7.8 Aoxnoelg

7.1 OTdETe TG ELXOVEG TWV SUVOPLXWY XOL LOOSVVOULXWY YOOULWDY
7oL Pploxovtar oty Tapdypapo [7.2.

7.2 ZTLC TTPOMNYOVWEVEG XATAVOWUES POPTIWY VO XAVETE OAXL TO. (POQ-
Tl OeTtind. DTLAETE TG ELUOVES TWY SLVOULKWY XAL LOOSVYOULXGY
Yooppwy. Metd 3wote oTa QOPTLO oVTA OLOPOPETIXN TLUN XOL
emovaAaBeTe.

7.3 Tott Tto mpdypoppor ELines.£90 XOAAGEL OE XATOVOUY (GWY QOP-
Ty Tévw o€ x0PLEPES TETPAYWYWY; I1we Stopbwvetal n Taboroyia
oTY;

7.4 MetofdAete 0 Tpoypoppa ELines. £90, kyote 0 aptOpdg Twy duvor-
ULXDY YOOULUGY TIOL EEXLVAVE attd €var QopTio ¢ vou elval ovaAoYog
TOV q.

7.5 BeAtiwote 10 mpdypop o EPotential.£90, €tol WOTE OL LOOJLYO-
ULXEG XOUTTOAES Vo {wYpo@ilovTaL e TTUXVOTNTO AVAAOYT TOL NAE-
%xTEWXOL Tediov. Y'TOdeLEY:

(o) Tpdte vTOPOLTIVAL TTOL Var LTIOAOYILEL TO Svvoutxd V(z,y)
oto onuelo (z,y).

(B) Amé xébe @optio Taipvovpe pior evbeior oTNY oxTLVLRY] SLEV-
Buvom xow vToAoYilovpE TO SLVOPLXS TTAVEL OE TY OE ONUELX
TTOL ATEYOLY LXEN amdoToon Al.

(Y) YroroyiCovpe ) péytotn/eAdytotn Tt ToL SLVoLXOD Vi Vinin
%ol oo exel TLG TLUES TOL SLYOULXOD TTAVEL OTLS LOOSLYOLLL-
x€¢ xopmUAEg TTov Hor oyedidoovpe. Av Ay. aTTOQUOLOETE Vo
oxedtalete b 100d. xapmiieg, TATe OV = (Ve — Vinin) /4 xot
Vi="Vopin +16V i=0,...,4.

(3) EmovardBate 1o deitepo PrAua. Oty to duvapixd moipvet
A (oyeddv) iom pe pro omd avtéc mov dtaréEate 0To TPiTo
Bruo, oxedlaoTe TNV LOOSLVOULKY] XOULTTOAY.

7.6 MeAetote T0 NAexTELXO TTESLO TTOL TTPOXVTTTEL ATTO TO TTEOYPOULLLOL
LaplaceEq.£90 yto

(o) L= 31, V1=100, V2=100
(§) L= 31, V1=100, V2=0
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%ol QTLAETE T VTLOTOLYO OYNLOLTOL.

MeAetnote T0 NAEXTELXO TTEDLO TTOV TTPOXVTTTEL ALTTO TO TTEOYOOULULOL
LaplaceEq.£90 yto:

(o) V1=100, V2=100
(B) vi1=100, V2=100
(Y) Vv1=100, V2=0

yioe L=31,61,121,241,501 xow @TLéETe T avtioTolyo oxnuota. Me-
TofdAete v axpifeta TPOOdLoPLopod g AVoYMG epsilon=0.1,
0.01, 0.001, 0.0001, 0.00001, 0.000001. ITwg eExptdrtot o opLb-
wOg TEPUOUATWY N TOu TAEYUOTOS ot To epsilon; OTLaETE TN
yooupLxn Ttopdiotaon N(epsilon) otny omoia o Tomobetrioete Tig
xoumorec N(epsilon) yia To SLoupoPETLXE L TTOL Y ONOLLOTOLACLTE.

MeAetiote 10 NAEXTELXO TEDLO TETPAYWYOL XYWYOD TOL OTTOLOL
xabe TAeLPA €xel dtopopeTixd duvouxod Vi, V2, V3, V4. Emoavo-
AGBeTe TN LEAETN TTOL XAVOTE GTYY TPONYOVUEVY AOXNOY YL TLG
TLEQLTTTWOELG:

(o) V1=10, V2=5, V3=10, V4= 5
(B) vi=10, V2=0, V3=0, V4= -10
(Y) vi=10, V2=0, V3=0, V4= 0

MeAetiote T0 NAexTEXO TESLO CLOTNULATOG TETPAYWVLY AYWYWY
mov Ppioxetar 0 évac péoo oTov GANO 6Twe oto oxfue [7.11. O
xabe aywyog €xet mAsvpa L1, L2 xou Pploxetar os duvoutxd V1,V2
ovtiotoryo. [ldpte L2= L1/5 xow emavoA&Pete Ty LEAETN TNG TTOON-
YOoOuEVG doxnong yLoe V1=10, V2=-10 xo L1= 25, 50, 100, 200.

YmoAoyiote opLtOuntixd ™ ywentxdtyta C' = Q/V tou cueTipaTog
™G TMEONYOVUEYYS doxnong, otav Vi =V, Vo = =V. Iae vao vo-
Aoyloete T0 OPTLO () UTTOPEITE Vor LTTOAOYLOETE TNV ETLOAVELOXT
TUXVOTNTOL POPTLOL 0 OTTO TY] OYEON
J— En
=
omov E,, N ®x&beTtn oLVLOTWON TOL NAEXTOLXOD TTELOL GTNY ETTLPA-
veta v omolo Hor Tpooeyyloete amd ™) oyéon

%
—5

o

L, =
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o 7.11: H SiétoEn oywyddy mou {nreltar vo peietnbel to nAextoixd medio oty
Aoxnon 7.9.

7.11

7.12

7.13

6oL dV elval 1 SLopopd SuVaULxob UETAED EVHG ONUELOL TOL oY W-
YOU %o TOL ONUELOL TTOL Elval TTANGLEGTEPOG YELTOVAS Tov. Me Tov
TPOTO TG LTOAOYLOTE TO OLVOALXO PopTio o xdbe aywYd. Av
oTa elvor avtibeta xol xat’ amoAvT] Ty oo pe () TOTE TPOO-
droptletor N ywenuxdtnta C. Kavete Tov Topamdvew LTOAOYLOUO
vt V=10 xow L1=25, 75.

270 GOOTNUO TNG TTRONYOVUEYTS AOXNONG UEASTNOTE T1 CLYAPTNON
Q(V). BePBowwbeite 6t 1 ywentixdtnro elvor aveEqptntn g Sto-
@opadg duvvaptxov. Ilapte L1=25,50, V1= -V2 =1, 2, 5, 10, 15,
20, 25.

Avamopdyete Tor oyNULoTO , @ 2O . XNy TEWTN TEPITTWON,
ovYxpPlveTe ™ Ao Tov o hpeTe pe o T TTOL dlveTal OO TO
SLVOLLXO OMUELOXOD NAEXTOELXOV QOPTLOL.

Etodiyete to punuog tng mAeypatixng otafepdc otig avtiototyeg eEL-
owoelg oto TPdypaupo PoissonEq.£90. Kabopiote 10 unog tng
TAELPGG v elval | = 1 o TUTIWOTE TO ATTOTEAECUATA OUG GTO
opyeto data wg (4, yi, V(zi, y5)) ovtl yiee (4, 7, V (i, 7)). Emovoé&fBote
™V TEOMYOVWEVY, doxnon yiow L=51,101,151,201,251 %o @TLaETe
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TG YooupLxég Topootaoels V(r,y) oto tetpdywvo 0 < x < 1,
0 < y < 1. 2t ovvéyela HEASTNOTE TN OUYXALOY] TV AVCEWY TTOV
TIOLPVETE XKAVOVTOG TLG YPOUPLXES TtarpaaTdoels V (x,1/2) yiow to L
IOV ETULAEEATE.

Foddte mpdypoppor Tov vor vAoToLel Tov aAydpLbud SOR mov me-
OLYQAUPETAL OTTH TN OYEDN () Yo T0 TEOPBANUO TTOL AVCOE GTO
mpodypappo LaplaceEq.£90. Xuyxpivete v TaydtnTor 0OYXALONG
g nebddov yra L = 51, w = 1.0, 0.9, 0.8, 0.6, 0.4, 0.2 pe owvtn TNg
Gauss-Seidel. Tt yivetow 6tay w > 1;

Ioduhte mpdypaupor Tov vo bAoTotel Tov aAyépLiud SOR mov me-
OLYQPAQETOL OTTO T OYXEON () Yo TO TEOPBANUO TTOL AdCaE GTO
TpdYpappo PoissonEq.£90. Xuyxpivete v toydtnTor o0yrALoMg
g pebddov yro L = 51, w = 1.0, 0.9, 0.8, 0.6, 0.4, 0.2 pe ot NG
Gauss-Seidel. Tt yivetow 6tay w > 1;
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EEicwon Atdyvorg

8.1 Etcaywyn

H ekilowon diéyvong slvor otevéd ocuvdedepévn pe ™ dLadpouy| evog Tu-
yoiov meptrartty (random walker). Ag vroBéoovpe Gt peretdue TV
xivnomn evég Tétolov cwpatiov Thvw oty evbeio (“pia Stdotoon”). H
dradixaoio Tng xivnong eivor otoyooTixy xow 1 ovvdptoy (“tvpRvac’”)

K(z,0;t) (8.1)

EQUNVEVETOL G N TTUXVOTNTA TLOAVOTNTAG TN YEOYLX OTLYUN T VO TTOLOL-
enbel To cwpdtio ot BEon x av TN Yeovix oTtYun t = 0 To OWUATLO
Bpioxeton otn 0éon xy. H eElowon mov xabopilet to K(x,zo;t) eivor 7

0K (x,w0;t) D O?K (x,x0;t)
ot N Ox? ’

mov efvor M eElowon ddyvong. O ovvteAeotyg diayvong D umopel vou
xofopLotel amd TLC ASTTOUEPELEG TOV CLOTNUOTOS TOL PEAETAME. Mo
™y xivnoyn Brown evég owpatidiov oxdvng péoo os éva vYPH, TO0 OTTOLO
XWelTaL pe v emidpaon TwY TuYoiwy Oepuinwy xpodoewy Pe Tor LopLa
Tov LYPOV Ttatpvovpe D = kT /v, 6mov T elvon v améAvTy Oeppoxpaacio
TOL LYPOY, 7 0 GuVTEAEG TS TPLBYd] ToL SwuTLSioL Léoa aTO LYES XaL
k eivo  otabepd Tov Boltzmann.

Sovibwg emtAéyovpe Yoo apyxéc ouvBixeg (t = 0) T0 cwUETIO Vo
elvor evtomiouévo o éva onuelo g, OMA.

K(z,20;0) = 0(z — xq) (8.3)

(8.2)

T évor 0oLl owpdtio oxtivag R péoa oc éva Nevtdvelo uYpd pe tEddeg i
gyovpe ot v = 6mnR.
*Qupilovpe 6t §(z — o) elvon o TEPiPNHO SéATar Tov Dirac. Opileton amd Ty

375
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H eppunveion g K(z,z0;t) wg ovvdptnon moxvotntag mLhoavitrrog
ovveTtdyeTal 0T yior xafe t O TPETEL Vo éxoop.sﬁ

+oo
K(z,zp;t)dx =1. (8.4)
Avt 1 oxéom dev eival Tpoavég OTL UTToPEL va LoyVeL yia xabe ypovixn
ottyun. Axépo xar av ™y emBarovpe yio t = 0, N ypovixn €EEMEN
mou xabopileton and y (8.2) umopel vo Ty ahdEeL oe peyahbTEQOLC
XEOvVoLC.
AvTo elvor edxoro vo avohubel. Ay eTtBdAiovpe Ty (@) otov t =0,
N ovvinxy Oo LoydeL Yo xabe ypovixn otiyun av

d [+
— K(x zo;t)dr = 0. (8.5)
dt
AopBévovtoc vrddhyn 6T if+°° K(z,x;t)de = [72° @108 gy o 6
—aK(z’tx“ ) D—a K@2oi) rafpvoope
d [T +oo (9 0K (x, xo;
it . K(x,zo;t d:c—D/ ( axo )>dx
_D 0K (z, zo;t) D 0K (z,z0;t) (8.6)
8;1: r—r+00 8x T——00

H mopoamdve oxéon pog Ael Twe Lo CLYAPTNOELS TTOL TO Okl péAOg
undeviletot, v ovvinxn xoavovixoroinong Umopel vo emPBANOel yia dAeg
TLG XPOVIXEG OTLYUEG ¢ > (.
H mtpooextixh avéhvon e ekiowaong (8.9 diver 61, Yo wixpode x06-
YOUG, 1 OLOVUTITWTLXY] CUUTIEPLPOPE TovL K (x, zo;t) elvor
el =
K(x,zp;t) ~ —am Z a;(x,zo)t" . (8.7
=0

H oyéon avty Seiyver mwg n dtéyvor sivor todtpory ((Stor Tpog GAeg
Tig xortevbvoetlg) xar N ThoVGTNTOL OWiYVELOTC EAXTTHOVETOL SPUOTLXA

omaitnoy yioo x&0e ovvaptnon f(x) va éxovue fjooj f(x)d(z — zg) dz = f(xo). Tlpoga-
VGG ToTE €yovpe OTL fj:oo §(z — xo)dx = 1. Mmopel xoveic va T0 QovVTAGTEL GOV pLo
OLVAPTNOY TTOL ELVAL TTEAXTLXA UNOEY TTAYTOV, EXTOG ATt ULl OTTELPOOTY] TTEPLOYY] YOQEW
o TO xg.

‘Evoloxtixd, ov n K(x,z;t) diver Ay. v moxvétnio pélog plog oToryo-
VoG LEAOVLOD UL Mipk TOL OLoyéeTal UEoo ae €var SLopovég LYPO, Do €xovpe
fj—;: K(z,x0;t) dr = ming 2o K(z,20;0) = minid(x — o).
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UE TNV amdotoon amd Ty ap)ixn 0éon tov cwpatidiov. Avtn N oxéon
JeY UTOPEL Yo LOYVEL YLOL TTAVTA, POV YLOL OPXETA LEYAAOLG Y POVOLG TO
CWUGETLO XOTOVEUETOL OULOLOLOPPO UEGX GTO YWEO-

H mbavétnta emiotpopg Tov owpatidiov atny apyLtxy Tov Béorn opi-
Cetow va efvort

1 :
PR(t) = K(a?o,l'o;t) ~ Wzai(l‘o,l'o)tl (88)
i=0
0L 0PLLEL TN PACUATIXY] OLAGTAOY] d TOL XWEOVL. LTV TEPLTTWOY] TOV
pueAetope d = 1.
H péon tipn tov tTeTporydvon g amdoTaong amd Ty oy Ty aEd-
VOV TI0L PPIOXETAL TO GWULATISLO GE XP6VO ¢ eivar dx0A0 var vTToAOYLoTE]

—+00

(r*) = {(x — 20)*)(t) = / (z — 20)*K (2, x0;t) dz ~ 2Dt . (8.9

—00
H teAevtaia oxéomn elvor ToAd onpovtixn. Mog Aéel Twg 1 xivnon Tov
toyaiov Teptratnt (%ivnon Brown) dev pmopel va éyel xhowoixy meptL-
Yoo 0AA& povo otoyootixn: o éva xAaoxd owpdtio Tov xiveiton
TEVW OE Lo OUOAY TEOXLE T — T ~ vt GEoL 12 ~ 12,
2TOL ETOUEVOL XEQPAAOLY, YLOL OXTTAOTNTO Tcocipvouueﬁ D =1 xow opt-
Covpe
u(z,t) = K(x — o, x0;t) . (8.10)

8.2 Amaywyn O=sppotnrog

‘Eotw po Aemtth evbdypappn péf3dog pixovg L xow T'(z,t) n xotovopn
g Oeppoxpaoiog g ™ YEOVLX OTLYUN ¢, XL €0TW OTL TA AXEO TNG
o xpotdpe oe otabepy) Oepuoxpaaio T(0,t) = T(L,t) = Ty. Av n opyixn
xatovouy] g Oeppoxpaciog eivon T'(z,0), n Oeppoxpocio oe x&be AAAN
XOOVLXY] GTLYWY] TTpoadLopiletol amd ™y eElowan SLayvang

OT (x,t) 0T (x,t)

5 a 502 (8.11)

6mov a = k/(c,p) 0 Bepuindg ovvtedeatig Sidyvorg (thermal diffusivity),
k n Bepptun aywytpdtnro , p  TOXVOTNTA XOL ¢, M ELOLXY OepudTnTor TNg
p&3dov.

‘Ouunbeite ™y avaroyio pe ™ otorydvo peraviod ov Stayéetan péoa oe éva To-
TNEL VEPD XL LETA aTtd aPXETO YPOVO ExeL Stoxvbel opoldpoppo péoo aTto vepod.
n+1

[0 drrre T /APt = onp(nEL) (D) "R
*Auto obppwva pe ™y (B.2) avtiotoyel oto vo Tépovpe t — Di.
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Optlovpe

T(zL, Et) — T,
TO ’

6mov x € [0,1]. Me tov optopd awTd, | cvvdpton u(x,t) eivor xobopdg

opLBu.6c (adidiotartn) xow expEdlel To xAdopo Tng dLopopdc Bepu.oxpo-

olog o€ OYEoN UE AVTNG TWY AXPWY TNG PPV o

u(0,t) = u(1,t) =0. (8.13)

u(z,t) = (8.12)

AvTéc Méyovtar auvopLaxéc ouvBvixec Tomov Dirichlet]

H @.11) yiveton
ou(z,t)  *u(x,t)

5 B2 (8.14)
H oyéon (8.6) yiveton
d [! ou ou
% ; U(le,t)dﬂf = a—x - — a—x . (815)

H mopamdvew oyéon dev pmopet va divel mévta 0 Adyw Twy cuvopLa-
%y ouvBnxdy (B.13). Avtéd umopobue va o Sobue pe Vo ToEASELY LA,
"Eotw

u(z,0) = sin(rz) , (8.16)
THTE UTTOPELTE EOXOAX Vo ETULPBEBALWOETE HTL LXAVOTTOLOVYTOL OL ATTOLTOV-
LEVEG GLVOPLOXES oLYONXES xoL GTL V] CLYAPTNOY

w(z,t) = sin(rz)e ™ ¢, (8.17)

elvot M {nTodpevn Abon g eElowong SLéyvong mouv LxavoTotel emtiong
T ovvoploxég ouvinxes. Eivor edxoio va diamiotdoete 6TL TO

! 2 o
u(z, t)der = —e
0

™

Telvel exbeTind Yo Yopa 6T0 UNdEY UE TO XPOVO %ot OTL
1

dt Jy

oe ouuwvio pe Tic oyéoetc (B.15).

H exbetixn mtwon tov pétpov g u(x,t) elvor oe ovpEwvior pe
™Y QLOLXY amaltnon 6Tl N PGPd0g o apPxeTd UeYGAO XPOvo Oor €xel
opoLopopen feppoxpooia, (on pe avt) TOL ETMPBAAAUE OTO AXEO TNG
(limy_, oo u(z,t) = 0).

w(z, t)de = —2me™™ ¢

"Av mpoadropilope Tig ToporydYoug du/dx ot dxpa (Ay. ToAGVTWwoY eAebBspYg
p6B30v), Ba eiyape ovvopLoxés ouvBixeg ToTov Neumann.
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8.3 Atoxpttomoinoy

H optbuntinn Adon tng eElowong () B avalnnbel oto didotTnua
z € [0,1] xou t € [0,t¢]. To TEOBANU TPETEL VO 0pLoTEl AV OE €va
OLoXPLTO TAEYLOL XOL M SLoPOPLXY] EELOWOT VO TTPOOEYYLOTEL ot OAYE-
BoLxég EELOWOELS TTETEPATUEVWY OLOPOPWY.

To mAéypo opiletar amd N, ywpeixd onpeio z; € [0, 1]

r,=0+0G—1Ax i=1,...,N,, (8.18)
omov to N, — 1 draotiuota €xovy otabepd TAGTOG
1-0
Ar = —— 8.19
TN -1 (8.19)

xot oo Ny xpovixd TAeypotixd onueio t; € [0,y]
ti=04+(G—-1DAt j=1,..., Ny, (8.20)
omov Tt NV; — 1 Staotipoto €xovy otabepd TAGTOC

;-0

At = . 8.21
N 1 (8.21)

EY]{LEL(J)VOUHE é’CL T prO( TWY SLO(GTYHLé(TCOV O(V’CLG’COLXOOV OTo
111:0, {L’Nmzl, t1:0, tNt:tf~ (822)

H ovvéptnon u(z,t) mpooeyyileton amd Tig TLUES TNG TTAVW GTO SLo-
%xott6 N, X Ny TAEYPO
u;j = u(zg, t)). (8.23)

OL TopaywyoL SLaxLTOTOLOVYTOL COUPWYO UE TLS OXETELG

ou(z,t)  u(wy,t; + At) —u(z;,t;) 1

at ~ AL = E (uz’,j—H — UiJ) y (824)
*u(x,t u(w; + Ax,t:) — 2u(x;, t;) +u(z; — Az, t;
O j j j
Ox? (Ax)?
1
= W (uHLj — 2Ui7j + ui—lJ) . (825)

EElowvovtog tor d00 PEAN TWY TOPOTAVEW OYECEWY OOUPOVA LE TNV
(B.14), maipvovpe ) Suvoxn eEEMEN NS u;; GTO XPGVO

At

(Az)? (Witrj — 2uij +ui-1j) - (8.26)

Wij+1 = Wij +
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Avti elvor pLa emorywyixn oxéon evog BRratog wg Tog To xeovo. Avtd
elvot TOAD onNuovtixd yLotl 3 YPELALETOL OTO TEOYPOUUO Yo ortobn-
XEOOOLUE GTN UVNUN TLG TLUES U, ; YL x&be j.

0 debtepoc dpoc e “Seltepre mapayhyov” oty (8.26) mepLéyet
HOVO TOLG TTANOLEGTEPOVGS YELTOVEG U;i+1,; *G&bE TAsYUOTIXOD onuelov wu; ;
ULOG YXPOVIXNG PETOG t; TOL TAEYUOTOS, o UTTOPEL vor ypmotpomotnbet
v xabe i =2,..., N, — 1. [l Tt onuelo @ = 1 xaw @ = N, 8¢ ypetaleton
vou yonouomomBoty ot ayéoetc (8.26), apod xpatéue Tic TLuéS Uy =
un, ; = 0 auetdPAntes.

Télog, N TapdpeTpog

At
= 8.27
e (8.27)
elvort awT TTov xaBopilel TN ypovinn eEEANEN otov aAydpLbpo. Ovoudle-
Tol TaPAeTPog Tov Courant xow yLor vou EXOVUE YPovLxY eEENEY ywplg
vo. Topovatalovtal yonyopo aotdbeles, Oa mpémet
At 1
— <= 2
(A0 <3 (8.28)
AvTé elvor xdTL oL gpeic B To eAéyEovpE euTELPLXE LE TNV apLOuNTIX
ovaAvon Tov Bo xévovpe.

8.4 To Mpéyooppo

Ta pévo onpeior Tov TOVILOLUE OYETIXA UE TO OYESLAOUO TOV TTROYPAU-
pnotog elvo 6tL M oxéon () elvol pLoe emorywytxy] oxéon vog PRUATog
WG TTPOG TO YPOVO. Apa, oe x&be ypovixd Brino opxel vor amobnxedoovpe
oe évo array Tig TLég Tou delTEPOL Gpovu (TN “deltepn ToPdywYO™)
XOL YO TO YONOLULOTIOLOOVUE YLOL VO EVNUEPWOOLUE TS VEEG TUULES TNG
GUVEOTNONC U ;. Apa, 3TNV emovohapBovéuevy Stadixacio (8.26) vro-
AOYLOPOD TNG U; j41 OTTO TNV U, j XEXEL VO YONOLULOTIOLICOVILE UOVELY O EVOL
array u;, i = 1,..., N, xat évo (0*u/02%);, i = 1,..., N, mov divouy Tic
avtioToLyeg THES NG wij xot At/(Ax)*(uir1j — 2u;j + ui—1j) TN XEOVLXT
oTLYUN ¢ oV TLOTOLYO. X TO TLOPOXATE TTEOYPOULUO XV TE XWILXOTTOLOVYTOL
oto arrays u(P) ot d2udx2(P).

Ta ypnorpa dedopéva Bploxovtal otig Béoeigu(l) ... u(lx) d2udx2(1)

. d2udx2(Nx) oL 7 THPAUETPOS P ETUAEYETOL PXETA UEYOAAY, WOTE
ot Tpég Tov Nx mou Ho peAetnfody vo elvor avtor pixpdTePEC.

O ypnotng divel oty eloodo Tig Ttpég N, = Nx, N, =Nt, ¢ty =tf. Ot
Twpéc Ax, At xow At/Ax? = courant vrohoyilovtarl ot oEYLxE oTASLA
TOL TTPOYPAUULOTOG.
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X1y €Eodo maipvovpe to opyelo d.dat TTOL TEPLEXEL OE OTNAES TLG
Twég (t;, i, uij). ‘OToy TEASLWOVEL pLar XEOVIXT QETO tj, TO TEOYQOUUOL
TUTTOVEL [LLOL XEVY] YOOWLWLY], ETOL WOTE TO gnuplot vou XAVEL AUECWS TNV
TOLOOLAGTATY] YOOLPLXY] TTAOATTOO.

To mpéypoppa propel v Bpebel oto apyeio diffusion.f90 oT0 OL-
VOJEVLTLXO AOYLOULKO O O XWILXOG TTOV TEPLEYEL OLVETAL TTOROXATW:

1-dimensional Diffusion Equation with simple
Dirichlet boundary conditions u(0,t)=u(1,t)=0
0<K= x <= 1 and 0= t <= tf

!
!
!
!
!
! We set initial condition u(x,t=0) that satisfies

! the given boundary conditions.

! Nx is the number of points in spatial lattice:

' x =0+ (j—D*dx, j=1,...,Nx and dx = (1-0)/(Nx—1)
!

!

!

!

!

!

!

Nt is the number of points in temporal lattice:
t =0+ (j—D*dt, j=1,...,Nt and dt = (tf-0)/(Nt—1)
u(x,0) = sin(pi*x) tested against analytical solution

u(x,t) = sin(pi*x)*exp(—pi*pi*t)

program diffusion_1d
implicit none

integer ,parameter :: P =100000 ! Max no of points
real (8) ,parameter 11 PI=3.1415926535897932D0

real (8) ,dimension(P) :: u, d2udx?2

real(8) :: t,x,dx,dt,tf,courant

integer Nx ,Nt,i,j

! — Input:

print *, ’# Enter: Nx, Nt, tf: (P= ’,P,’ Nx must be < P)’
read *, Nx,Nt,tf

if (Nx .ge. P) stop 'Nx >= P’

if (Nx .le. 3) stop 'Nx <= 3°

if (Nt .le. 2) stop "Nt <= 2°

! —— Initialize:

dx = 1.0D0/(Nx—1)

dt = b /(Nt—1)

courant = dt/dx**2

print * ,’# 1d Diffusion Equation: 0<{=x<=1, 0<=t<{=tf"
print * ,’# dx= ’.,dx,’ dt= ’,dt,’ tf= ', tf

print * ,’# Nx= ~ ,Nx,  Nt= ', Nt

print * ,’# Courant Number= ’, courant

if (courant .gt. 0.5D0) print *,’# WARNING: courant > 0.5’
open(unit=11,file="d.dat’) ! data file
! —— Initial condition at t=0
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lu(x,0) = sin( pi x)
do i= 1, Nx

X = (i—1)*dx

u(i) = sin(PI*x)

enddo

u(1) = 0.0d0

u(Nx) = 0.0d0

do i= 1 ,Nx

X = (i—1)*dx
write(11.,*) 0.0D0, x, u(i)
enddo

write (11.,%*) " °
!

! —— Calculate time evolution:
do j=2.,Nt
t = (j—1D*dt
! ———— second derivative:
do i=2 Nx—1
d2udx2(i) = courant*(u(i+1)—2.0D0*u(i)4+u(i—1))
enddo
! —— update:
do i=2,Nx—1
u(i) = u(i) + d2udx2(i)
enddo
do i=1,Nx
x = (i—1)*dx
write (11.,*) t, x, u(i)
enddo
write (11 ,*)° °

enddo ! do j=2,Nt

close (11)
end program diffusion_1d

8.5 AmotsAéopota

Apyxd yivetor v LETAYADTTLON XOL TO TPEELULO TOL TTOYPOAWULOTOS

> gfortran diffusion.f90 —o d
> echo 710 100 0.4 | ./d

# Enter: Nx, Nt, tf: (P= 100000 Nx must be < P)

# 1d Diffusion Equation: 0<{=x<=1, 0<=t<=tf

# dx= 0.11111111111111110 dt= 4.04040404040404040E-3 tf= 0.4
# Nx= 10 Nt= 100

# Courant Number= 0.32727272727272733
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X1 JeUTePY OLpd, ELOAYOLUE GTO stdin TOU TEOYPAUUOTOG TLG TLULES
Nx=10, Nt=100, tf= 0.4 amd 70 stdout Tvg eVTOANG echo. Ot emdpeveg
YoOoUUES Elval TO output TOL TEOYPAUUATOG.

2T CUVEYELDL, LTTOPOVUE VO XAYOULUE YLD TOLOOLAOTOTY YOOPLXY] V0L~
Topbdotoon ¢ u(x,t) pe ™ Pondeio Tov gnuplot:

gnuplot> set pm3d

gnuplot> set hidden3d

gnuplot> splot “d.dat” with lines
gnuplot> unset pm3d

"d.dat"

u(x,t)

cooo000000R
FNWA U000

00.05
05 o1
0.15t 0205 53 .
35 02

Synuo 8.1: H ovvédptnon u(z,t) yio Nx=10, Nt=100, tf= 0.4.

211 ovvéyeta, BEAovpe va dodpe ™) auvaETNoN u(x,t) WG GLYAPTNON TOL
T yLoo 3e00pEVES TLESG ToL Ypdvou. Ilapatnpodue 4Tl 0 YPdvog aAA&LeL
xabe Qop& TOL CLYOVTAUE Lo xEVY YPoUUN oTo apyeto d.dat. To ma-
POXATW TEOYPOUUOL awk UETPAEL TLG XEVEG YOOWUUES XOL TUTTWVEL LOVO
exelvn mov epelg emtbupovpe. O petpng n=0, 1, ..., Nt-1 pmopel va
xaboploel ™y Tun tov t; = t,_1. Tow amoteAéopata T owloLUE OE €va
0pYELO tj TO oTolo UTTOPOVUE Vo TOo SoVUE UE TO gnuplot. EmavaAay-
Béavovpe doeg Qopég ypetaleToL:

> awk 'NF<3{n++}n==3 {print}’ d.dat > tj
gnuplot> plot "tj” using 2:3 with lines

2

Ty mopamdvew epyaoion UTTOPOVILE VO TNV XAVOLPE XWELG TN OnuLovpyio
EVOLAUEOWY OOYELWY t] XONOLULOTOLWYTAS TO QIATPO TNg awk péoo Ao
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7o gnuplot. ‘Etol, yio mopddetypa, oL eVTOAEG

gnuplot> ! echo 710 800 2~ ./d

|
gnuplot> plot "<awk 'NF<3{n++}n==3 {print}’ d.dat” u 2:3 w 1
gnuplot> replot “<awk 'NF<3{n++}n==6 {print}’ d.dat” u 2:3 w 1
gnuplot> replot “<awk ’'NF<3{n++}n==10 {print}’ d.dat” u 2:3 w 1
gnuplot> replot "<awk ’'NF<3{n++}n==20 {print}’ d.dat” u 2:3 w 1
gnuplot> replot “<awk ’'NF<3{n++}n==30 {print}’ d.dat” u 2:3 w 1
gnuplot> replot “<awk ’'NF<3{n++}n==50 {print}’ d.dat” u 2:3 w 1
gnuplot> replot “<awk ’'NF<3{n++}n==100{print}’ d.dat” u 2:3 w 1

TEEYOLY TO TPOYPOPUA YLoe Nx=10, Nt=800, tf= 2 xoL TOE&YoLY TO
oA

1
0.9 - — .
0.8 - .
0.7 - .
0.6 - — .

const)

05 - 1

u(x,t

0a L s . |
03 - e L i
02 L // \ 1
01+ /)" N\ 1

0 ! ! ! !
0 0.2 0.4 0.6 0.8 1

X

Synuo 8.2: H ovvdiptnon u(z, t) yio Nx=10, Nt=800, tf= 2 yio Stopopetixég otabepéc
TLpég Tou Ypdvou t;. B3¢ j =4,7,11,21,31,51,101 émov 1 u(zx,t) @bivel dtav avkdver
TO j.

2N CLYEYELX ELVOL EVOLOPEPOY VO OUYXPLVEL XUVELS T LTTOTEAEOULOLTOL
/’ 4 . — 2 ’ rd 7 /7
oL pE TNV oxPLP Abom u(x,t) = sin(mx)e ™ L."Evog tpdmog va Yivel eiva
Vo 0p{OOVUE TO OYETLXO COAAL

uij — u(®i, t;)
9
Wi,
XOL VO TO LTOAOYLOOLPE O0PLLOVTOG TN OYETLXY CLVAPTNOY HECO GTO
gnuplot:
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gnuplot> du(x,y,z) = (z — sin(pi*x)*exp(—pi*pi*y))/z

gnuplot> plot "<awk ’'NF<3{n++}n==2 ’ d.dat”
gnuplot> plot "<awk ’NF<3{n++}n==6 ' d.dat”
gnuplot> plot “<awk ’'NF<3{n++}n==20 ° d.dat”
gnuplot> plot “<awk ’'NF<3{n++}n==200" d.dat”
gnuplot> plot "<awk ’'NF<3{n++}n==600" d.dat”
gnuplot> plot "<awk ’'NF<3{n++}n==780" d.dat”

:(du($2,$1.$3))
:(du($2,$1,$3))
:(du($2,$1.$3))
:(du($2,$1,$3))
:(du($2,%$1,%$3))
:(du($2,%$1.$3))

NN DNDNDDN

=< < T < I < A

01 ¢
_ 0.01 - s
e C ]
o
]
2
-+
©
[
0.001 |- .
0.0001

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
X

Synpo 8.3: H amdAuTn TLn Tov OYeTIX0D GPAALATOS TOU 0PLOUNTIXOU LTTOAOYLGLLOD

vl Nx=10,
J=3,7,21,

To otot

Nt=800, tf= 2 yx Otoupopetinés otabepég TLpég Tov YPOvoL t;. Edw
201,601, 781 o T0 oxeTXd OPEALO AVEAVEL UE TO j.

EAEOLOTO. UTTOPOVILE YO TOL SOVUE GTO OYNLO .

8.6 Aubyvon llavew otov KdxAo.

[N voo peretioovpe tov mopnvo. K(x, xo;t) oto medfAnue g dtdyvong
N TV TUYOLWY JLAdPOULY, TPETEL Vo ETLBAANOLUE TV oLVOT XY xoVOoVL-
xomoinong (@) viow x&be ypovixy) otiypy. Ty meplmtwoy ™¢ u(z,t)
optopévng yroe = € [0, 1] m oxéon yiveton

1
/ uw(z,t)de =1, (8.29)
0

N omoto Lo vou LoyVEL Yo x&be ypovixn oty eivor avoryxoilo To Skl ueé-

Aog g (|

8.15) va givar 0. Evoc Tp6moc vor eTBGANOLUE a0 TH T1 GLYOY
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elvot va Bewpnoovpe 1o TEOBANUA NG dLAxLONG TTEVW GTOY *VOXAO. Ay
TIOPOUETPOTIOLICOVUE TOL ONUELAL TOL XV%AOL pe T petafBAnt x € [0, 1],
T6te T ompuelo x = 0 xo x = 1 TowTilovTon %o €ovpe

ou(0,t)  Ou(l,t)

u(0,t) = u(1,t), P (8.30)

H deVtepn amd tig mopamdvew oyéoctg undevilet to Skl péAog g ()
pe amotédeopa, av Bécovpe fol u(z,0) dr = 1, vou éyovpe fol u(z,t)de =1,
vt > 0.

Me 1ic mopoamdvew TopadoyEs, 1 SLaxpLTOTolNnoY TNG SLopopLxng Ef-
owog Yivetor oaxpLBug OTWg %ol 0To TEORANUO TNG aTaywYNG TG Oep-
pnotnToag. Avtl twpo vo xpatape Tig TLég u(0,t) = u(l,t) = 0 otabepéc,
Bow epappdoovue TN eEiowan Suvauixtc eEéhEne (8.26) o yio T o1
pela x1, Ty, oQOD TAVEL OTOY XUXAO oLTA Tow onpeior dev Egywpilovy
omd ta vtoAotTta. Mo vou AdBovpe LTTOYN TNV xLVXALXY] ToTTOAOYLO CPXEL
vou TéPOLULE

At
ULj+1 — U1 + W (u2,j — 2U1’j + U’Nr,j) y (831)
Aol At
uNw,j—i-l = UZ"]' + W (ul,j — QUNx,j + uNx_Lj) s (832)

ooV o yeltovag ex “OeELwv’ Tov onuelov xy, elvol To onuelo T %o
0 Yeltovag €€ “aplotepwy’ Tou onuelov p eivot To onueto Ty, . o T
vTéroTa onueio i = 2, ..., N, —1 1 oxéon (8.26) epopudletar xavovixd.

To mpéYPORULO TTOL XWOLXOTOLEL TO TAPATAVL TEOBANU dlveTon
ToPax&Tw xoL Bploxetor oto opyelo diffusionS1.£90. H emifoAn twy

oLYOPLOXWY CLYONUWY () Yivetol oTlg YOOUWUES

nnr = i+l
if (nnr .gt. Nx) nnr = 1
nnl = i—1

if(nnl .1t. 1 ) nnl = Nx
d2udx2(i) = courant*(u(nnr)—2.0D0*u(i)+u(nnl))

Ov apyxég ovvbnreg N xpovixn otityun t = 0 emtAéyovTaL €ToL, WOTE
va gfvat 10 owpdTio ot Béom xn, 2. Te xdbe ypovixn oTiyun yivovtow
LETEHOELS Ue o%0md va emahnbevtody ot eEradoete (B.4), (8.9 xau to
YeYovog 6t lim, o u(x,t) = otad.

H petafBint prob = ZZN:’l Ui ; KoL EAEYYETOL OV SLATNEEL TNV oEYLUN
™¢ TN Tov elval ton pe 1.
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H petafinmi r2 = S0 (z; — TN, o) u;; lvon M Stoxprt extipnon
™G MEOMG TIUNG TOL TETPAYWYOL TNG UTOOTAONG ATO TNV apyLxn 0on
N OTTOloL YLOL OLOXETA LXPOVGS XPOVOLS o TpEmeL vor axoAlovbel To vop.o
7ov diver 7 ekiowon (B.9).

OL mTopomave petafAntéc amobyxedovtor oto apyeio e.dat poli pe
TG TUEG UN, /25> UN, /a5 KOL Uy ;. OL TEAELTOlEG EAEYYOVTOL QY UETA Ot
OPXETA LEYAAO XPOVO ATTOXTOVY TNV (dtor aTabepy] TLy, obUPwYa UE TO
avopevopevo amotéleopo lim, o u(z,t) = otal.

‘OAog o tnyaiog xwoLxag elvot:

1-dimensional Diffusion Equation with
periodic boundary conditions u(0,t)=u(1,t)
0<= x <=1 and 0= t <= tf

!
!
!
!
!
! We set initial condition u(x,t=0) that satisfies
! the given boundary conditions.

! Nx is the number of points in spatial lattice:

!

!

!

!

!

!

!

x =0+ (j—D*dx, j=1,...,Nx and dx = (1-0)/(Nx—1)
Nt is the number of points in temporal lattice:
t =0+ (j—D*dt, j=1,...,Nt and dt = (tf —0)/(Nt—1)

u(x,0) = \delta_{x,0.5)}

program diffusion_1d
implicit none

integer ,parameter :: P =100000 ! Max no of points
real (8) ,parameter :: PI=3.1415926535897932D0

real (8) ,dimension(P) :: u, d2udx2

real(8) :: t,x,dx,dt,tf,courant,prob,r2,x0

integer Nx,Nt,i,j,nnl,nnr

! — Input:

print *, ’# Enter: Nx, Nt, tf: (P= ’,P,’ Nx must be < P)’
read *, Nx,Nt,K tf

if (Nx .ge. P) stop 'Nx >= P’

if (Nx .le. 3) stop 'Nx <= 3’

if (Nt .le. 2) stop 'Nt <= 2’

! —— Initialize:

dx = 1.0D0/(Nx—1)
dt = tf /(Nt—1)
courant = dt/dx**2
print * ,’# 1d Diffusion Equation on S1: 0<=x<=1, 0K=t<{=tf"’
print * ,’# dx= ’,dx,’ dt= ’,dt,’ tf= ', tf
print * ,’# Nx= ~ ,Nx,  Nt= ', Nt
%

print , # Courant Number= ’,courant
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if (courant .gt. 0.5D0) print *,’# WARNING: courant > 0.5’
open(unit=11,file="d.dat’) ! data file
open(unit=12,file="e.dat’) ! data file

! —— Initial condition at t=0
do i= 1, Nx

X = (i—1)*dx

u(i) = 0.0DO
enddo
u(Nx/2) = 1.0D0
do i= 1,Nx

X = (i—1)*dx
write(11.,*) 0.0D0, x, u(i)
enddo

write (11 .,*)° °
!

! —— Calculate time evolution:
do j=2,Nt
t = (j—D*dt
D second derivative :
do i=1,Nx
nnr = i+1
if (nnr .gt. Nx) nnr
nnl = i—1
if(nnl .1t. 1 ) nnl = Nx
d2udx2(i) = courant*(u(nnr)—2.0D0*u(i)+u(nnl))

1

enddo
! ——— update:
prob = 0.0DO
r2 = 0.0D0
x0 = ((Nx/2)—-1*dx !original position
do i=1,Nx
X = (i—1D*dx

u(i) = u(i) + d2udx2(i)
prob = prob + u(i)

r2 = r2 + u(i)*(x—=x0) *(x—x0)
enddo
do i=1,Nx

x = (i—1*dx

write(11.*) t, x, u(i)
enddo

write (11 .,*) °
write (12.,*) 'pu ’,t, prob,r2,u(Nx/2) ,u(Nx/4) ,u(1)
enddo ! do j=2,Nt

close (11)
end program diffusion_1d
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8.7 Avdivor

To mpdypaupo amobnxedel oo apyeio e.dat yio xabe ypovixn otyun
TLG TTOOOTYTEG

Na:
Uj = Zui’j (833)
i=1

7oL eivar 0 Staxprtoc extuntic e (8.29) xar mepuuévovpe vo maip-
vooue U; =1 yia xébe tiun tov 7,

Nz
(r*); = Z u; j(z; — $NI/2)2 (8.34)
i=1

7oL eivar 0 StaxELtdc extunic e (B.9) ko mepLuévonpe Yo utxpode
XOOVOLG Vo LoYVEL
(r?); ~ 2t;, (8.35)

xodg xow TG TUUES Up, /2.5, UN, /4,55 Ul ;-

Ov tpég t;, U (rQ)j, UN, /2,j. UN, /45> U1; Bploxovton avtiotolyo oTig
otAeg 2, 3, 4, 5, 6 xo 7 Tou opyeiov e.dat. Eextvapue To gnuplot xou
pnéoa amd owTO G{VOLUE TLG EVIOAEG

gnuplot> ! gfortran diffusionS1.£90 —o d
gnuplot> ! echo 710 100 0.47 | ./d

mov optlovv g TLpég N, = 10, Ny = 100, ty = 04, Az =~ 0.111, At =
4.0404, At/Az* ~ 0.327. Me Tic evtolécg

gnuplot> plot “e.dat” u 2:5 w 1
gnuplot> replot “e.dat” u 2:6 w 1
gnuplot> replot 7e.dat” u 2:7 w 1

QPTLEYVOULUE TO TYNULO @ otd OTTOL BAETTOLE TNV OULOLOULOPPT XU TOVOUT
™G SLAYVOMNG YLOL APXETA UEYAAOLG YOOVOUC.
H oxéon U; = 1 emPBefordvetar pe amAd xoltoyuo oto opyeto e.dat.
H aovprtwtixd oxéon (r?); ~ 2t; emBeforddvetor Pe Tig EVTOAES

gnuplot> plot [:][:0.11] “e.dat” u 2:4,2%x

IOV POG OLVEL TO TN .
TEAog, xAVOLUE Lot ETTLOXROTINGY] TNG CLVAPTNOYG u(T,t) KE TLS EVTIO-
Aéc
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0.12

0.1 -

0.08 -

0.06 -

0.04 -

0.02

I |

I
i=Ny2 ——
i=N,/4
i=1

| | | | | | | |

Zynuo 8.4:

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Ov ovvopToELS UN, /2,5, UN, /4,5, U1,j WG OLYVAETNON TOL t; Yo N, = 10,

Ny =100, t5 = 0.4. 't peyaio ypoévo teivouvy Tpog pto otabepn TLU TOL VTLOTOLYEL
oMV OROLOLOPPY] SLAYLOT.

gnuplot >
gnuplot>
gnuplot>
gnuplot>

! echo 710 100 0.16” | ./4d
set pm3d
splot [0:0.16][0:1][0: 1] "d.dat” w 1

splot [0:0.16][0:1][0:.2] “d.dat” w 1

X0 TO ATOTEAEOPO PaiveTan 6To oy 8.6.
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\ \ \ \ \ \ \ \
0.1 |- FF‘EH *
F
0.08 + *
+
i
Iy
0.06 + *
+
+
0.04 - + B
+
+
0.02 + —
+
+ <x?>(t) +
0 ! ! ! ! \ \ 2 t\
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Syhua 8.5: H péon npn (r?); wg ouvdpton tou t; yioo N, = 10, Ny = 100, t; = 0.4.
Tior pixpég TLuég Tou t; toyvet (r?); ~ 2t; to omoto cuyxpivetar pe Ty evbeio 2t.
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0.8
0.6
0.4
0.2

©oo00000000
OOOO N
N0 NDHOYO

"20.12 2 ddatt
0.144 16 '

Iyfpa 8.6: H ovvdptnon u(x,t) yiao N, = 10, N, = 100, t; = 0.16. Zto dedtepo
oYNUo. AAGLOLUE LOVO TNY XALLOXO TOL GEOVO 2 (DOTE VO POYOUY OL ASTTTOUEQELES TG
ALeLONG POXPLE TG TO ONUELD Tg = T, /2 = 5.
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8.8 Aoxnoslg

8.1
8.2

8.3

Na avamopdyete Tor AmOTEAECUATO TOV CYNULOTOG @

H xoatavou g Oepuoxpooiog u(x,t) oe pio Aemty pafBdo txavo-
notel ™y eEiowon (B.14) pali ue tic ouvoproaxéc cuvbrikec (8.13)
oto axpo TG paBdov x = 0, 1. H xatavoum g beppoxpaaciag, dtov
t =0, dlvetar amd TN CLYAPTNOT

[ 05 x€ 1,29
u(w, O) = { 0.3 = ¢ [xl,xg]

6mov 7 = 0.25 %o 9 = 0.75.

(o) Ymoroyiote Ty xatovopt tng Oeppoxpaoiog u(x, ty) 6tay t; =
0.0001, 0.001, 0.01, 0.05. Na wépete N, = 100 xor N, = 1000.
No xévete 1o (3o yia ¢y = 0.1 Talpvovtog xatdAAnA0 N, xo
xpotvtog Ny = 1000. Now xAveTe TG YOAPLXES TTOPAOTATELS
Ty u(z,ty) oto (SLo ddypopua.

(B) Ymoloyiote yoapixd ™ Wéyrotn TLwY Tng Bepuoxpaciog yio
t; = 0.0001, 0.001, 0.01, 0.05, 0.1, 0.15, 0.25. No épete N, = 100
XOL YO ETUAEEETE ATAAANAN TN YLoe Tor Ny

(Y) Ymoroyiote 0 xpovixf oTtyps xotd Ty omoia v Beppoxpaoio
ot paPdo eivor Tavtod utxpdtepy amd 0.1.

Y6deLEn: Now xévete 10 TPOYPOUUE GOG VOU TUTTWVEL LOVO TNV TE-
Axn] xotovoun g eppoxpoaoiog u(z,ty).

H xotavouy tng Oeppoxpootiog u(x,t) oe pio Aemtty pafdo txavo-
Totel Ty eElowon

ou  du

ot~ “on2
H Oeppoxpacio ato dxpo tg papdov u(0,t) = u(1,t) = 0, eved 6toy

t=20
2
u(m,O)_—{g‘E)[l COS(b)} gz—zzf

(o) Na vrohoyioete Ty xatavour Oeppoxpaociog u(z, ty) 6oy o =
0.5, b = 0.09 xow yi ty = 0.0001, 0.001, 0.01, maipvovrog
N, = 300, N; = 1000. Na xévete 1o (dto yro ty = 0.05 emiAé-
YovTog XoTOAAO N,. Not xAVETE TLG YOOUPLKES TTAPATTAOELG
™™g u(z,ty) oto S0 SLaypoppa.
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(B) T Tig (dreg TOPAUETEOVS, VO LTTOAOYIOGETE T Y EOVLXY EEEALEN
¢ Oeppoxpaociog ota onueior 1 = 0.05, x5 = 0.50 xoL x5 =
0.95 vyt 0 < ¢ < 0.05. Nt x@Qvete TLG YOOPILUES TTOPUOTAOELS
™G u(x123,t) oto (SLo didypoupot.

(Y) No vrohoyioete v xotovou Oeppoxpaoiog u(x,ty) yio b =
0.09 yro Tpetg TLpég Tov a = 5,2, 1 vy ty = 0.001. Now xévete
TS YOOQPIXEG TToPaoTaoELS NG u(x,ty) 0TO (S0 SLaypauuo.
Noa oyoAtdoete Ty emidpaon TNG TOEOUETOOL @ OTO KUTTOTE-
Aéopoatd oog.

H xotovopn tng Oeppoxpaciog u(z,t) oe piow Aemtty péf3do pixoug
L wavomolel tnv ekiowon

ou *u 4 ou
i D(@@ - ZD(x)%7

6mov D(x) = ae™/L givow M petafAnti mopdpetpog Beppodiéyv-

org (thermal diffusivity) tg omolag v tipy eEoptdror arnd t 0éon
x. H Beppoxpaocio tg péfdov ota dxpo tng eivor tétola, HoTte
w(0,t) = u(L,t) = 0, eved ™ xpovixn otiypn t = 0, N xoTovou] g
Beppoxpaociog xotd punxog tng pafdov eivor

u(z,0) = Ce~ @=L/

(o) No ypdupete mpbdypoappa mov oty eioodo Oa {ntéer and to
xoNnot g mopauétoous L, a, C, o, Ny, Ny xou ty. 2ty €E0d0
Bo vToAoYILeL ™V u(x, tr) xow Ho TUTTVEL O évar dpyelo d.dat
o onpeto (z;, u(x;, ty)) oe dVO oTHAES.

(B) No exteréoete to mpdypappo yroo L = 4, a = 0.2, C = 1,
o =1/2, N, = 400, N; = 20000 %ot voe vtoroyioete TV u(x,ty)
v ty = 0.05,1.0,5.0. Nou xGvete TG YOOPLUES TTOOAUOTACELS
™g u(x,ty) oto (dLto Saypoppo.

(Y) Tro Tig (dteg TopopéTPoug, vor LTTOAOYLoETE TN YPOVLXT EEENEN
¢ Beppoxpaciog oto onpeio v1 = 1 xow 9 =2 yoe 0 <t < 5.
No xavete Tig YPOPIXEG TOPAOTATELS NG u(T12,t) 0TO (SLO
OL&ypoL oL

Noa avamopdyete T amOTEAECUOTA TTOL JEYYOVTOL OTO OYNULOTO

o B.5.
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O Avoppovirdg ToAovtwTyg

210 xe@dhoro awtd B epapudoovpe pnebddovg TVAXWY Yl TN AVo
TOL %PavTouN VLX) TEOBANULOTOS TOV TTPOGOLOPLOKOD TWY EVEQYELO-
XWY ETUTEIWY TOU OVOPROVLXOD TaAoVTWTY. To TPéBAnuo awtd dev
umopel va Avbel avarAv T, OTIOTE TEETEL YO TTPOCQPUVYOLUE OE OLOLTO-
PoxTLXES N GAAEG TTpooEYYLOTIXES ebddovs. Euceic B avtipetwnioovue
70 TEOPANpa opLbpunTixd. Mo To oxomd awTd B emAEEQLLE KATEAAANAN
Baomn YL vor ovamtopaoTNooLE TY XoplAtoviovy H uTtd popen mivoxo
Tov omolo Oa Staywviomotnoovpe pe apLtbuntixég pebodovg pe oxomd va
TIAPOVE TLS EVEQYELOXES LOLOTLUES TOL TEAEoTY]. DuoLxA, O Ttivoxog ow-
T0¢ elvan amelpov peyéboug xat, apyLxd, N aon avamopdotoong Tov o
emtAéEovpe Ba xoAdTTTEL POVO Evay LTIOYWEO Hy Tov Ywpeov Hilbert H
TWY XOTOOTAOEWY TETEQPUOUEVS OLdoTaong N, €ToL DOTE VO TTAPOVLLE
ivaxo menepoouévou peyeébovg N x N. Ot wdtotipég tov N x N mivoxa
O vtoAoyLoTOVY apLbunTind xow oL evepyetaxég Ldtotipég B xabopt-
otovy amd to 6pLo ov Oa teivovy avtég, dtay N — oo.

Mo Tov vToAoYLopS TwV WLOTLLGY Ho XENOLLOTTOLNCOLUE TLG LTTO-
poutiveg mov Bploxovpe otnv BiBAtobnxn LAPACK. To xe@daioto owTo,
eEXTOS TWY GAAWY, Do lval xa pLor doxmnom YL TO TS Yo, GUVIEOVUE TO
TEOYQOULUA LG UE TTROYPAUUaTa oL Boloxovtor og PLpAtobvxeg Aoyt-
outxob. ' vao Aboete o (0Lto TpdfAnua e Mathematica 1) Matlab deite
TG avoupopeg [39] xon [40] avtioToryo.

9.1 Ewcoyoyn

H XaptAtoviavn Tou opprovixod ToAaytwTy SiveTal omd T oxéon:

o1
Hy = = + —mw?2? 9.1)
2m = 2

395



396 KED®AAAIO 9. O ANAPMONIKOY TAAANTQTHX

xow opilovtog xg = \/h/(mw), po = Vhmw madpvovpe Ty elowaon odé-
ototwy peyeboy:
Hy 1,p, 1 x
hw a 2(])0 2 ZTo
MeTpdvtog v evépyela oe povédeg hw, TS ATTOOTAOELS OE LOVADES Xg
%Ol TLS OPUEG OE LOVADES Py TTALPVOLUE

)2, (9.2)

1 1
Ho = -p*+ =2* .
0= P 5 (9.3)
O teAeotg Hy pmopel va dtaywvioroinbel edxora pe ™ Bonbeta twv

TEAEGTWY INULOVPYLOG/ XATOGTPOPG:

1 7
_ 1 _ T
r=—(a"4+a =—(a —a (9.4)
\/5( ) D \/5( )
7
a= i(oc—l-z'p) a’ = L(m—z’p) (9.5)
V2 V2
TTOL LXAYOTTOLOVY 1Y) oyéom Letdheorng
[a,al] =1 (9.6)
xolL TOTE .
Hy=ala+ 5 9.7

Ot wStoxataatéoels |n), n =0,1,2,... g Hy xoeAbdtTouy Tov ywpeo Hilbert
H ®oL LXoVOTTOLOOY TLG OYETELS

a'ln) =vn+1|n+1) aln) =+vnn—1) al0) =0 (9.8)

oToTE
a'a|n) =n|n) (9.9
xou .
Hy |n) = E, |n), En:n+§. (9.10)

H avarapdotooy 0éong twv tdloxatactdoswy |n) elvo:

Un(x) = (z|n) = ;e_’”Q/QHn(x) (9.11)

2rnl\/T

6mov H,(z) To moAvedvopo. Hermite.
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Amé g oyéoeig (9.4, (9.8) mpoxdmrer 61

1 1
Tom = (N x|m) = EVm +16pmt1 + \ﬁﬁan,m,l (9.12)
1
= 5\/n~|—m+ 1(5‘n,m"1 (9.13)
Pnm = <n’p ’m> = é vV im + 16n,m+1 - %\/E(Sn,ml (914)

Ao ™Y TTOPATTAVL OYEON UTTOPOVUE EVOXOAX YO DTTOAOYLOOVLUE TNV
XOoULATOVLOVY] TOU AVOPULOVIXOD TAARVTOTY

H(\) = Hy + \z* (9.15)
XOL TOL GTOLYELOL TOV TTLVOXOL OLVATTOPAOTOOYG GTOV H:
Hp(N) = (0| HA) |m) = (n| Hy|m) + Xn|z* |m) (9.16)

=t Dt A (94D

61000 0 (24) 0 WTTOPODUE Yo LTIOAOYIGOLUE a6 T oxéon (9.12):

o0

($4)nm = Z xnhx’iligxigiggxigm . (9.18)

11,12,13=0

To TEOPANUa €bPETNG TOL EVEQPYELOXOD (PACUOTOS OVAYETOL GTOV
VTTOAOYLOWUO TV LOLOTLLWY TOL Teivoxo H,,p,.

9.2 YmoAoylopog IdtoTipwy Tov H,yp ()

Apyxd emiAéyovpe T Staotaon N Tov bTTHYWEOL Hy Tov YWpeov Hilbert
H TV XATAOTACEWY 0ToV 0Ttolo Hor TepLopLoTovpe. XpNOLULOTTOLOVUE TLG
OYEOELG TIOL OYOPEQOULE GTNY TPONYOVUEYY TTOOAYQUPO YLO VOL VTTOAO-
YI{OOLUE TOVG TVAXES OAVATTAPACTOONG TWV TEAEGTWY z, Hy, H(\) péoa
og aTéY ToV LTIOYWPO. [lor Tapdderypa, dtoy N = 4 €yovpEe:

1
0 g 00
0 10
0 0 /3 oo



398 KED®AAAIO 9. O ANAPMONIKOY TAAANTQTHX

3 000
Hy = 8 (%) g 8 (9.20)
000 1
s+% 0 3 0
3 15\ 3
H(\) = % §+oT §+O% ’ 05A 9.21)
0 3y/3x 0 [

2xomog pog elvor vor Ypodpoovpe éva Ttpdypoupor Tov o vtoAoyilet
Tig ooTipég E, (N, A) too N x N mivoxo Hp,, (). Avti, épwe, vo Yod-
ovpe TO KO YOG HWILXO YL TOV DTTOAOYLOUO TWVY LOLOTLUWY XOL LOLO-
SLOVUOUATWY TWY TIULYEX®Y TTOL KOG EVOLOPEPOLY bor YONOLLOTTOLY|OOVLE
TLG ETOLUEG POLTLVES TTOL LTLAEYOLY oTN PLBALoOMx LAPACK. H BLpAtodnxn
OLTN VTTAPYEL OTOY OLXTVOXO TOTTO http://www.netlib.org/lapack/ xou
AETTTOUEQELEG YLOL T XOMNON TNG LTToEody vo. Bpebodv oTo
http://www.netlib.org/lapack/lug/. Emioxe@pteite T0 dixtvoxd TOTO
%o avolNTNOTE POVTLVES TTOL COG sv&oc(pépouv.

Qg amAol, dmetpol ypnotee, Ho avalntioovpe “pouvtiveg 0dMyods”
(driver routines) ov xévovy pLo epyaocio Stoywvioroinong. ‘Eyxovue vo
SLOYWVYLOTTOLNOOVLE EVOLY TUVOXO. CUUULETOLXO X0l OLAEYOVE TN POVTIVOL
DSYEV (D = double precision, SY = symmetric, EV = eigenvalues with
optional eigenvectors). Ot ouvapTtHoeLg g LAPACK €yovv Borbeto online
ard To. man pages Tov ocvoTiuatog (Unix/Linux). H evtoAy] tov divovpe
elvot

> man dsyev

Amé exel pabaivovpe 6t 1 xpNon g elvar:

SUBROUTINE DSYEV( JOBZ, UPLO, N, A, LDA, W, WORK, LWORK, INFO )
CHARACTER JOBZ, UPLO

INTEGER INFO, LDA, LWORK, N
DOUBLE PRECISION A( LDA, * ),w( * ), WORK( * )
ARGUMENTS

'H BLpAodnn propel va eyxotactodel ebxoha o Stavopée Linux. Ay, otn dto-
vopy] Ubuntu exteAéote Tnv €vTOA apt-get install liblapack3 liblapack-doc
liblapack-dev.
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JOBZ

UPLO

LDA

WORK

LWORK

INFO

(input) CHARACTER*1
= ’N’: Compute eigenvalues only;
= ’V’: Compute eigenvalues and eigenvectors.

(input) CHARACTER*1
= ’U’: Upper triangle of A is stored;
= ’L’: Lower triangle of A is stored.

(input) INTEGER
The order of the matrix A. N >= 0.

(input/output) DOUBLE PRECISION array, dimension (LDA, N«

On entry, the symmetric matrix A. If UPLO = ’U’, the

leading N-by—N upper triangular part of A contains the

upper triangular part of the matrix A. If UPLO = ’'L’,

the leading N-by—N lower triangular part of A contains

the lower triangular part of the matrix A. 0On exit, if

JOBZ = ’V’, then if INFO = O, A contains

the orthonormal eigenvectors of the matrix A. If

JOBZ = ’N’, then on exit the lower triangle (if UPLO=’L+¢>
")

or the upper triangle (if UPLO='U’) of A, including the

diagonal, is destroyed.

(input) INTEGER

The leading dimension of the array A. LDA >= max(1,N).

(output) DOUBLE PRECISION array, dimension (N)
If INFO = O, the eigenvalues in ascending order.

(workspace/output) DOUBLE PRECISION array, dimension
(LWORK) .
On exit, if INFO = O, WORK(1) returns the optimal LWORK.

(input) INTEGER

The length of the array WORK. LWORK >= max(1,3*N«
-1).

For optimal efficiency, LWORK >= (NB+2)*N, where NB is

the blocksize for DSYTRD returned by ILAENV.

If LWORK = —1, then a workspace query is assumed; the
routine only calculates the optimal size of the WORK
array, returns this value as the first entry of the
WORK array, and no error message related to LWORK is
issued by XERBLA.

(output) INTEGER
= 0: successful exit
< 0: if INFO = —i, the i—th argument had an illegal <
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value
> 0: if INFO = i, the algorithm failed to converge; <
i
off-diagonal elements of an intermediate tridiagomnal
form did not converge to zero.

YeAdeg OTTWCS TIC TTAPATEVW, TLg SLtafdlovue avalntwvTog Tor dedouéva
IOV TTPETEL VO OWTOVYE GTNY EL0OSO GTNY LTTOPOVTIVAL TTOV LU EVOLOUPE-
pet xo T dedopéva Tov Ho Tépovpe oY EE0S0 e TNV TTANPOPOPLa TTOV
BEAovpe va ypnotpomotoovpe. Mabaivovue mtwg o Tpog Staywviomoinon
Tivoxog A €xel opLbpd yoopupwy xol otnAwy mou eivoal < N. O opLbudg
Twy Yooppoy LDA (LDA= “leading dimension of A”) umopel vo eivor pe-
YoAOTEPOG amtd N xo 1 DSYEV Oor SLaywyLOTTOLOEL TO TTAVW OPLOTEQA
NXN xOpUaTt TOL nivocxocﬁ. Avtd Ha o YENOLLOTTOLNOOLIE TTPOS GPEADS
LOG, €TOL WOTE YO 0PLOOLUE €val Tilvoxo eYaAov peyéboug A(LDA,LDA)
LY WVLOTTOLWOYTOG XADE Popd LeTafSANTOL peyéDoug TETPAYWYO XOUUATL
Tov A(N,N). H vropovtiva pumopel va ypnotpomownbel pe dvo tpdmoug:

e Ay JOBZ='N"', voAoyilel povo Tig L3LoTLUES ToL Teivorxor A(N,N) xou
TG amobnxedel ato array W(N) pe oelpd avEoavopevou peyébouc.
MoéAg n povtivar eTLOTEEDEL, TO AV M XATW TELYWYLXO XOUUETL
ToU A €xeL xaTaoTpael avaroyo pe to av UPLO='U' 9 'L' avrti-
otolyo. AuTto elval xoL TO XOURATL TOU A TTOL E[LAOTE VTTOYPEWLE-
YOL vo Ttop€YoLUE oty DSYEV. Av O€Aovpe vor xpNOLLOTTOLIOOVLUE
Eova tov mivaxo A(N,N) petd t)v xAnom tng DSYEV Oa mpemel va
OVOXXTOOXEVATOVUE TOY TUVOXO Y ONOLULOTIOLWOVTAG Ot NYELLEVO
ovTlypopod Tov.

e Ay JOBZ='V', vmoloyilel tOLtoTLpég ot tdtodtaviopota Tov A(N,N).
Ou wottpég amobnxedovtor Omwe xar TELy oto array W(N), v
To Ldtodtovdopato ot othAeg Tou Tivaxo A(N,N). AnAad" oy O€-
AOLUE YOI TTAPOVUE TO LOLOBLOVOOUOTO, EVOS TPOTTOG ELVOL PE TV
oxéonv = A(1:N, j) émov to array v(N) Oo €xel TLG CUVLOTWOOES TOV
j-00T00 LOLOSLAVOOUOTOG TOV TILVOXO TTOL aVTLOTOLXEL aTNny LOLO-
TN Aj. To Stdvvopa avtd eivar xavovixomomuévo otn pLovada,
ONA. Zi]\ilv(i)*v(i): 1. O mivoxog A(N,N) xOTUOTPEPETAL XOL OV
ToV YPELOLOUOOTE TAAL B TEETEL Vo Tov €yovpe amobnxedoet.

Katt dAro o pmopel vor TpoxaAéosl amtoplieg elval v XPNon Tov array
WORK. AuTdg eivar Bondntixndg ywpog otn pvnun mov divetor otny DSYEV

’0 opBpéc LDA eivan avayxoioc, Yot to otoryeio A(i,j) oméyer i+(LDA-1)*j
Oéoetlc ot pviun amd to A(1,1).
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YLOL VOU LTTOPEGEL VO XAVEL TOUVG EVOLAUECOVS DTTOAOYLOMOVG. ALTO efvort
éva array peyéfovg LWORK xat n emtAoyy) Tov LWORK dev efvor povadix.
Epeic Oo emAéEovpe Ty amAy Tepimtwoy LWORK=3+LDA-1. H petaBinm
INFO eivar n “onpoio’” yio Tov av eEeAlynxe 0o LTTOAOYLOKOS OUOAL Xow
O0TO TTEOYPOUUO. EAEYYOVIE av M TLUN TG efval 0 xoL oy O)L, OTAUXTAUE
TO TTPOYPOULILOL.

[N Ty xoTtavémon g xeNong evog TEOYEAULOTOS Lo BLBALoOxng
elvor TEAVTO ATTOPALTYTO YO YORQPOLILE EVOL SOXLULOOTLXO TTOOYQOLLOL TTOU
VO TO Y OY|OLLOTIOLEL X0 TOL OTTOLOL TA ATTOTEAECULATO LTTOPOVILE EOXOAN
vo. eAéyEovpe. Odnyobuaote Aotmdy 010 va Ypdupovpe tov eENg xwdLxo
Yt vou SOXLUAOOVUE TN XENon T DSYEV oe éva mivoxor A(N,N):

program test_evs
implicit none

integer , parameter :: P = 100 ! P= LDA
integer , parameter :: LWORK = 3*P—1
real(8) :: A(P,P),W(P),WORK(LWORK)

integer :: N ! DSYEV diagonalizes A(N,N)
integer :: 1i,j

integer :: LDA,INFO

character (1) :: JOBZ,UPLO

!Define the **symmetric** matrix to be diagonalized
!The subroutine uses the upper triangular part (UPLO="U")
!therefore the lower triangular part needs not to be defined
N=4
A1,1)=-7.7;
A(1.,2)= 2.1;A(2.,2)= 8.3;
A(1,3)=-3.7;A(2.,3)=—16.;A(3,3)=—12.
A(1.,4)= 4.4;A(2.,4)= 4.6;A(3.,4)=—1.04;A(4,4)=-3.7
!We print the matrix A before calling DSYEV since it is
!destroyed after the call.
do i=1,N

do j=i,N

print *,CAC " ,i,7 . 7.3, )=",A(i,3)

enddo
enddo
'We ask for eigenvalues AND eigenvectors (JOBZ='V’)
JOBZ="V'’; UPLO="U’
print *,’COMPUTING WITH DSYEV: ’
LDA=P !notice that LDA—> P>N !!
call DSYEV(JOBZ,UPLO,N,A,LDA,W,WORK,LWORK, INFO)
print *,’DSYEV: DONE. CHECKING NOW: °
!'If INFO is nonzero, then there is an error:
if (INFO .ne. 0)then

print *,’DSYEV FAILED. INFO= ’,INFO

stop
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endif
!Print results: W(I) has the eigenvalues:
print *,’DSYEV: DONE.: "’
print *, EIGENVALUES OF MATRIX: ’
do i=1,N
print *,LAMBDA(’ ,i,’)=",W(i)
enddo
!Eigenvectors are in stored in the columns of A:
print *, EIGENVECTORS OF MATRIX’
do J=1,N
print *,’EIGENVECTOR ’,j,’ FOR EIGENVALUE ’,w(j)
do i=1,N
print *,’V_",3, (" ,i,7)= ",A(i,j)
enddo
enddo
end program test_evs

To emépevo PBripo elvor vo petayAwtticovpe tov xwdtxa. To onueio
oL TPETEL Vo TTIPOTEEOLE elvar GTL 0T0 0TS0 T1g obvdeorg (linking)
TEETEL Vo dyoovpe 0dyieg atov linker 1d mod Ppioxovton ot BLAtobnxeg
LAPACK o v} BLAS (ot Booixég vmoAOYLoTIXES POVTIVOS YOOULULYAS GLA-
vePpog eivat oty BLAS). ‘OAec oL ouvaptioelg eivar LeToyAOTILOUEVES
xol T object files Toug elvar apystofetnuéva ota apyeio liblapack.a
libblas.a mov pmopodue vor avolnTNOOLUE E TLG EVTOAEGS:

> locate libblas
> locate liblapack

Tio vor Sobpe Tor TePLEXOUEVE TOUES Sivovpe Tic eVTOAEC]:

> ar —t /usr/lib/libblas.a
> ar —t /usr/lib/liblapack.a

(] avtixabrotodpe to /usr/lib pe v SLtadPOWR? TOL AVTLOTOLYXEL GTO
oboTUE Pog). Ay 0 xDdWAg poag eivor oto apyeio test.£90 yLow
ULETOYAWTTLOY OLYOLUE TNV EVTOAN:

> gfortran test.f90 —o test —L/usr/lib —llapack —lblas

H emAoyn -L/usr/1ib Aéel otov linker voo avoalntnoet tig BLBAtodvxeg
(ojg0) /usr/libﬂ, eve ot -1llapack -lblas Tov Aéve vor ovalnTtrnoel OToLo

*Av Sev LTEEYOLY CPYELC UE XOTAANEY . a, Soxipudote ar -t /usr/lib/libblas.so
XATT.
“AxEN0TO GTNY TEPITTWON PLOG, YLOTE TO PAryVEL €TOL X0 XAALDG, YEVOLULO, OV EYOVUE




9.2. TYIIOAOI'ITYXMOX TAIOTIMQN TOY Hypn(N) 403

o()pLBo?\ocﬁ dev €xovv Eexabaplotel xoTd TN UETAYAWTILON TOL OPYELOL
test.f90 mwpddTor o PLBALoONx 1iblapack.a xal ueta otny libblas.a

H mopamdvew evioAn €xel WG ATOTEAECUOL TO EXTEAEDLLO OOYELO test
0V, OTAY TO TPEEOLUE, TTOLPVOLUE TO ATTOTEAETUAL:

EIGENVALUES OF MATRIX:

LAMBDA( 1)= —21.4119907

LAMBDA( 2)= —9.93394359

LAMBDA( 3)= —2.55765591

LAMBDA( 4)= 18.8035905

EIGENVECTORS OF MATRIX

EIGENVECTOR 1 FOR EIGENVALUE —21.4119907
V_ 1( 1)= —0.197845668

V_ 1( 2)= —0.464798676

V_ 1( 3)= —0.854691009

V_ 1( 4)= 0.119676904

EIGENVECTOR 2 FOR EIGENVALUE —9.93394359
vV_ 2( 1)= 0.824412399

V_ 2( 2)= —0.132429396

_ 2( 3)= —-0.191076519

_ 2( 4)= -0.516039161

EIGENVECTOR 3 FOR EIGENVALUE —2.55765591

< <

v_ 3(C 1= 0.502684215
V_ 3( 2)= —0.247784372
v_ 3( 3)= 0.132853329
vV_ 3( 4)= 0.817472616

EIGENVECTOR 4 FOR EIGENVALUE  18.8035905
_ 4(C 1)=  0.168848655
_ 4C 2)=  0.839659187
_ 4(C 3)= —0.464050682
_ 4C 4)= 0.226096318

=S << <

Twpo elpoote €totpor voo AVGOLPE TO TTEOPRANUA TOL OVOPUOVLXOD TO-
AovtwTn. To Tpdypoppo Bploxetor 6To cLYOSELTLXO AOYLOULXO OTO OQ-
¥eto anharmonic.f90. Xtnv xOpLor POLTIVAL TOUV TEOYPAUUOKTOS O YEN-
OTNG ELOAYEL TLG PBaoixég ToPapETPous, T Otdotaon DIM = N tov Hy
XoL TNV TN Tov A yioe TV omoio emtbvpel voo bToAoyLaToby oL LdLo-
Tpég E,(N,\) tou mivoxo avanapdotoons H,,(A) tov teheoty H(N)
ot { |n) }noo1,. N—1 OVOTTOQAOTOGY 6TOV H . To TpdYpOoupa xahel TNy
vropovtiva calculate_X4 yio vo utoAoyioel Tov N X N Tivoxo ovormo-
péotoong ()., Tov tTereath zt. O LTOAOYLGLOC GTNY LTTOPOLTIVL AV TY
pmopel va yiver Yonyopdtepo voroyilovtog ta (z4),,, avorvtixd. Avto
OUPYVETOL WG AOANOY GTOV OVAYVWOTY. LTV GLVEYELX, LTTOAOYL{OVTAL OL

BipALobxec oe un ovpPotind pépn.
*A.Y. OVOUOITO. GUVAPTHCEWY X0 LTTOPOLTLVMV.
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LoTLUES TOL H,pp(A) xOADVTOG TNY LTTOPOLTIVOL calculate_evs xow To
amoteAéopota TuTVovTOL 0to stdout (standard output).

H vmopoutiva calculate_evs xaAel v calculate H vo vmwoAloyioet
Tov Ttivoxar Hy,,(A) M omolor xével xprion Twy oy€oewy (). 21N ov-
véyela, xaAeito  DSYEV tng LAPACK va xdvetl ) dtaywvtomoinom. Ilpo-
oéyovpe 010 OpLtopa LDA tng DSYEV var BdAovpe ) 0woTh SLAGTAGY TOU
mivoxo H tou elvoe P xow Oyt DIM. Xtn ovvéyeta, mopatifetol o xwdxag:

!

program anharmonic_elevels
|

implicit none

integer , parameter :t P = 1000

integer , parameter :: LWORK = 3*P—-1

integer :: DIM

real(8) ,dimension(P,P) :: H,X,X4 !Hamiltonian+Position Ops
real (8) ,dimension(P) :: E !energy eigenvalues

real (8) ,dimension (LWORK) :: WORK

real(8) :: lambda

integer 58

print *,’# Enter Hilbert Space dimension:’
read *,DIM

print *,’# Enter lambda:
read *,lambda

print *,’# lambda= ’,lambda

Print Message:

print *,C# #HHHHHHEEEE R R R R
print *,’# Energy spectrum of anharmonic oscillator’

]

print *,’# using matrix methods.’

print *,’# Hilbert Space Dimension DIM = ’ ,DIM

print *,’# lambda coupling = ’,lambda

print *,C# #HHHHHHEEE R R R R R
print *,’# Outpout: DIM lambda E_0 E_1 .... E_{N-1}’

print *,# ’

Calculate X*4 operator:

call calculate X4(X,X4,DIM)

Calculate eigenvalues:

call calculate_evs(H,X4, E,WORK,lambda ,h DIM)
write(6,100) "EV * ,DIM,lambda,(E(i),i=1,DIM)
100 FORMAT(A3,18,20000G25.15)

end program anharmonic_elevels

!

subroutine calculate_evs(H,X4,E,WORK,lambda K DIM)
!

implicit none
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integer ,parameter it P = 1000
integer , parameter :: LWORK = 3*P—1
real (8) ,dimension (P,P) :: H,X4

real (8) ,dimension (P) ;. E

real (8) ,dimension (LWORK) :: WORK

integer :: DIM

real (8) :: lambda
character (1) :: JOBZ,UPLO
integer :: LDA,INFO,i,j

call calculate H(H,X4,lambda,KDIM)
JOBZ="V’ ;UPLO="U"
call DSYEV(JOBZ,UPLO,DIM,H,P,E,WORK,LWORK, INFO)
prlnt *”# sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ook EVEC sk ok sk ok sk ok sk ok sk ok sk ok skosk skosk skok k0
do j=1,DIM
write (6,101) '# EVEC ’,lambda,(H(i,j), i=1,DIM)
enddo
prlnt *”# sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk skok EVEC sk ok sk ok sk ok sk ok sk ok sk ok sk sk sk ok skok sk 0
101 FORMAT(A7 ,F15.3,20000G14.6)
!'If INFO is nonzero then we have an error
if (INFO .ne. O)then
print *,’dsyev failed. INFO= ', INFO
stop
endif

end subroutine calculate_evs
!

subroutine calculate H(H,X4,lambda ,DIM)
'

implicit none

integer ,parameter :: P = 1000
real (8) ,dimension(P,P) :: H,X4
integer :: DIM
real (8) :: lambda
integer HE
do j=1,DIM

do i=1,DIM

H(i,j)=lambda*X4(i,j)

enddo

H(j,j) = H(j,j) + DBLE(j) — 0.5D0 !E_n=n+1/2,n=j—1=>E_n=j —1/2
enddo

print B OE ckokok sk ok ok ok ok ok ok sk ok ok ok ok kol koo okok T sk sk sk ko sk sk ok sk ok sk skosk sk kR ok 2
do j=1,DIM

write(6,102) °# HH ° ,(H(i,j), i=1,DIM)
enddo

print Op KRRk Rk ok s ko kR R Rk s ko o ko ko ok ke
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102 FORMAT(A5,20000G20.6)
end subroutine calculate_H
!

subroutine calculate X4(X,X4,DIM)
!

implicit none

integer ,parameter :: P=1000
real(8) ,dimension(P,P):: X,X4,6 X2
integer :: DIM
integer v i,j,m,n
real (8) ,parameter :: isqrt2=1.0D0/sqrt(2.0D0)
!Compute the position operator:
X = 0.0D0
!Compute the nonzero elements
do i=1,DIM
n=i—1 !indices O ,...,DIM—1
! The delta_{n,m+1} term, i.e. m=n—1
m=n—1 !the energy level n —> i=n+1, m—> j=m+l
j=m+1

if(j.ge.1 ) X(i,j)=isqrt2*sqrt(DBLE(m+1))
! The delta_{n,m—1} term, i.e. m=n+1
m=n+1
j=m+1
if(j.le.DIM) X(i,j)=isqrt2*sqrt(DBLE(m))
enddo
!Compute the Hamiltonian operator:
!Start with the X"4 operator:
X2 = MATMUL(X ,X ) !first X2,then X4:
X4 = MATMUL(X2,X2)
end subroutine calculate_X4

9.3 AmwoteléopoTo

Mo va tpéEovpe o Tpdypaupa, petoryAwttilovpe xon divovue tow 3ed0-
HLEVOL OTO TTROYQOULILOL

> gfortran —02 anharmonic.f90 —o an —llapack —lblas
> ./an

# Enter Hilbert Space dimension:

4

# Enter lambda:

0.0

# sk 3k sk sk sk sk sk ok sk sk sk ok ok sk sk sk ok ok ok sk sk ok H 3k 3k 3k sk sk sk sk ok sk sk sk sk sk ok sk sk sk ok k

# HH 0.50 0.00 0.00 0.00
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n=0
0.8 : ‘
S A=0.9 +
* A=0.2 x
0.75 + 1
07t ’ 1
u-  0.65 1
06 [ HEIOOOXX X X X X « 4
0.55 x4
0.5 I I I I I
0 0.1 0.2 0.3 0.4 0.5
1/N

SyApo 9.1: H evepyetaxy otéun Ep(A) yia A = 0.2,0.9 vroloyiletor and to 6pLo twv
LotV Ep(N, A), xabdg N — 00. ZOYRALON ETUTUYYAVETAL YLO. OYETLXE ULKOEG TLUEG
ToL N, eved poaivetor 6Tl vt A = 0.2 yivetor eAa@pd yonyopdtepa amd 6t yra A = 0.9.

# HH 0.00 1.50 0.00 0.00
# HH 0.00 0.00 2.50 0.00
# HH 0.00 0.00 0.00 3.50
Hk Rk Rk Rk ok Rk kR R Rk kT ok ok kokok ok kR ok ok kR ok ok Rk
H kR R R R ok R R R Rk Rk ok VT R R R R ok Rk ok ko o ok
# EVEC 0.000 1.00 0.00 0.00 0.00
# EVEC 0.000 0.00 1.00 0.00 0.00
# EVEC 0.000 0.00 0.00 1.00 0.00
# EVEC 0.000 0.00 0.00 0.00 1.00
H kR R R R ok ok Rk ok ok V(R ok ok Rk ks ko o ok

EV 4 0.000 0.50 1.50 2.50 3.50

OOV TTOPOATIAVE TEEEUE TO TTPdYpoppa YL N = 4 ot A = 0. Autd avtt-
OTOLYEL OTOV OTTAG OLPUOVIXG TOACYTWTY %ot PAETTOLUE TTWG TALPVOLLE
LG avopevoueveg Aoetg: Hy = (n+1/2)0p, 1m, B, = (n+1/2) xow ot 13to-
xotootédoelg (13odtoavbopato 10 Hyy) [n)azo = [n) = 320 o 6nm [m).
Avéroyo amoteAéopota Oa Tapovpe o yiow peyoAdtepo N.

Mo pn pndevixég TLpég Tou A, 0 LTTOAOYLOROS YLt TTETEQPAOUEVO N
EVEYEL CLOTNUOTLXA COAALATO, ETTELDY] AYYOOLVTAL OA TOL GTOLYELO TOV
miivoxow Hyp(A) yioo n > N f m > N. To mpdypoppéd pog vmoloyilet T
wroTtpég E, (N, \) Tov memepaouévou mtivoxo Hyp(A), myn=0,...,N—1
XOL AVOUEVETAL OTL

En(A) = lim E,(N, ), (9.22)

6mov
H(A) [n)x = En(A) [n)x (9.23)
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140 T T T T

120 ¢ : 1
100 ¢ 1
80 | N 1
60 + ]

40 r + b
+ +
R

20 + XXX XXX X X X X x % x

O 1 1 1 1 1 1
0 0.02 004 006 008 01 012 0.14

1/N

SyAune 9.2: H evepyetaxt] otabun Eg(N) yroe A = 0.2,0.9 vroroyileton omd to 6pLo twv
WLOTLR®Y Fo(N, N), xabdg N — oo.

elvor 1 mporypatixn tdtotwy] g XopwtAtoviovng H(A). Ztny TpdEn, to
opLo i dedopévar A xol n VTOAOYLLETAL OO TLG PLOUNTIXES TLUEG
E,.(N,\) ytoo ohoévar xo peyoldtepeg Tipég tov N. Av emitevybel ov-
YxALom o€ éva emtbountod emimedo yia Tig TLUES ToL N TToL elval EQLXTEG,
T0TE TO GpLo eivar pita Tpooéyyton oty E,(N). H Stadiaoia awtn Sei-
yvetaw Yoopuxd ot oyhuote 0.449.3 yio A = 0.2,0.9. H odyxhion eivo
LXOVOTTOLNTLXY VLo aPXETA Uxpd N Yoo n = 0,9, aAAd yroe n = 20 elvoun
ovayxolol bToAoyiopol o peyoldtepes Tinég Tov N. H adknon tov n
Yior Oe00UEVO A xAveL avoryxoio TNy TEOOPBoon HE UEYRADTEQES TLULEG
tou N. I'tor dedopévo evepyetoxd emimedo n, N adENON TOL A XAVEL ETTL-
OMG OVOYXOLO TOY DTTOAOYLOWUO o€ peYoahbTepar N. Mo TAMpnG ouvedpio
LTTOAOYLOPOU NG evépYelag Tng Depeitddovg xatdotaong Ey(A = 0.9)
TopotifeTo Ttocpoméc'to)ﬁ:

> tcsh

> gfortran —02 anharmonic.f90 —llapack —lblas —o an
> foreach N (4 8 12 16 24 32)

foreach? (echo $N;echo 0.9) |./an >> data

foreach? end

> grep AEV data | awk ’{print $2,$4}"

4  0.711467845686790

8 0.786328966767866

0 foreach PBpdyog lvor etdixdg yLor 10 @AoL6 tesh. T To Adyo awté divetan pnTé
N €VTOAY tcsh. Av ypnolpoToteite dLopOoPETIXG PAOLO YPTOLLOTIOLELOTE TO OVTLOTOLYO
oLVTOXTLXO.
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500 ; . . .

A

450 r A

400 r

350 r

300 r

ur 250

200 r

150
woF Lo

50 F x x x x x * %

O 1 1 1 1 1 1 1
0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
1/N

Sxfpee 9.3: H evepyetoxy) otébun Eap(A) Yo A = 0.2,0.9 voroyiletat o to 6pLo Twv
WBLOTLR®OY Fog(N, ), xobdg N — co. H abyxAian Sev éyel emitevydel yia Tig TROoBo-
Abpeveg TLpég Ttov N < 80.

12 0.785237674919165

16 0.784964461939594

24 0.785032515135677

32 0.785031492177730

> gnuplot

gnuplot> plot “<grep AEV data | awk ’{print 1/$2,%$4}°”

[Tepowtépw avtop.atomoinoyn g Stadixaoiog Lmopel vo pebei oto oe-
VEpLo @AoLoV anharmonic. csh 6to ouvodeuTixd AoyLoutxo. lapatnenote
™ oOYxALon YLow peyaro N tng tdotipnig Eo(N,0.9) xaw 6t teAixd mtolp-
vovpe FEp(0.9) ~ 0.78503. Av eivor emibount n emitevEn peyohdtepng
oxpifetag, ToTte elval avayxoalo vor YiVouy LTTOAOYLOUOL OE PEYOAVTEQX
N.
Eivou, emtiong, Suvatdy vor DTTOAOYLGOVUE TLG VOULEVOUEVES TLLES (A), ()

evog tereot) A = A(p,q), 6tov 0 avoppovixds Tohovtwtig Pploxetol
OTNY XATAGTOCN |n),:

(A)n(N) = A(n| Aln)y . (9.24)
Xy TPAEY, N avapevopevy T Ba vtoAoyiotel ad To GpLo
(A),(A) = lim (A),(N,\) = lim y(n|An)x.a, (9.25)
N—o0 N—oo

6mov |n) N Elvor Tor L3Lodtavdopata Tov TETEPUOREVOL N X N Ttivoaxo
H,m (M) Tow omolor vrodoyilovtar aptbuntixd ot v DSYEV. Avtd xobo-
ptlovtot amd TLg GLVLOTWOES TOVG ¢,y (N, ), 61OV

N-1

m)xa =D cm(N.N) [m), (9.26)

m=0
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ot omoieg amobnxedovton oto array H, ool emiotpédet n DSYEV:

(NN =Hm+1,n+1). (9.27)
Avtxadiotdvioc my ekiowan (9.26) oty (9.24), maipvovpue
N-1
(AN =D (NN e (N, A) A (9.28)
m,m’=0

XOL UTTOPOVUE VO YOY|OLLOTIOLY]OOVUE TNV () OTOY LTTOAOYLOUO TOL
ofpoloparoc.

To mopamdyvew Bo T €QaPULOcOVUE GTOV DTTOAOYLOUO TWY VOUEVO-
HEVWY TLUGY TV TEAEoTWY 22, ot xaw p?. AapPdvovtog védn 6t (x), =
(p)n = 0, Tolpvoope xal yroe TG afefondtnres Az, = /(x?), — (z)2 =
V(@2 xow Ap, = /(P?)n- ATO 00TEG UTTOPOVUE VL VTTOAOYLGOVUE KO
TO YLVOUEVO TwV oPePortotnTwy TTov Hor TEETEL Vo LxavoTtoLEL TN oyéom
afBepordtnrag Tov Heisenberg Az, -Ap,, 2 1/2. Ta amoteAdéopata Topov-
oL&lovTal GToY TIVOXa @ XOL OTO OYNULOTO @—@ X0l O VTTOAOYLOWUOG
OUPYVETOL (G AOXNCN YLOL TOV OVOYVWOOTY).

10

0 1 1 1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
1N

Zynuoe 9.4: Ov avopnevlpeves TLUES (m2>,1/2()\), <p2>,11/2()\) %0l TO YWOUEVO ofefototn-

TV Az, - Ap, ytoo n = 9 xow A = 0.5 vroroyilovtor ard to 6pLo Twy (xg),}/Q(N, A),
(P22 (N, A) xabide N — oo.

TéAog, B Tpoomaboovpe vor xaTOAGBOLUE XAADTEQX TY] PUGLXY] TOV
OVAPLOVLXOD TOAOYTWTY] UEAETOVYTOCS TLS LOLOTNTEG TOL QPACUOTOS TOU,
xoBe A — 00. OTwe Tapatneobue 610 oyfua 0.5, xadde peyahdvet
70 A\, 0 6poc Azt emuxpartel xo n avopevopevn T (%), (\) eAotTd-
VETOL, QPO ELYOOVYTOL XUTAOTACELS TTOV TTEPLOPLLOLY TOV TOAAVTWTY] OE
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14 +

12

10 -

+++++++++++++++++++

X% %
xxxxxxxxxxxxxxxx

Zyxnuee 9.5: Ov avopevopeveg TLég <x2>,1/2()\), <p2>71/2()\) %0l TO YLYOUEVO affeBatoTtwy

Az, - Ap, yioon = 9.

ULXPOTEPT TEPLOYY] TOL XWEOL. ATH TV apy Tng afefatdTnTog cvuTe-
palvovue GTL 1 TLTTLXY] OPWY] TOL TOAXYVTWTY] Do vEGVEL xoTé PLETPOo. AT
emiPefotdveTol amd TO oYNUA @ OTTOV PBAETTOVUE TNV AVOLEVOUEYT] TLUT
(p?)(N) va awEdvet pe to . Tio vor SoUPE TOGOTLXE TO OTTOTEAEGUOL TWY
OVTAYWYLOTIXWY OVTWY Taoewy Ho ypnotpomotmoovpe €vor amtAd emuyet-
pnua BébuLong Tov Symanzik. Tt Xowthtoviavy H () = p?/2+22 /2+ Azt
emavaopifovpe x — A~z (dpa xow p — AV/6p) xow yrow A cipreté peydho
naipvovpe] Ty aovpTTWTI LU TEELPOPE

H(\) ~AB3h(1), A= oo, (9.29)
6mov h(\) = p?/2 + Azt elvar 1 XoptAToviavy] Tou avopPovixod “Toho-

vty pe w = 0. Epboov o tedeatig h(1) eivon aveEdptntog Tov A, To
eVEQYELOXO QAopo Do €XEL TNV ACGLUTTTWTLXY] CUTTEQLPOPE

E,(\) ~C A2, A= 0. (9.30)
Xty gpyoaoia [41] deiyvetor 6t yroe A > 100 toydetl otL

Eo(A) = A3 (0.667 986 259 18 + 0.143 67A /% — 0.0088A 43 +...) |
(9.31)
ue axpifeto xohdTeEEN Ot évar Pépog oto 108, T peydreg TLpéc Tov n,
oty (Ot epyoaion LTTOAOYILETAL N HOVUTITWTLXY] CUUTTEPLPOPA

1\ 3
E,(\) ~ CAY3 (n + 5) , A —00,n — 00, (9.32)

T x — A0, H — AV3(p? /24+1"2/322 /24+-2%) ométe 670 bpLto A — oo 0 dedtepog
6p0¢ eEapaviletal xal TOLPYOLUE TNV ().
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A =05 A =20

n|  (a%) ) Az - Ap (z?) *) Az - Ap

0 | 0.305814 | 0.826297 | 0.502686 | 0.21223 | 1.19801 | 0.504236
1]0.801251 | 2.83212 | 1.5064 | 0.540792 | 4.21023 | 1.50893
2| 1.15544 | 5.38489 | 2.49438 | 0.761156 | 8.15146 | 2.49089
3 1.46752 | 8.28203 3.48627 | 0.958233 | 12.6504 | 3.48166
4 1.75094 11.4547 4.47845 1.13698 17.596 4.47285
5 2.01407 | 14.8603 5.47079 1.30291 | 22.9179 | 5.46443
6| 2.2617| 18.4697 | 6.4632| 1.45905 | 28.5683 | 6.45619
7| 2.49696 | 22.2616 | 7.45562 | 1.60735 | 34.5124 | 7.44805
8| 2.72198 | 26.2196 8.44804 1.74919 | 40.7234 | 8.43998
91 2.93836 | 30.3306 9.44045 1.88558 | 47.1801 9.43194

Hivoxog 9.1: Ov avopevidpeveg Tpés twv (z2), (p?), Az - Ap yLor Tov ovopp.ovind Toha-
VTWTA Yo TLG XOTaotdoels |n), n = 0,...,9. apatmpodue ™ peiwon g Az = +/(z?)
xow advEnon g Ap = /(p?), xalddg avEdveton t0 A. To yvdpevo Ax - Ap @aivetot vou
elvat TOAD xovtd otig TLpég (n + 1/2) mov Tolpvovpe amtd ToV GPUOVLXG TOAAYTWTA
%ol Lo TG 300 TLREG TOL A.

6mov C = 34372 /T(1/4)%3 ~ 1.376 507 40. H oyéon awth eketdleton 670
oYNUo OTOL PPLOXOLUE LUYOVOTIOLYTLXY] CUUPWYI UE TOVS VTTOAOYL-
ouoVG O,

9.4 To AwxtAd IInyddr Avvoptxod

Ooa yponotpomotnoovpe TLg LEHASOLG TLVAXWY TTOL AVUPEQOUE YLOL VO
VTTOAOYLOOLUE TOL EVEQYELOXE ETUTESX CWUATLOLOV UECA GTO OLTTAG TT1)-
YadL duvoputxod. Avtd divetal amd T XautAtoviawn:

p2 1,2 1’4

H=——-——+4)\—
2 2 + 4
xoL T oNUELO LOOPPOTILaG OTNY XAooLxn xivnom [ploxovtol otor eAdyL-

OTA:

(9.33)

1 1
To = i_avmzn = T
EERV/N 4\
‘Otav to myadt eivar oAb Pabd 1téte, Yo Tig YounAoTEPES 0Tdbpeg,
pumopovue vo Hewpnoovpe 4Tt To duVoULXO TEOCEYYILETAL PXETE XOAL
amtd oWTO TOL APLOVLXOD TOAVTWTH e ouyvoTTe W’ = V' (1), omdTe

(9.34)

1

2
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Syfuo 9.6: Emofifevon e acvpntwtinic oxéone (9.32). Ztov xédbeto dEova éyouvue
vroAoyioel Ty moabTTa E A3 (n 4+ 1/2)74/3 q omolo yio oipxetd peydAa n xow A
Oa TPéTeL Vo TPOGEYYILEL AGLUTTWTIXG Ty TR C = 34372 /T (1/4)%/3 ~ 1.376 507 40
(optlovtion Yoo ).

2Ty TEPITTWOY VTN TO PALVOUEVO ONPOYYOS lvor TOAD aobevég, ue
OTTOTEAEOULOL TOL EVEQYELOXAL ETHTTES O Vor YwELLovTaL EAPEE LETOED TOLG
ova Levym. Auto yiveTal yLorti oL avTioTOLXES LOLOXATAOTAOELS ELVOL GL-
UETOLXOL X0l OYTLOLUUETOLXOL CUVOLACUOL XATACTATEWY TTOV OYTLGTOL-
¥OUV OE XOTOOTAOELS EVTOTULOUEVES OTO aPLOTEPO 1 OEELO EAGYLOTO TNG
duvopLxng evépyetas. Ily. yio Too Vo yopnAdTeEPa evepyeLtaxd emiTedo
TLEQLUEVOLUE OTL

EO,l ~ Emm :l: % ; (936)
O6mov A K |Eppin| ou
+) + =) +) = |-)
0)) 7 ———+~, 1)y ~ ———L (9.37)
0 NG R V2

OTIOL OL XOTUOTACELS |+) xo |—) elvon EVTOTLOUEVES GTO APLOTEPS %Ol
Skl TNYadt Tou Suvoptxob avtiotoryo (Seite xat To oyAUoTaL TOoV
Keporaiov [L0).

Qc Béon yLa Tov LTOAOYLOKO TNG XOLLATOVLOVG () Oo yonotp.o-
nowhoovpe Tic oxéoets (0.12). Ov amapaittec petaforéc aTov xHdStxa
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V(x)
o
o

SyAuoe 9.7: H Suvaptxn evépyeta V(z) yroe A = 0.1,0.2.

nog eivor ehéoprotes. ATAd B mpoobéoovpue pia povtiva TOL Vo LTTOAO-
YileL TOVG TVOXES Ppy. Tlaipvovpe €Tal Tov xwdxa oL aobnxedovpe
070 0pyelo doublewell.f90:

!

program doublewell_elevels

!

' H : Hamiltonian operator HO+(lambda/4)*X74
! HO : Hamiltonian HO=1/2 P22—-1/2 XA72

! X,X2,X4: Position operator and its powers

! iP : i P operator

! P2 : Pr2 = —(iP)(iP) operator

! E : Energy eigenvalues

! WORK : Workspace for lapack routine DSYEV

!

implicit none

integer ,parameter :: P=1000

integer ,parameter :: LWORK=3*P—1

real(8) ,dimension(P,P) :: H,HO,X,X4,X2,iP P2
real (8) ,dimension (P) ;. E

real (8) ,dimension (LWORK) :: WORK

real (8) :: lambda,lambdaO ,lambdaf ,dlambda
integer :: DIMO,DIMF,dDIM,DIM
integer 58 4

!Minimum and maximum values of Hilbert space dimensions:
print *,’Enter Hilbert Space dimensions (DIMO,DIMF,DDIM):’
read *,DIMO,DIMF,DDIM

!Minimum and maximum values of lambda (step dlambda):
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print *, Enter lambdaO,lambdaf,dlambda:’

read *,lambdaO,lambdaf,h dlambda

print *,’lambda0= °,lambda0

!Print Message:

print *, # #H##FHHHEHEHHEEHHH R

print *,’# Energy levels of double well potential’
print *,’# using matrix methods.’
print *,’# Hilbert Space Dimensions = ’,DIMO,’ — ’ ,DIMF,&
’ step= ’,dDIM
print *,’# lambda coupling = ’,lambda0O,’ — ’,lambdaf.&
" step= ' ,dlambda
print ¥, C# #HHHEHEEEE AR
print *,’# Outpout: DIM lambda E_0 E_1 .... E_{N-1}’

print *, # ’

do DIM=DIMO ,DIMF,bdDIM
call calculate_operators(X,X2,X4,iP,P2,HO,DIM)

lambda = lambdaO
do while (lambda .le. lambdaf )
call calculate_evs(H,HO,X4 ,E,WORK,lambda K DIM)
write (6,100) 'EV ’ ,DIM,lambda,(E(i),i=1,DIM)
lambda = lambda+dlambda
enddo
enddo
100 FORMAT(A3,15,1000G25.15)
end program doublewell_elevels
!

subroutine calculate_evs(H,HO,X4,E,WORK,lambda K DIM)
!

implicit none

integer ,parameter :: P=1000
integer , parameter :: LWORK=3*P—-1
real (8) ,dimension(P,P) :: H,HO,X4
real(8) ,dimension(P) . E

real (8) ,dimension (LWORK) :: WORK

integer :: DIM

real (8) :: lambda
character (1) :: JOBZ,UPLO
integer :: LDA,INFO,i,j

call calculate H(H,HO,X4,lambda,K DIM)
JOBZ="V’ ;UPLO="U"
call DSYEV(JOBZ,UPLO,DIM,H,P,E,WORK, LWORK, INFO)
print *”# sk ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk oskosk skock ok EVEC skosk sk oskoskoskosk sk sk skoskoskoskoskoskoskskokk 0
do j=1,DIM
write(6,101) *# EVEC ° ,DIM,lambda,(H(i,j), i=1,DIM)
enddo
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print *”# sk 3k sk ok sk ok sk ok sk ok sk ok sk ok sk ok sk ok ok ok sk ok EVEC sk sk sk sk sk sk sk sk ok sk ok sk ok skook sk ok ko 0

101 FORMAT(A7,I5,F8.4,1000G14.6)

if (INFO .ne. O)then

print *,’dsyev failed. INFO= ’,INFO
stop

endif

end subroutine calculate_evs
'

subroutine calculate H(H,HO,X4,lambda,K DIM)
!

implicit none

integer ,parameter :: P=1000

real (8) ,dimension(P,P) :: H,HO,X4

integer :: DIM

real (8) :: lambda

integer ERE |

do j=1,DIM

do i=1,DIM
H(i,j)=HO(i,j)+0.25D0*1ambda*X4(i,j)
enddo

enddo

print * ’# sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk ok sk sk skosk sk ok H sk sk sk ok ok ok sk sk sk skosk sk sk ok sk sk skskok
do j=1,DIM

write(6,102) "# HH ° ,(H(i,j), i=1,DIM)
enddo

. s s
prlnt *’ # 3k 3k ok ok ok sk sk ok ok ok sk sk sk ok ok ok sk sk sk ok ok ok H 3k 3k ok sk sk sk ok ok ok sk sk ok ok ok sk ok ok ok ok

102 FORMAT(A5,1000G14.6)

end subroutine calculate_H
!

subroutine calculate_operators(X,X2,X4,iP,P2,H0,DIM)
!

implicit none

integer ,parameter :: P=1000

real (8) ,dimension(P,P) :: X,X4,X2,iP,P2 HO

integer :: DIM

integer :t i,j,m,n

real (8) ,parameter :: isqrt2=1.0D0/sqrt(2.0D0)

X =0.0D0;X2=0.0D0;X4=0.0D0
iP=0.0D0;P2=0.0D0

do i=1,DIM
n=i—1 !indices O0....,DIM—1
! The delta_{n,m+1} term, i.e. m=n—1
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m=n—1 !energy level: n —> i=n+1, m—> j=m+l

j=m+1

if(j.ge.1) X (i,j) = 1isqrt2*sqrt(DBLE(m+1))

if(j.ge.1) iP(i,j) = —isqrt2*sqrt(DBLE(m+1))
! The delta_{n,m-1} term, i.e. m=n+1

m=n+1
j=m+1
if(j.1le.DIM) X (i,j) = isqrt2*sqrt(DBLE(m))
if(j.le.DIM) iP(i,j) = isqrt2*sqrt(DBLE(m))

enddo !do i=1,DIM

X2 = MATMUL( X, X)
P2 = -MATMUL(iP, iP)
X4 = MATMUL(X2,X2)

!The Hamiltonian:
HO = 0.5D0*(P2-X2)
end subroutine calculate_operators

[Tob mpotipder va Pploxetar t0 cwudtio, otoy Bploxetor oTLG xOoTo-
otaoels |+) xor |—); Avtéd pmopel vo atavtndel av vToAoyicovpe TNV
OVOUEVOUEYT TLUN TOL TeAeoTy| Oéong () oe xdbe plo amd Tig xato-
otdoels. I'vwpllovpe 6T, 6Tay T0 OWUOTIOLO ElvoL O XATTOLOL AT TLG
EVEQYELOKES LOLOXOUTOOTAOELG, EYXOVILE

(@)n(A) = x(n|z|n)y =0 (9.38)
eEoutiog ™G apTLéTNTOS TOL dvVoLxod V(z) = V(—x). Apa,
(£)=(A) = (£lz[+)

1
= 5 G0l [0)a £ (1] [0h £ 0(0]2[)x + (1] 2 10)2)

= +£V2(1]z|0)y, (9.39)

OTIOL OTNY TEASLTOL O YOAUUY] YONOLLOTIOLAOAUE T o)Ea ( ) 2 (0] 2 |0)) =
A1 2 [1)x = 0 xaw 6t toe TAGT A (1] 2 |0) ) = A(0] 2 |1),. Emtlong] toyder 6t
] 0

A1z [0)y > 0. Av Aotméy éxovpe 6T [0)y = > " cm |m) xou 1)) =
S22 W) Im), madpvoope

m=0

@)\ =£V2 > el X (9.40)

m,m’=0

T vau TeLoTelTE, XKOLTAETE TIC XUULOTOGLVOPTATELS GTOL GYNLOLTO Tou Kepa-
Aaiov @ %O UTTOAOYLGTE TOL OYETLXE OAOXANPWULOTOL.
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Aedopévou o6t yia emepaouévo N, 1 DSYEV poGg ETLOTOEPEL TTPOOEYYL-

OTIXG TOUG GUYTEAEGTEG o) oTlg oTNHAeg Tov Tivaxoe H(DIM,DIM), €tot

wote o) ~ H(m+1,n+1), WTTOPELTE Vo ouYxplveTe TNV TN ToL ()4 ()

UE TLC XAaOLXEC TLUéC o = £1/vV/\, xabdc To A awEdvetoa.

T T T T v ¥ %
v xx XX

* %*%%********* e +

1F %**%**** R B
L+
4+
v
% +
0.01 | * g
* +
0.0001 - + E
c
< *
n
1e-06 - E
n
1e-08 |- * g
4

le-10 | n=0 -+

+ n=6

* n=30 *
1 1 1 1
0.01 0.1 1 10 100

A

Zynuoe 9.8: Ymoroytoude tng Stapopads evepyeloxwy emmédwy A, = E,11 — E, Yo
n = 0,6,30 yiox To0 OLTAG TTNY&SL duvaulxod amd To TEOYpopUa doublewell.£90. H
Stoupopd telvel oto PUndéy, xobwg To TNYASL duvotxod Yivetor Babdtepo, dTay To A
ehattvetan. O xataotdosg |£) = (|n + 1)\ £ |n))/V2 evtonilovton té1E OAOEVOL
%ol TEPLOoHTEPO 010 Bl N opLotepd TNYASL avtioToLyo.
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9.5 Aoxvoelg

9.1

9.2

9.3

9.4

9.5

9.6

9.7

9.8

9.9

YmoAoyiote avalvtixd tov wivaxa H(A) yio = 2,3. Ymoloyiote
TG LOoTLUEG Yior N = 2. XuyxLlveTe e TLG TLULEG TTOL LTTOAOYLLEL TO
TEOYPOULUA o0G WG eTLPERaiwor OTL TPEYEL CWOTA.

Metafdrete Tov x)OOxa test.£90, étol wote vo emLPefatwvel ot
Tor LOLOJLOVOOULOTO LXOVOTIOLOVY TLG OYEOELS AV, = A\ V; xaL 0Tl
amoteAoby opboxavovixy) Baon v; - v; = ;.

No vtohoyioete Tig evepyetaxée TLpég Es(A) xow Eo(N) yiow A =
0.8, 1.2 pe axpifeta xardtepn ard 0.01%.

Méypt ToLo evepyetaxd enimedo umopeite vo LTTOAOYLOETE UE axPL-
Beto xoAbTEEY TOL 2% GTay N = 64; [Idpte A = 1.

No vtoloyioete Tig evepyetaxég Tiég Fs xo Eip yioe 0 < A < 4
pe Pruo OA = 0.2 pe axpifeta xaAdtepy Tov 0.01%. I1éco peydro
N mpémer va tapete yioo xabe evepyetaxd eminedo, €TolL WOTE Vo
TETOYETE TO OTOYO OOG;

YroAoYioTe Tov Ttivaxo Tov TEAEoTH 1! AVOALTIXG %ol TTEOYQOLL-
LOTIOTE TOV OTO TEOYPOUUA OOG. LUYXPIVETE TOLG YEPOVOULS TTOL
TEEYEL TO TTPOYPOULUA OOG OE GYEDN UE TTIOLY OOY GLVAPTNOY ToLv N.

MetafBdAete Tov ®wAtxor Tov anharmonic.f90, €Tol WoTE TOL arrays
H, X, X4, E, WORK va eivot ALLOCATABLE xow va €xovy Staotoon
mov vo xabopiletor amd ) petafAnty DIM Tov Sivel 0 YpNoTNg ™
oLy oL TEéYEL To TPdYPappa. (YTOSeEn: Acite To POy
anharmonicSPEED.f90 670 cuvodeLTixd AOYLOULXO.)

[Tpoomabfote va avarapayete Tor amoteAéopota Twy Hioe xow
Montroll [41] mov divovtar otov Tivoxo YLl TLG EVEQYELOXEG
otébpeg n = 3 xot n = 5. MéypL ToLa TL] TOL A PTTOPELTE Vo TO
XOVETE UE TOVS LTTOAOYLOTLXOVS TTOPOULS Tov dlobéTeTe;

[Tpoorabnote va avamopdyete 1o amotéAeopa Ty Hioe ot Mon-
troll [41] ov Sivetar améd ) oxéon (0.31). Yroroyiote T evépyeta
g BepeAtwdydouvg xatdotaong yra 200 < A < 20000 xot TEOGOEU.O-
ote tor dedopéva oo oe GLUYEPTNON TNS LoPPHS A3 (a + bAT2/3 +
cA™43), Me méon axpifeio umopeite vou mPoadLopicete TOLS GL-
VTEAEOTEG a, b %Ol ¢ XAl TTOOO XOAR GLUPWYOVY UE TNV eElowon

(0.31);



9.5.

9.10

9.11

9.12

9.13

9.14

9.15

9.16

9.17

AYKHXYEIY 421

MetafdAete Tov xdxa Tov anharmonic.f90 €toL YOTE VO LTTOAO-
viler tig avopevipeveg tipée (x2), (N, ), (p?).(N,\) xouw Tow avti-
ototyo ywopevo Az - Ap. (Y6detEn: Aeite to TpdYpapo
anharmonicOBS.f90 0T0 6LYOSEVLTLXG AOYLOULXO.)

Noa avamopdyete o0 ATTOTEAEGUATO TOV OYNUATOG @ 21N OLVE-
YELO, YO ETOVOALPBETE TOV LTTOAOYLOUO Yioe A = 2.0,10.0,100.0. Nox
XAVETE TOVG (dLoLG LTTOAOYLOUOVS Yo n = 20.

Now avoamapdyete T amotedéopata Tov oyhuatoc 9.5, Tt cuvé-
YELOL, YO ETOVAAGPETE TOV LTTOAOYLOUS N = 20.

Noa avomopdyete o AmTOTEAECUOTO TOV OYNLOTOG @ 21N OLVE-
YELO, VO ETTOVOAAPBETE TOV LTTOAOYLOMO n = 3,7,12, 18, 24.

Noa yoddete Tpdypappo Tov vaw LTTOAOYLLEL TLG EVEQYELOXES OTAD-
KEG YLOL TOV OVOPULOVLXO TOAOVTWTN

1 1
H(\ p) = §p2 + §x2 + Azt 4 pa® (9.41)

xo vao vtohoyioete Tig E,(N) yra n = 0,3,8,20 ytoe A = 0.2 xou
1 =0.2,0.5,1.0,2.0, 10.0.

Noa petofdiete T0 TEOYPOUUO TNG TTEONYOOUEVYTS AOXNONG, ETOL
ote vo bohoYiletl Tig avapevopevee TLéc (22), (N, ), (p*) (N, N)
xow Toe avtiotoryo ywvopevo Ax - Ap. Noo vtohoyioete TG avople-
vopevee tpéc (), (), (p?)n(\) xow Az - Ap yioe n = 0,3,8,20 yro
A=0.2 xow p=0.2,0.5,1.0,2.0,10.0.

Noa vmoloyioete ta Cedyn evepystoxwdy Tpwy E,, E, 11 vyl n =
0,4, 20 ypnotpomotwvrag to TEoypoupo doublewell.£90 dtav A =
0.2,0.1,0.05,0.02. Nox vroAoyioete ) dtopopd A, = E,+1 — E,. Tt
TP TNPELTE;

Oplote Tig TLPég evépyeLlog

XUyxplveTe TIg TLUES TV EVEQYELWY E,, E,, 11 TTOL bTTOAOYIoNTE OTNY
TIPONYOVEYY, AOXNON LE TLS TLUES €, — A, /2 o €, + A, /2 avTi-
otowyo. TL Topatnpeite o yrot;
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9.18 No xd&vete TG ATAPALTNTEG LETATPOTEG GTO TTPOYOOULO
doublewell.f90, €10l (HOTE VO LTTOAOYLLEL TLG OVAUEVOUEVES TLUEG
(2)+(\) e oxéone (0.40). Now ouyxpivete Tic Tpée ()L (N) pe Tie
wAoounéc Téc zo = £1/vVA yre A = 0.2,0.1,0.05,0.02,0.01.

9.19 No emavoAdfete Ty TEONYOVUEVN AOXNOY], OTOV Ol XATOUOTAOELG
14) = (1/vV2)(|n)x £ |n+ 1)y) yroe n = 6 xow n = 30.

9.20 Xt0ov amAd opUOYLXO TAAGYTWTY, TO EVEQYELOXA ETUTESO LOOTTE-
YOLY PETOED Toug, ONA. A, = E,y1 — E, =1, (Ao — Ay) /A, = 0.
Noa vroAoyioete Tigc TOEATEV® TTOGHTNTEG YL TOV OVOPUOVLXO TO-
AYTWTN X0l TO SLTTAG TTNYdt Suvoptxol yro A = 1,10, 100, 1000 xow
vt n = 0,8, 20. Tv ovunepaivete o xdbe mepimTwon;



KE®AAAIO 10
H E&iowom Schrodinger

XT0 XEQAAOLO LTO YIVETOL LEAETY] TNG Y POVOAVEERPTNTYG EloworNg
Schrodinger yioo évor un oxeTXloTi*d owUATLO L&lag m, XwElg omLy, To
omolo nwveltal oe pioe dLaotoon LTO TNy eTidpoom evHg oTOTLXOD OL-
vopLxod mediov Tov SlveTol amd TN CLVAPTNOYN SLUVAULXNG EVEQYELOG
(“Suvoutxon”) V(x). Oa meproptotodpe oc déopteg xatootdoets. Or Ab-
oelg TG eElowamg oy TEPITTWOY AT dYOLY TO SLOXPLTO EVEQYELOXO
oaopo {E,}, xo0g xon TLg avtioToL ES LOLOXATAOTAOELS TTOL divovTaL,
oe avamapdotooy 0€ong, amd T XVUATOCLYOPTACELS Yy, ().

Amé dmodmn optbunTinng avaAvong, To TEORANUO elvor 1] ADOT ATTAGY
SLopoPLXWY EELODOEWY LOLOTLUWY UE oLVOPLOXES cuVOxes. Mépog Tng
AOoYg elval xor M WOLOTLUY TNG EVEPYELag M otola Oor pémet, emiong,
vou vtoAoytotel. Qo ypnolpororoovpe dvo pebddovg, pioe yior ™) Abom
TOL TPORANUATOS TOL cWATiOL PLéoa ae ameLpofobo TNY&dL duvotxod
0 omolo eivar qpto V(x) = V(—x), xow pla mov Oo epopp.doovpe oe
YEVXOTEQX DLVOULYE KoL TTPOTLUATOL 0TS £QapuoYés. H mpdtn elvor
UL ELOOYWYT] OTO TIPOPRANUO KoL EXEL LOVO OXOONUOIKO XL EXTTALOED-
TLX6O EVOLOPEPOY %O O PLAOTIXOG OVOYVWOTNG LTTOPEL va TTolpaAEl)EL TN

UEAETN TNG TTOLOALYQOPOL XOL VO TTPOYWPNOEL GTNY TTOPAYPOPO .

10.1 Ewsoywym

H eElowomn Schrodinger mou txovomolody oL XLUATOGLYOETATELS Y (T) TTOL
OVOTTAPLOTAYOLY TLG LOLOXATAOTAOELG EVEQYELOGS EfvaL M

1 0%()

2m  Ox?

+V(e)(x) = Ey(z), (10.1)

423
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pnoll pe ™ ovvbnxyn xovovixomoinong

“+oo

(Yl) = U (x)Y(z)de = 1. (10.2)

Oupilovpe 6tL 0 TeEAeoT g H Tov og avarapdotoon 0€ong diveton amd

2 2
=-9 v, (10.3)

2m Ox?

elvow epurtiavoe, dmh. HY = H. H ekiowon (10.1) eivor pio eEiowon
LOLOTLUWY

Hi(z) = BEy(x), (10.4)
n omolor €yl AVoELG €var BLaXPLTO GUYOAO OTO TTOOYUATIXES GUYOO-
™oelg Yi(x) = Yp(x) tétoeg, wote Hy,(z) = Ep,(z). Ov aplbpol
Ey < By < By < ... elval TpoypoTixol ol ortoTeAOVY TO EVEQYELAXO

QPAoUO. TOL CWUATLIIOL GTO ﬂ:&:Bio V(z). H eAdyroty evépyeta Ey ovtt-
ototyel ot BepeAtddn xatdotoon ov Pploxetol To cwpatidlo Tov Si-
vetor ol plow un TETPLUREYN ouVAETNON Yo(r). Xe ovpwyice LE TNV
opxn ampoadioptotiog tov Heisenberg, oty xatdotoon avty Ap > 0
xot Az > 0, étol wote Ap - Az > h/2.

OL Wroxataotdoels 1, (x) orotelody piow opboxavovixy Baon

+o00
() = / () (@) it = S (10.5)

€TOL (YOTE OTIOLOSNTIOTE XLUATOCLYAPTNON () TOL OVUTTUPLGTA TNV
xotdotaon |¢) vo divetor amd To YPOUULXO GLYSLAGUO

o0

= catba() . (10.6)

n=0

Ov aptBpol ¢, = (P,|¢) = f+°° Vi (x)p(x) dz divovy Tty ThovdTTo P, =
lcn|? vou petpnbei v evépyeia E, oty xotdotaon |¢).
Eriong, Oouilovpe 6L yLa omtotadnmote xotdotocn |¢) N auvdptnon

pe(x) = |¢(2)]* = ¢*(x)p(x) (10.7)

'To yeyovig 6Tt To evepYELOXd PAGULO TOL CWUATLSIOL Elvorl PEOYLEVO OTtd RETW
eEaptatal amd ™) popE”n Touv Suvautxold. Yrobétovyue 6Tl To V(x) elvor TéToLo, aTte N
evépyela Ey va elvon memepaouévy. Enione, ot pla didotoaom, To evepyelond @dopo
eVGg owPoTdion YLor Yevixd Suvayuxd eivor pyn ex@uitopévo (deite dpwg Ay. S. Kar,
R. Parwani, arXiv:0706.1135.)
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elvor N TLRVOTY T LBV TN TOG EVPEDYG TOL cwpaTLdioL oTn BEom T, dMA.
7 oG TNTO EVPEGNG TOL GWUOTLIOL GTO BLATTNU [x1, T2o] SiveTOl oo
T ox€am
Z2
Po(r1 <z < 29) = / " (z)p(x) dx . (10.8)
1

H oyéon xavovixornoinone (10.2) odupwve pe v mopamdve sppmveio
aryel T Stathpnon g TLhavitrTog (aveEdpTnTn ToL YEGVoU, LLETY T
g xpovoeEoptuévng ekiowang Schrodinger) xat Ty TAnpdTTo (€86
T BeBoedTnTor TOEOTHENOMG TOL CWULATLEIOL XETTOL OTOV GEOVA TWY T).

Ot peTpNoLeg TOGHTNTEG TOL TTAPATIAV XBAVTOUNYOVLXOD CLUCTNLO-
To¢ Sivovtan omd teheatéc A(Z, ) X0 Ot VOLEVOEVES TLUEC TOUC, GO
To oVoTNUO Elval OE ULar XoTdotoan |¢), divovtor amd ) oyéon

—+00

(Ao = (ol Alg) = [ ¢"(2)A@ p)o(x) do. (10.9)

Ao aplbuntixng amorg, to TEOBANUO LOLOTLULWY () ovéyeTo
ot ANon pog Stapoptxng eEloworng deltepng TtaEng. Ot diopopéc oe
OXEON UE TLG TEPLTITWOELS TTOV UEAETYOOUE OE TTPONYOVUEVO KEPAAOLO
elvo:

e Avti va éxovpe TEORANLO Yy TLLGDY (TLHES TNG CLYAPTNOYG O
TOEOYWDYOL Ot €val ONUELD) EXOVLUE TPOPRANLOL CLYOPLAXWY TLLWDY
(TLpéc e oLYAEPTNONE N TG TTaEPAYHYOL oe dVO onueia).

o H 1Srottpy) (evépyeta) eivar dyvwoty xal TEETEL Vo TPOOSLOPLOTEL
oo PEPOG NG AVOTG.

Oa TopovaoLaoovE PEPLXES ATTAES LeBBBoLG eTTiALGTG TOL TPOPANLOTOG,
ewdxég ot pla dLaoTooy, g WKLo ELOOYWYN GTOV TEOTO apLtiunTixng
AOOYG €VOG TTPOPRANUOTOG LE TOL TTOROTIAVE YOPOXTNELOTLXAL.

Mo ™y optbuntinn Aoy g ToPamave eELCWONG XATAPEVYOVIE OE
ETTAVOXOYOVLXOTIOLNOY TWY CLUVOPTHTEWY XL TWY TTOPXUETOWY TOVG, ETOL
(OOTE VO EYOVILE VO XAYOLPLE LE OBLAOTATES TTOCOTNTEG. [t To Adyo o To,

1 {10.1) ypsopetar apyxd ot popeih:

d> 2m

o (z) + ﬁ(E — V(z))(x) =0. (10.10)
ETUTAL0V, ETULAEYOVUE PLOL XOPOXTNELOTLX XALLOXOL pAxoLg L 6T0 TTP0-
BAnuo xow emavoopilovpe = = x/L. Opilovpe ¥(z) = (x) V' (Z) =
dy(z)/dz = L dy(z)/dx xor Ttaipvovpe

o 2mL?
§(3) +

(E—V(ZL)(E)=0. (10.11)
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Opilovue v(&) = 2mL*V (z)/h* = 2mL*V (ZL)/h?, € = 2mL°E/h* xon o-
Adlovpe ovpPoAopd T — x, 1 — 1, OTOTE TALPVOLLE

(x) = —(e —v(2))Y(z). (10.12)

Ot Aboetc ¢ (10.1) maipvovtan edxora amé g Maoete e (10.19) xon-
ouomoldvtac To “AcEd

ropo Viz) = i (z/L) (10.13)
L' 7T om2® TV T ot '

xr —

TéNog, vor GNUELWDTOVUE OTL, oV TTEPOLYE P = —id/0T = —il0/Ox yiow TNY
opWY, Tote B Exovpe
L

b= —n. 10.14
p=p ( )

H oyéon petabeorg [z, p] = ih yivetow tdpoa [Z,p] = i. [t v xvnTixen
2

evépyela T = L gyovpe

2m
h2 B2 92
= = s 10.15
2mL2p omL2 072’ ( )
xow yrao ™ XoptAtovtovn H =T +V
h? 9 B A2 52 )
H = o2 (p* + () = o2 (—@ +v(m)> , (10.16)

2TIg €ELOWOELS TWY ETOUEVLY TTOPAYPAPWY, N TIEPLOTTWUEVY] Hor TTapo-
AeimeTon xoau Oo ypdupovpe x avtl yLo .

10.2 To ameipofobo mTnyddt dvvaptxoL

To atTAOVGTEPO TTPOTLTO YLOL TN LEAETY TWV TTOLOTLXWY YOUOOXTYOLOTLXWY
TWY SECULWY XATAUOTACEWY elvot To amelpofabo mtnyddt Suvoutxol TAd-
ToUG L 60U TO OWUATLO ELVOL TTEPLOPLOUEVO VO PPloXETAL GTO SLACTNUO
[—L/2,L/2]:

_J o0 lz| <1
v(x) = { too |z > 1 (10.17)

*Duoixd oy xavovixorotfoovpe Tic Aaetc ¥(z) e (10.12) cbupwva pe ™ oxéon
fj:oo P (2)p(2)dE = 1, B wpémet vor hipovpe xow Y(z) = (1/vV/ L) (x/L) yio vo. éxovpe
, ’ +00
owoth xavovixoroinoy [ Y*(z)Y(x)dr = 1.
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Vv \' \Y

Vo

|

-1 +1 -1 +1 -1 -a +a +1 X

SyfAuor 10.1: Tow ol Suvaind mov Sivovtow améd g ektowoerg (10.47), (10.26) xouw

({r0.29.

Edd, odppwva pe tar AeyOpevar 6To TEAOG TNG TEONYOVUEVNG TTAOOY OO -
@ov, éyovpe emAEEeL To L vo givoll To TAATOG TOU TTNYaSLOV %Ol 1] UE-
ToPANT) = vou elvon adlaaTtotn xot vo avtiotolyel oto x/(L/2) étov to x
EYEL OLOTAOELS LNXOVC.

H Adon tne () vmoAoyiletar evxoAa. Ta yopoxTnELoTIXE TTOL
TIETEL YO TOVIGOLPE Elval OTL AOY® TNG CUUUETOLOG

v(—z) =v(z), (10.18)

oL duvapLxob (dpTtio ouvdpTnom g Béomg), oL ADoELS €XO0LY CLYXREXL-
uévn ouotiuior (parity), Sttt wov Ba pag BondRoer onuovtixd oty
optBuntiny avalnnon twv Aoswy. Auvtd Bo xéver ™ pébodo mov Ha
TIOPOVOLACOVUE ELOLXY YL SUVAULXA TTOL ELVOLL GPTLEG CUYOPTNOELS TNG
Oéomg. Xy emdpevn mapdypapo Ho avartdOEOoLUE pioe TTLO YEVLXN UE-
0odo mov Oa Tepthopfaver xaL un dotio Suvopixd. Or AboeLg ywpilovtor
oe Vo xatnyopies, plow pe aqptior opoTipion ¥y, (x) = w,(f)(—x) = P (x)
v no= 1,3,5,7,... o ploe pe mepLttty opotipion Py, (x) = —wff)(—x)
= wﬁ_)(a:) vioon =2,4,6,8,....

() (0 — e m _
wn(z) = 1/1,(1)(@— os(%r) [z <1 n=13,57,... (10.19)
Uy (x) =sin () [z] <1 n=2468,...
OTTO0L
n\ 2
w= (%) (10.20)
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XOL 1 XOVOVLXOTTOINGN €XEL ETLASYEL, éTat hotef fj1(¢n(x))2 dr = 1.

Ov Aboelg mov avalntape eival duvatdy vo Bpebolve yponotpomoLw-
VTOG TLG LOLOTYTEG OULOTLULOG TWY XU TOOLYXPTNOEWY. [TorparTnpodpe GTL
Lo TLg AVoeLg OeTinng opoTipiog
P0)=A  pD’0) =0, (10.21)

EVER Yo TLG AVOELG aEYNTLXNG OpoTLULOG

PI0)=0  0)=A. (10.22)

n

H otabepa A eEaptdtor amd ™y *xovovixomoinom g XOUOTOCVYAQTY-
ong. Apa, umopovpe va BEcovpe A = 1 %o 0TN CUVEYELNL, VO ETTOVAXOYO-
VLXOTIOLIOOVUE TNV XVUOTOCLYAQTNOY, ETOL WOTE VO LOYVEL V] (). O
oyéaeic (10.21) xou (10.22) pmopody va Bewpndoby we oL apyxéc GuVOT-
xec oty (10.12), av 7 evépyeta elvor YV, oot pe évay ahyépLbuo
g apeoxeiog pog (Ax. Runge-Kutta 4ng téEng) v mpowbhicovpe
Ao tpog Ton © = 1. Puoxd, To TEORBANUO lvol GTL M EVEQYELO € OEY
elvot Yvwotn. Av m evépyelar dev elvot 1 ETLTPETTY amd TNV *PovTiun
Bewpla, Tdte B Bpodue 6Tt TopaBralovtal oL cuvopLaxég cvvhrxeg

) (£1) = 0. (10.23)

‘Oco TTANOLALOLUE TN OWOTY EVEQPYELX, TOGO 1/1,(li)(i1) — 0.
Omdte axorovbolpe ™y mopoxdtw Stadixaaotio:

e EmAéyovpe evépyeta € n omolo elval YaunAdTepn amd tn {(NTov-
©evn. Ay to Suvoutxd ey eivort oTTAG TETPOYWVLXO, YOTOLLOTIOLOVLE
TLG AOOELS VAAOYOU TETPAYWYLXOD TTROPANUATOG YLOL TNV EXTIUNOY
T&ENg peyéboug N Eextvéipe amd evépyeta Alyo LeYoAITEEY 0Tt TNV
eAGyLoTn SLVOULXY] EVEQYELAL.

e EmAéyovpe v opotipion g {nroduevng Aborg xow B€tovpe opyt-

wéc ouVBTrec abpewva pe tic (10.21) xon (10.22).

e XpnotwpomoroVue ) nébodo Runge-Kutta yio voo mpowbnoovpe
ANoon andf| © = 0 oe = = +1.

SEOpQwYL Pe To “AEEG” TTOL oVaPEPaPLE GTO TENOG TNG TLPONYOVLEVNG TLaPOY P8
@ov, Yo TNY&dL duvauixod 6mov x € [—L/2,L/2] éxovpe emtAéEel wg adldoToTy

uetoPAnTh ™y x/(L/2) € [-1,1]. Téte E, = %en = Qﬁ:&in? xow L/J7(~L+)(£L') =
v/2/Lcos (nmx/L), ,(L_)(:c) = /2/Lsin (nrx/L). Eniong, mapotneeiote nwg €, = p2
6Twe TpoxvTTEL o Tig oyéoete (10.13) xow (10.14)).

‘A6 Ty opoTipion TNC OLYEPTNOMS, CLUTEQPALVOLIE TNV TULY TNG CLVEETNONS GTO
dtéotnua [—1,0).
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1

08 |

06 |

04

Wi(x)
16()-W=oX)I
&
£

02

0F-- e e ard 1e-10 |

02 L L L L le-12 L L L L
[ 0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1

SyAupoe 10.2: H Staduiracion odyxAong g Abong ¥;(z) g () UE TO SuVOULXO
() ooy oLYAPTNGCT TOL oPLOKOD eTavoANPe®Y i 0TO TESYPaUo well . £90. Apytxd
eTAéyouUE energy = 2.0 xat OeTixy opotipio parity = 1. Metd and 29 emavoridetc,
1 AOon 6LYRALVEL 0Ty Depehdddn xatdotaon 11 (z) = cos (rx/2) pe evépyeta e = (1/2)?
pe oyetn axpifeto ~ 1072, B1o xétw oyfuo BAénovpe (oe hoyoplBuxy xAigoxa) To
OYETXO OQAAULO xal TN KElWOo Tov pe Tov apthud Twv emavoliPewy. H evépyeta oe
xabe emavaindn eivor yia ¢ =iter = 1,2,3,5,10,12,20 energy = 2.4, 2.6, 2.4,
2.4625, 2.46875, 2.4673828125.

e Av Sev exminpoveton 1 (10.23), awEdvovpue Ty evépyela xotd de
(emtAeypévn TToPEPETPOS) %ot ETTOVAANLBAVOLE.

e Emavaiaupdvoovpe péyot n 1/),(?)(1) vo cAAGEeL Tpdomuo. Tote, petd-
VOUUE TTV EVEQYELA XOTA Je = —O€/2.

e H diadixaoio teppotiletal, dtov \w,(Li)(l)| < 6 YLoo XOTAAAACL ETTL-
AEYUEVO 0.

o ™y 0pYAvwon TOL KWILKA, AVOPEPOVUE TTEWTO TNV €EEANLEN TG
XOUOTOOLYAPTNOYNG amd © = 0 o x = 1 pe ypnon g pnebddov Runge-
Kutta 4ng taEng. o tor PLotor OAOXANPWONG YENOLLOTIOLOVUE TOV %()-
owa améd to Kepdioro @ o Bploxetor oTo opyelo rk.£90. ATopov®-
voupe Lévo tny subroutine RKSTEP, mov fa Bpeite oto mpdypoppo tng
ceAidac 226, xar Ty amobnxedovye oe éva apyeio rk.£90. I'ia ™y olo-

xMpwon e (10.12) yonorpomolodue ™ cuvdptnon ¢(x) = U'(z) xou
TIOLLPVOLLE:
V(x) = o)
¢(x) = (v(x) —e)v(z), (10.24)
poll pe TG opytxég ouvirnxeg
P»(0)=1 , ¢(0)=¢'(0)=0 dptro opotLpio
P(0)=0 , ¢0)=¢'(0)=1 mepttth opotLuio. (10.25)
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Xprnotpomorodpe 1o oupBoAopd ¥(xr) — psi, ¢(z) — psip. Ov cvvop-
Thoelc £1 xou £2 TOL avTLaTOWOLY 0To defi uéhoc e (10.24), eivo
oL Ttapaywyol Twy Y(x) xor ¢(xr) aviiotorya. Apo amAd fl=psip xou
£2=(V-energy) *psi. O mpoypoppatiopnds Toug yivetal o EexwpLotd op-
¥elo, €tol HoTe vou elvort EOXOAN N UEAETN ot GAAWY SuVaULXWY v(T).
210 opyelo wellInfSq.£90 mpoypoppoti{ovpe TO SLVAULKO ():

!
!file: welllnfSq.f
!
! Functions used in RKSTEP routine. Here:
11 = psip(x) = psi(x)’

12 = psip(x)’= psi(x)”’
!

!'All one has to set is V, the potential

e trivial function: derivative of psi
real (8) function f1(x,psi,psip)

real(8) :: x,psi,psip

fl=psip

end function f1

!

l——— the second derivative of wavefunction:
Ipsip(x)’ = psi(x)’’ = —(E-V) psi(x)

real (8) function f2(x,psi,psip)

implicit none

real(8) :: x,psi,psip,energy,V

common /params/energy

!|——— potential , set here:

Vv = 0.0D0

!|———— Schroedinger eq: RHS

f2 = (V—energy)*psi

end function £2

!

Tovilovpe Twg 1 evépyela € = energy Tomobeteitol oe common block,
WOTE YO UTTOPOVUE VoL TN UETABAAAOLUE ATTO TO ®VPLWS TEOYPAULO.

To xvplwg mpdypappo Bploxetor oto apyeio well.£90. Apod {nt-
oovpe tor dedopéva amd To Yot (energy, parity, Nx) Eexwvder 7
ovalNTNOYN NG OWOTYG EVEQYELOG EEXLVOVTOGC OO TNV GOYLXA ETULAEY-
wévn TLun

do while (iter .1t. 10000)

if (DABS(psinew) .le. epsilon) EXIT
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if (psinew*psiold .1t. 0.0D0O ) de = —0.5D0*de
energy = energy + de

enddo ! do while

N omolar otopotdel 6toy (1) =psinew €xel amwOALTY] TLUY ULXEOTEEY
amé epsilon, dnA. 6tav Bewphioovue 6Tt 1 ouvbixy (10.23) txavorotei-
o pe v emtbountn axpifeto. Av T0 TEOONUO TNG HVUKTOGLYEPTNONG
0t0 = 1 aM\GEet (psinewspsiold< 0), tote éyovpe Eemepdoet ) ow-
OTN TLUN TNG EVEPYELOG, OTOTE OAAGLOVLPE TO TTPHOMLO TOL PBNpotog de
%ot petwvovpe to Lé€yebds tov oto pLod. Méoo oto Ppdyo exteleiton
0 aAyo6pLiuog mov TepLypdpeTal 0T oeAld . Metd v €€od0 amd
TOV TOPUTAVW (p0Y0, N eVEQYELO €XEL TTPOODLOPLOTEL HE TN {nTOVUEVY
oxpifeta xoL To LTTOAOLTTO TTPOYPOLUA ATTA XOTAYPOAPEL TN, AOOY OTO
array psifinal (STEPS). To amoTeAéopotar XaToypapovToL oTo apyeio
psi.dat. [apoatnenote 0 YeNON NG UETOPANTIG parity yiow TNV €vO-
TOLNULEYY], OVTLUETWTILOY TWY TEPLNTWOEWY parity= +1. OAOxANpog o
xWOLXag TopatifeTon TapoXATL:

!

file: well.f
|

!Computation of energy eigenvalues and eigenfunctions
lof a particle in an infinite well with V(—x)=V(x)

!

!Input: energy: initial guess for energy

! parity: desired parity of solution (+/— 1)

! Nx—1 : Number of RK4 steps from x=0 to x=1
!Output: energy: energy eigenvalue

! psi.dat: final psi(x)

! all.dat: all psi(x) for trial energies

!

program even_potential_well
implicit none

integer ,parameter :: P=10000

real(8) :: energy,dx,x,epsilon , de
common /params/energy

integer :: parity,Nx,iter,i

real(8) :: psi,psip,psinew,psiold
real(8) :: psifinal(—P:P) ,xstep(—P:P)
!|— Input:

)

print *,’Enter energy,parity ,Nx:
read *, energy,parity,Nx

if(Nx .gt. P) stop 'Nx > P’

if (parity .gt. 0) then

parity = 1
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else
parity = —1
endif
print *,C# #HEH#FHHHEEE
print *,’# Estart= ’,energy, parity= ’,parity
dx = 1.0D0/(Nx—1)

epsilon = 1.0D-6
print *,’# Nx= ' ,Nx ,’ dx = ’,dx,’ eps= ’,epsilon
print *,C# ##EH#HHHHEHE P

!—— Calculate:

open(unit=11,file="all.dat’)

iter =0

psiold = 0.0D0O ! calculated values of psi at x=1

psinew = 1.0DO

de = 0.1D0*DABS(energy) ! original change in energy

do while (iter .1t. 10000)

X

— Initial conditions at x=0
= 0.0D0

if (parity .eq. 1)then

psi
psip
else
psi
psip
endif

= 1.0D0O
= 0.0D0

= 0.0D0
= 1.0D0O

write (11,*) iter,energy, x, psi,psip

Use Runge—Kutta to forward to x=1

do i=2,Nx

X

= (i—2)*dx

call RKSTEP(x,psi,psip,dx)
write (11,*) iter,energy.x,psi,psip

enddo
psinew

! do i=2,Nx
= psi

print * iter, energy, de,psinew

Stop if value of psi close to O

if (DABS(psinew) .le. epsilon) EXIT

Change direction of energy search:

if (psinew*psiold .1t. 0.0D0 ) de = —0.5D0*de
energy = energy + de
psiold = psinew
iter = iter + 1
enddo ! do while
close (11)

!We found the solution: calculate it once again and store it
if (parity .eq. 1)then

psi
psip
node

= 1.0DO
0.0DO
=0 ! count number of nodes of function
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else
psi
psip
node =
endif
X 0.0DO
xstep (0) X
psifinal(0) = psi ! array that stores psi(x)
psiold = 0.0D0
!|—— Use Runge—Kutta to move to x=1
do i=2,Nx
X = (i—2)*dx
call RKSTEP(x,psi,psip,dx)
xstep (i—1) = x
psifinal(i—1) = psi
! ——— Use parity to compute psi(—x)
xstep (1—-i) = —x
psifinal(1—i) = parity*psi
f—vwu— Print final solution:
open(unit=11,file="psi.dat’)

|
=)

DO
DO

S O

print *,’Final result: E= ’,energy,’ n= ’,node.,&
parity= ’,parity

write (11 ,%) *# E= ° ,energy, n= ~,node,&
parity= ’,parity

do i=—(Nx—1),(Nx—1)

write (11,*) xstep(i) ,psifinal(i)
enddo

close (11)
end program even_potential_well

H petayAdttion xor 1o TPEELLO YIVETOL EOXOAO UE TLG EVTOAEG

> gfortran well.f90 wellInfSq.f90 rk.f90 —o well

> ./well

Enter energy,parity,Nx:

2.0 1 400

# HHHHHH A R RS

# Estart= 2.0000000000000000 parity= 1

# Nx= 400 dx = 2.50626566416E—003 eps= 9.9999999999E—-007
# HHEHHH

0 2.0000000000000 0.200000000000 0.15594369476721

1 2.2000000000000 0.200000000000 8.74448016806986E—2
28  2.4674072265624 1.220703125000E—5 —1.95005436858826E—6
29  2.4674011230468 —6.103515625000E—6 —7.24621589476086E—9
Final result: E= 2.4674011230468746 parity= 1

H Twpn tng evépyetog mpoadiopiletor oe € =2.467401123 TTov UTTOPEL Vo



434 KEDAAAIO 10. H EEIXQXH SCHRODINGER
n (nm/2)? Tetpoywvixd | Torywvixd | AvmAd nyadt
1 | 2.467401100 | 2.467401123 | 5.248626709 | 15.294378662
2 1 9.869604401 | 9.869604492 | 14.760107422 | 15.350024414
3 | 22.2066099 | 22.2066040 | 27.0690216 59.1908203
4 39.47841 39.47839 44.51092 59.96887
5 | 61.6850275 | 61.6850242 | 66.6384315 | 111.3247375
6 88.82643 88.82661 93.84588 126.37628
7 | 120.902653 | 120.902664 125.878830 150.745215
8 157.91367 157.91382 162.92569 194.07578
9 | 199.859489 | 199.859490 | 204.845026 235.017471
10 | 246.74011 246.74060 251.74813 275.67383
11 | 298.555533 | 298.555554 | 303.545814 331.428306
12 | 355.3057 355.3064 360.3107 388.7444

[Mivoxag 10.1: O LOLOTLUES TNG EVEPYELOS YLO TO TETPOYWYLXO, TELYWVIXO %Ol OLTTAD
TNYadt ametpéBadov Suvauxod (EEtowoec (10.17), (10.26) pe vo = 10 xon (10.27)
pe vg = 100, a = 0.3). Hopatneodue Vv cEonpetin? axpifelo TEOGSLOPLOROD TwY
EVERYELOXWY GTaORWY Ylor To TeTPporywvixd Suvoutxd. Emtiong, yiow tar dAAo duvoptxd,
TOEATNEOVUE 6Tl %o ATOUOXPLYOUAOTE ATTO TOV TTATO TOL SUVOULXOD, OL EVEQ-
Yetaxég otdbueg teivovy va yivouy ot (Steg: To owpdtio Tadel vo emneedleTol amo TLg
AETITOUEPELEG TOL SLVOULXOD OTOV TATO, Xabwg awEdveTal N evépyeld Tov. XT0 JLTAG
TNYASL duvautxod molpvovpe Fy =~ Es xat B3 ~ E4 o0u@owva pe Ty aveAvay o

ceAido 435,

ouyxpLBel pe ™y oxpLBh T € = (1/2)? ~ 2.467401100. To T0G0GTH
o@dahpatog eivar ~ 1078, oo péArov xohd mhiyape! H Stadixaoio tng
odyxAore paivetal oto axua [10.2.

[No Ty e¥peom TwY SLEYEQUEVHY XATOOTACEWY AAALOVIE TNV OWLO-
Tiplor xow SLoAéyovpe xdbe Qo evépyeLa EAOPEB LEYAADTEPY] OTTO TN
ADGT TTOL EYOLPE NOM Bpstﬁ. To amoteAéopota dlvovial oTov TVOXO
. [Mapoatnpodue ™y eEalpeTiny] CLREWYIX TOL KELOUNTLXOD LTTOAOYL-
GLOD GUYXPLYOUEVOD LE TO VOAVTLXE YYWOTO AOTEAEGUOL €, = (nm/2)%.

TeAetdvovpe Y TOPAYEPOUPO UE dVO OXOUOL TTAPOUIELYLOTO SVVOUUL-
xwv. [lpwtor Tov dvvauLxod pe TELYWILXO CYNUO OTOV TTATO

v(z) = {

*Tlpocoyh: ov Ta emtimedo evépyeLog eivol TTOAD XOVTA, UTTOPOVUE VO, XQOTAUE TNV
oy evépyeta atabepn xor vou aAAGlovpe L6vo Ty opoTLpio.

lz] <1
lz| > 1

vo 7|

too (10.26)
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xoBg xo €var SLTTAG TTyadt SuvoLxol e

Vo lz| < a
v(z) = 0 a<lz|<1 (10.27)
+oo 1< |z

OTTOL Ol TTOPAUETPOL Vg, a elva BeTixol apLtbuol. H popen twv duvautxwy
Seiyveton mpdyetpa oo oyhue 10.1.

Mo to TpLywvind duvautxd emtAéyovpe vy = 10, eve yLow To SLTTAG TT1-
Y6t vy = 100 xo a = 0.3. Ot petoffoAég TOY %WALXE YivOvTOoL 6TO 0tpyELO
wellInfSq.f90 xouw amobnxedovtol péoa oto apyeior wellInfTr.£90 xou
wellInfDbl.£90 avtiotoiya. AAA&LovuE UOVO TN YOOUUN TOU %WOLXOL
TTOL CUPOPA. TY] CLYAPTNOY] TOL SLYOULXOD PETO OTY ouVaETon £2. A.y.
070 apyelo wellInfTr.£90

| potential , set here:
V = 10.0D0*DABS(x)

eV 0To opyeio wellInfDbl.£90

| potential , set here:
if ( DABS(x) .le. 0.3D0)then
Vv = 100.0D0

else
vV = 0.0D0

endif

H avédAivon yivetar pe tov (3L0 oxpLBOg TEOTO %ol TO ATTOTEAECUOTO
YL TO EVEQYELAXO QPACUO LYOVTOL GTOV TVOXO . [Moportnpodue 6t
ot VYNAEG evepyelaxég oTdbueg Twy TELOY SLYOULXWY TE(VOLY var Yi-
vouy ot {8teg, xabwg To n yivetor TOAD peydro. O Adyog elvar 6Tl dTaY
TO OWUATLO €XEL TTOAD LPNAN EVEQYELOL OE OYEOM UE TO vy, ETNEEALETOL
TOAD ALYO aTtd TLG AETTTOUEPELEG TNG LOPPTG TOV SLYOULXOD GTOV TTATO
%o ovolooTxd BAETeL éva amtelpofabo Tyadt duvoulxol. Xty TePL-
TTTWOY TOL TELYWYLXOV SLYAULXOD, OL TTPWTEG EVEPYELAXEG OaTAOUES elvort
VYPNAGTEPEG OTTO OV TES TOV TETPAYWYLXOD SLUVAULXOV, POV XATO LECO
00 M SLYOLLXY] EVEPYELOL ELVOL UEYRADTEQPT XOL ] LOPYY TOU SLYVOULXOV
Telvel Vo TTERLOPIOEL TO CWUATIO ot PixEdTeEY TepLoyy (Ax pelwvetal,
doo Ap awEévetan). To tedevtaio Qaivetar xar oto oyfua (0.3, émov
oLYXPLVOVTOL Ol XVPLXTOCLYAPTNOELG TWY GV0 SLYOULXWY.

To {3to TapatnEodue %o yia To SLTTAG TTyadt duvoutxod. EmimAdoy,
BAETTOLE %O TOV TPOCEYYLOTLXO EXQUALOUO TWY 4 TEWTWY EVEQPYELO-
%DV oTabpwy avé Ledym, xATL TTOL AVOUEVETOL GE QLVOLLXE TNG LOPPNG
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ovTNg. Auvtd ocog Bupilew pmopel vo xotavonbel mToLOTIXG TTOEATNEW-
viog Ay 6Tt ot xvpatoovveptioets Uy (z) = (1/v2) (1 (z) 4 () xou
V_(z) = (1/V2) (1 (z) — g(x)) ovTLOTOLYOVY GE XUUKTOGUYRPTATELS KOi-
TOUOTAOEWY OTLS OTIOLEG TO CWUATLO OYESHY TEPLOPLLETHL GTO OLPLOTEPD
%o Okl TNYddL avtiotoryo. AVTO PLTTOPEITE vau TO JE(TE GTO OYNULO .
Kabdg vg — +00, Tor 360 Tnyddia amoculedyvovtol xot oL ¢y (z) Telvouy
TPOG TLS XVUOXTOCLYOPTNOELS OepeAtddoug xatdotaong dV0 aveEdpTn-
TV amelpdBobwy Tyodtdy TAGTOUS 1 — a %ot oL avTioTOLXES EVEQYELEG
oce, =€ 1= (m/(1—a))’ H Sapopd Twv €; xal €5 omtd TLg TLUEG OVTEG
oQeiAeTOL OTNY TETEPAOUEVY TLULY TOL SuVOULXOD vy (Seite doxnon @).

vvvvvvvvvvvvvvvvvv

vvvvvvvv

Squar
vvvvvvvv

vvvvvvvv

vvvvvvvv

[
w

Zynuer 10.3: Ov xOPOTOCUVOPTACELS TWY EVEQYELOXWY LOLOXATOOTAOEWY YLO N =
1,2,3,4,8,12 yia 10 ametpéBabo tetporywytnd xon Totywvixd Suvoulxd Ty eELotoEwy

() %o () pe vo = 10. [Mopatnpodue Ty emidpaoy Tov TELYWVLXOD SLUVAL-
%00 OTLG XUUOATOOLVOPTNOELS ULXPOV M, EVE YLl 1 > 8 1] SLAxELoN YIVETOL OAOEVaL %Ol

ULxpdTeEET.

TéAog, vou Tovioovpe Tovg TEPLOPLOROVS TN¢ nebddov avtig. Katap-
Y, Bopilovpe 6TL UTOPOVUE VO TNV YPNOLLOTIOLY]OOVUE LOVO OE OLTTEL-
p6Boba TTyadtor Suvoptxod oo eivor dption v(x) = v(—x). AvTtd YEN-
owomoifnxe otic apyxéc ouvdixee (10.21) xor (10.29) mov toydovy
Lot xatootdoelg 3edopévng opotipiog. Otoy To duvouxd eivor épTLo,
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Syfuoe 10.4: Ov cuvaptioets i (z) = (1/v2)(¥n(z) £ tpyi(z)) Yt n = 1,3,5 Tov
SimAod Tyadtod Suvautxod (EE. (10.27) pe vg = 100,a = 0.3) @aivovtor e évtovo
xowpa. Hopatnpodue 4Tl 0TLG XATAOTACELS VTEG OO0 TILO EVTOVOS E(VOL O TTPOOEYYL-
oTXOG EXPUALOUOG, TOCO EVTOVETEPOG E(VOIL XOL O EVTOTILOUOG TOL OWUATLE0L 0TO Jekl
N 0PLOTEPS UEPOG TOL BLTAOL TtNYadlod. Me ayvdTEPO XPWUO SEIYYOVTOL Ol XUULOTOOU-
VOPTNOELS TWV LOLOXUTAOTACEWY TNG EVEQYELOG Yo n = 1,2,3,4,5,6.

OL LOLOXOTOOTAOELS TNG EVEPYELOG €XOLY XA xoboplopévn opotipio.
To &ANo TEOBANUO YiVETOL OVTIANTITO, OV XAVETE TNV Aoxnon A: Av 7
XVPOTOOLYAPTNOT Elvor oyeddy pundéy v x = 0, OTwg ovpPaivel dtoy
v(0) > €, ToTE TOL APLOPNTIXA CQAApaTO oG ERTTOSILOLY VO OAOXANPW-
OOLUE UE UEYOAN oxpifeta amd x = 0 oc © = 1. To (dto B cvuPaiver
%O OTAY EYOVUE VO TEPATOVUE PETO OTTO PNAG PEAYLOTO SLVAULXOD.
[Mopbéha ot eivarl ptoe amA pébodog mov umopel vo ypnotpomolndet
%Ol OTYY TEPLTITWOY TTOL EYOVUE OETULEG XATUOTAOELS OE EVOL APTLO OL-
voutxd ov dev elvor amelpdfobo: Tty mEPITTWON aLT) TAlPVOLUE TO
SuvoLxd oL pog StveTal xo aTTAG TOTOOETOVUE TOLG ABLATTEPAUTTOVG
TOLYOLG OE ONUELXL OTTOL ¥ XVLATOCLYAPTNON OVAUEVETOL YO ELVOL OTNY
TEPLOYN TOLG TTPAXTLXA TTaAVTOoV UNdév. Tote N emidpaomn Tov Teiyovg Ho
glvort TTOAD XN TTAV® GTLG ADOELS TOL 0 PYLX0D TEOPANOTOGS. Agite TO

mpSBApo B
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200

100 +

V(x)

XmMaXx

200 |

Zyxnuor 10.5: OhoxApwon tng ekiowong Schrodinger obppwvo pe tov aiydpLbuo tng
Topoypé@ou [10.3. Ot XVPATOCLYVEPTAGELS %O OL TTOEAYWYOL TOLE 0PLLOVTaL VoL €XOLY
ULXPEG TLUES OTLG XAUOLXA OTTOYOPEVUEVEG TLUES TOL T xmin xot xmax. To onueio z,
vToroyiletor amd ™ gyéon v(xy,) = e. Ou xvpoTooLYRETHCELS TPowHOVVTAL LEYEL
70 ., obuQva pe tic (10.24) xon Taipvovpe Tic () (x) xaw () (x). Aot opicovye
) () = ) (2,,) emavaxavovixomordvtag ™y () (x), petafdArovue Ty evépyeta
uéypt ot mopdywyor () (z,,) ~ () (x,,).

To omovdatdtepo TEOPBANUO pe ™y amAn pébodo mov TopovaoLicaue
OTNV TOHPAYPOPO elvar 6TL TaPoLOLAlel aptbunTixn aotdbela, dtay
mpoonabodpe voo Aboovpue Eva TEOPRANUA SECULLY XATOOTACEWY. ALTO
O To ovvavtrioate oM av TpoomabNoate Vo AVCETE TNV AOXNOT
OTIOL  PETOXLVOVTOG T TELYN poxpdTepo. artd |z| = 3 1 adyxAlon Tov
oAyopLipou yivetar wWiaitepo duoyepne. o va 1o xataddfBovpe awTo,
0tay oAoxAnpwvovpe Ty eEiowon Schrodinger amd v eAedbepn me-
OLOYM TTPOG TNV XAXCLUE OTTAYOPEVLEVY], TTEQVALE ATTO TUAYTODULEYY] XV-
LOTOOLYAPTNON LETPOL TNG TAENG TNG LOVASOHS OE XVUATOCLYARTNON )
omolo €xel exbetinn amdofeon. Aey mpémel Spwg vo Egxvépe 6Tl Yio
lz| — +oo, wall pue ™ @uowd amodexti Abon Y(z) ~ e Fll éyovue
xoiw T Moo Y(z) ~ etFlrl n omolor amoxhiver exbetind yphyopo xow TNy
amoppintovpe A6yw ¢ (10.2). ‘Etor, yperdleton moAd Aemth pbBuLlon
™G TLUNG TNG EVEPYELOG YLO TNV ETUTELEN GOYXALONG, ELOLXA OV OAOXAY-
pWOVoLUE YLow HEYEAa |z|. o To Adyo awTd, eivor TEOTLLAGTEPO Vo OAO-
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XANEPWVOLUE aTtd TNY TEPLOYN exOETIXNG amdoPBeoNg TEOS TNY XAXOCLXA
emitpemOueyn meptoxn. H tdéa elvar va Egxtvnoovpe amd tétoteg mepto-
YEG %O VO TOLPLAEOVILE TLG TLUES TWY AVCGEWY XL TWY TTAQXYWYWY TOVG
o€ ®oTOAMNA eTtLtAeypéva onpela. To Taipltaopa yivetar Tpoomabdvtog
VO EVTOTILOOLUE TNV EVEQYELX TTOL 7 TLULY TG XAVEL TO AGYO

Fle) = w(+),(xm)/w(+)<xm) - w(_),(xm)/w(_)($m> (10.28)

YO (@) [P () + P (20) [0 (1)

vo elvo undéy peoa otar HpLa TG optbunTinyg oxpifetog mov HETovpe oe
XATOAANAO eTLASYREVO onueio z,,. To onueto x, slvor xohd va Bploxe-
TaL LEoo OTNY XAXOLXA ETILTPETOUEYY, TepLoyy] (e > v(z)) xou, ouvhbwc,
TO Ta{PYOLUE GTO OMNUELD OTOL € = v(T). ME XATAAANAY] ETOVOXOYOVL-
xomoinon twy Y& (z), emiéyoope v (2,,) = v (x,,), ondre f(e) < 1
onuaiver 6t v (z,,) ~ 7 (x,,). O mapovopaotic g (10.28) anAi&
Béter TV xApoxa oty axpifeta Tov BéAovpe vor TETOYOLE].

H 18é0 oxtaypapeitar yoopxd oto oyfue 10.5. O adyéptbuoc éxet
wg eBng:

e EmAéyovpe To SLAoTNUo OAOXANPwoNS [xmin, xmax].

o EmuAéyovpe Tig apyixéc ouvbixec oAoxAfipwong () (xmin),

Y (xmin), ) (xmax), 1) (xmax). H emAoyn yivetow avdAioyo pe
70 TPOBANUeL, ONA. LE TO Suvotxd v(x) TTov Ha peAeTioovpe. Zovi-
Owg to xmin, xmax eivor apxetd Pabid péoa oty xAaoLxd amoyo-
pevpévn TepLoyy ko motpvovpe to () (xmin), ) (xmax) pndév 1
exbetind uxpd (~ e Mol k2 = y(z) — ). Ov mapdywyor ¥ () (xmin),
Y (xmax) matpvovton avéhoya puixpéc. H edevbepion emhoyc g
otabepdg xovovixoToinong ™g ¥ (x) Log ETULTEETEL OL ETLAOYEG OL-
Tég vo eival oyetxd owboaipetec. To oyetixd TEOONUO TWY TO-
poyywy (ov xabopiletor Ay. amd Ty opotipio oc TEPITTWON
OUULUETOELXOD SuVoPLX0D) dey éxeL apyLxd onpaocio xow AauBévetol
VTGP GTNY emavaxavovixoroinan T ¥ (z), toy TopoxdTe: Ho
XAVOULUE TNV TAVTLOY TWY TLLWY 0TO oNEelo xm. Xe éva ameltpifabo
TNYASL, Ta xmin, xmax €(vol Tl ONUELN ATTELPLOLOD TOU SLVVOULXOD
xo uotxd () (xmin) = 1) (xmax) = 0.

e EmAéyovpe apylxn eVEQYELO € xo Bua LETABOANG NG Je.

*TTpocoyH: oy €YOLUE TNV oTLYLCL VO ETUAEEOVUE Ty TETOLO GOOTE V' (T4,) = 0, TOTE
TO TTOPOTIAVW XPLTAPLO LAAAOY Do ooty EL.



440 KE®AAAIO 10. H EEIXQXH SCHRODINGER

* AT6 v T NG eVEPYELOG LTTOAOYLLOLUE TO OMUELO Xm, TO OTTOLO
Boloxetan x0vTé 670 Lo AELETEPG GMuEio TTOL Advel TNV eElowar]
v(z) = €.

e Mpowbobue Tic ekrowoetg (10.24) amd to xmin 670 xm xoL Tolp-
vovpe g ) (2)4) ' (2).

e Ipowbovue Tig ektowoetg (10.24) améd to xmax 6T0 xm %o TP~
voup.e Tic ) (1), (z).

e Enavoxavovixororobpe ty () (z) — ) (z) (™) (xm) /1) (xm)),
éto1 ote va éxovpe P (xm) = () (xm).

* YrmoAoytlovp.e to Aéyo f(e) e (10.28).

* Av 7 |f(e)| elvon putxpdtepn amd pia puixpy otobepd avoyrg, oto-
potope xoL Oewpobue Tov LTTOAOYLOUS TNG LOLOEVEPYELOG XAl LOLO-
XOTAOTAONG LXOVOTIOLYTLXY].

* Av 7 f(€) GANaEe TPOONUO OO TNV TTEONYOVUEVY] ETTOVAANYT, O7-
LOLVEL TTWG UOMG TTEQACOUE TNV OVOLNTOVUEYN TLUY TNG LOLOEVEQ-
vetog. MetafaArovpe T Qopd avalntnong de — —de/2.

* MetafdAAovpE TNV TLUN TNG EVEQYELOG € — € + 06 XOL ETTOVOAOL-
Bavovpe amd To TéTOpTo PriUa.

Meté amd Tov Tapamave aiydpLipo, n xVLATOoLYAPTNOY ATTOTEAEL XOAN
TPOGEYYLON TG LOLoXaTdotooNg 1y, (z) pe LdLoevépyela €,. Tlepartépw
emeEepyaoion opopd Ty xoavovixomoinon cbupove pe ™y (10.2) xou
0 LTOAOYLOUOE TWV AVOUEVOUEVWY TLUWY obu@wve pe Ty (10.9). Ev-
Jtopépov mopovatdlel xon o optbuds ny TwY oNuelwy UNdeviopod NG
XVULOTOCLYAPTNONG TOL BLVEL TNY TAEY] TOL EVEQYELOXOD ETULTESOV N TNG
evépyetog €, (n =ng + 1).

[Mopatibetor o TEOYPOUUO TTOL KWOLXOTIOLEL TOY TTOPATIAVEW OAYO-
otbpo. Kat’ apyny, 6Twg %ot oty TEONYOVUEVY] TOPAYQOPO, YONOLLO-
ToLobUE TN PovTivae RKSTEP (BA. oeAida R26) mov mpayuatomotel éva
Bruo Runge-Kutta 4ng taEng Ty omolo wpoypoupotilovue ato opyelo
rk.£90.

To Suvopxd mpoypappatiletar o po ovvaptnon V(x). Ov apyi-
xéc ovvbnxeg ot onueior xmin xol xmax TEOYPAUUOTILOVTOL GTN POL-
Tlva boundary (xmin, xmax, psixmin, psipxmin, psixmax, psipxmax) 7
OTtol0L ETLGTEEPEL GTO XVPLWS TEPOYPOUUL TLS TLéC psixmin= () (xmin),

TlpocoyH, T0 oNueilo awTd oAGlel dTay AAAGLOLUE TN €.
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psipxmin= (") (xmin), psixmax= 1*)(xmax), psipxmax= (7’ (xmax). Av-
T€g Tl TomtobeTolue oe Evar apyelo TOL OTOLOL TO GVop.OL EYEL OYEOM WE
70 Suvoptxd v(x). INa Topddetypa, yia to amelpdPobo mTnyddt dvva-
ULXoV () onpLovpyovue to apyeio schInfSq.£90. Xto i(Sto opyeio
TEOYPOUUATICOVUE KAL TS CUYOPTNOELS TWY TToPoYWYwY 1, £2, 6TTwg
XOAVOUE XOL GTNY TTPONYOVUEVY] TTOOAYQOPO.

!

!file: schInfSq.f
!

! Functions used in RKSTEP routine. Here:
111 psip(x) = psi(x)’

112 = psip(x)’= psi(x)’’

!

!One has to set:

! 1. V(x), the potential

! 2. The boundary conditions for psi,psip at x=xmin and x=xmax
!
!

!|—— potential:

real(8) function V(x)

implicit none

real(8) :: x

Vv = 0.0D0

end function V

— boundary conditions:

subroutine boundary(xmin,xmax,&
psixmin,psipxmin,psixmax,psipxmax)

implicit none

real(8) :: xmin,xmax,psixmin,psipxmin,psixmax,psipxmax,V

!for infinite square well we set psi=0

!at boundary and psip=+/—1

psixmin = 0.0DO
psipxmin = 1.0DO
psixmax = 0.0DO
psipxmax = —1.0D0

b Initial values at xmin and xmax
end subroutine boundary

!
!

!|—— trivial function: derivative of psi
real (8) function f1(x,psi,psip)

real(8) :: x,psi,psip

fi=psip
end function f1

!

|——— the second derivative of wavefunction:
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'psip(x)’ = psi(x)’’ = —(E-V) psi(x)
real (8) function f£2(x,psi,psip)
implicit none

real(8) :: x,psi,psip,energy,V
common /params/energy

!—— Schroedinger eq: RHS

£f2 = (V(x)—energy) *psi

end function £2

!

[Mapatnpodue 611 Tar onueia amelptopod tov duvautxod xobopilovtol
oo TLG CLYOPLOXES oLYOTxEG oTor xmin, xmax.

To xvplwg mpdypappa mopovotdletor oto apyeio sch.£90. Iopa-
XOTW TOPAOETOVLE TOV XWOLXA O OTTOLOG GUUTEQLAOLBAVEL XAVOVLXOTTOL-
NOY TNG XVUATOCLYAPTNONG X0l LTTOAOYLOUO TOL aPLOLoD Twy Seouwy
™g xvpotoovvapnons. H xavovixomoinoy yivetor amd tn ovvaptnom
integrate(psi, dx, Nx) m omola OAOXAMPEWVEL apLtOunTind pe 0 Weé-
fodo Simpson to TETPAYWVO YLAG CLYAPTNONG TTOL OL TLUES TNG psi(i)
i=1,...,Nx Sivovtal oe éva mepLtttd oplbpd amd Nx onueion To omolo
LOOTEYOVY OTTOOTAOY dX.

File: sch.f90

!

!

!

!

! Integrate 1d Schrodinger equation from xmin to xmax.

! Determine energy eigenvalue and eigenfunction by matching
! evolving solutions from xmin and from xmax at a point xm.
! Matching done by equating values of functions and their

! derivatives at xm. The point xm chosen at the left most

! turning point of the potential at any given value of the
! energy. The potential and boundary conditions chosen in

! different file.
!
!
!
!
!
!
!
!
!
!
!

Input: energy: Trial value of energy
de: energy step, if matching fails de —> e+de, if
logderivative changes sign de —> —de/2
xmin, xmax, Nx

Output: Final value of energy. number of nodes of
wavefunction in stdout
Final eigenfunction in file psi.dat
All trial functions and energies in file all.dat

program schroedinger_equation_1D
implicit none
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integer ,parameter :: P=20001

integer :: Nx,NxL, NxR

real(8) :: psi(P),psip(P)

real(8) :: dx

real(8) :: =xmin,xmax,zxm !left/right/matching points
real(8) :: opsixmin,psipxmin,psixmax,psipxmax
real(8) :: psileft ,psiright ,psistep,psinorm
real(8) :: psipleft,psipright,psipstep
real(8) :: energy,de,epsi