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The PICOSEC-Micromegas
Particle

Cherenkov —
Radiator
Photocathode  8-30nm HV1 Cathode
Drift 100-300 pm ¢ iE'dI
8 & B 8 8 & & & 8 B L I I I 8 B B 8 8 @ Gl'ﬂl.lﬂd MESh
Amplification  50-150 ym ) E-FieldA (Bulk Micromegas)
HV2 Anode

—’| Preamplifier + DAQ

We equip a standard Micromegas with a very thin drift gap and a
standard photocathode and use it as a photodetector to detector
Cherenkov photons.

The signal induced from both
electrons' and ions' motion is
detected.

Varying parameters in this study are
Drift Voltage: Voltage Difference between photocathode and mesh
Anode Voltage: Voltage difference between anode and mesh
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Laser Test

Femtosecond Ti:S laser Optical Parametric Oscillator \
=740 nm, 120 fs, 76 MHz =560 nm, 120 fs, 76 MHz
Photo-diode

t..” 100 ps .

- - / Second Harmonic Pulse-Picker

' Generator, = 280 nm 11-300 kHz

\ I Picosec
detector LeCroy 9000

Altenuator and bandpass filters digital oscilloscope

To study a single photoelectron response, we use a fast laser in the IRAMIS facility of
CEA-SACLAY. We split the beam to a very fast photodiode and the PICOSEC and then

readout the signals with an oscilloscope. Gas fillings:

Photocathode  18-20nm HV1 Cathode 1)COM PASS: (1 bar)

iy e 80% Ne + 10% CF4+ 10% C2H6
rift Hm bhaals

Afnpllflcatlon SpEgry TS e S ¢ e € e E:Eiéldx Ground (Bulk Micromegas)

Hv2 Anode

2) CF4:. (0.5 bar)

4){ Preamplifier + DAQ\ 80% CF4 + 20% C2H6
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The signal of PICOSEC

Waveform (Laser Test), Anode: 650, Drift: -450
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Waveform (Laser Test), Anode: 650, Drift: -450
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(Experimental Data)

COMPAS GAS — Anode at 450V COMPAS GAS — Anode at 450V
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8.15
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02
8.1 C
Drift Yoltage 400 W L
0.175
8.05 Drift Woltage 425V
0.15
3
7.95 0.125 |
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7.85 0.075 |
78 | e ' 0.05 |
1 19 L0 0 1 1 1 1 L
e—peak Charge (pC)
1 10
. . . . . . . e—peak Charge (pC)
Fig: Mean Signal Arrival Time versus electron Fig: Time resolution versus electron peak
peak charge for different Drift Voltage. charge for different Drift Voltage.

. ) !
Parameterize with f(x) = r—J +

1.) Large signals arrive faster than smaller ones.
2.) The shape of SAT versus the electron peak charge does not change with the Drift Voltage.

3.) Time resolution versus the electron peak charge does not change with the Drift Voltage.
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(Experimental Data)

Anode Voltage:
450 V
475V
500 V
525V

Mean Signal Arrival Time versus electron
peak charge for different Drift Voltage
(constant term subtracted).

COMPASS gas

COMPASS GAS

&

=
'S

Resolution (ns)

0.35
0.3
0.25

oz N

0.1

0.05

10
e—peak Amplitude Charge (pC)

Fig: Time resolution versus electron peak
charge for different Drift Voltage.

The time resolution gets better by reducing the anode voltage!
This happens because by reducing the anode voltage, the drift voltage must be
increased to have the same signal magnitude.
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(Experimental Data)
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Fig: Mean Signal Arrival Time versus electron Fig: Time resolution versus electron peak
peak charge for different Drift Voltage charge for different Drift Voltage.

(constant term subtracted).

Same for CF4 gas

The time resolution gets better by reducing the anode voltage!
This happens because by reducing the anode voltage, the drift voltage must be
increased to have the same signal magnitude.
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Total Time resolution
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Fig: Total time resolution versus Drift Voltage. Fig: Total time resolution versus Drift Voltage.

The anode voltage does not affect the total time resolution.

With both gas mixtures we achieve total time resolution < 80 ps.

Optimal time resolution = 76.8 +- 2.0 ps for a SINGLE photoelectron.
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Garfield++ Simulation
We use Garfield++ to microscopically

simulate the response of the R 2=328um
PICOSEC to single photoelectrons. 24 Cathode
Az=182pm
COMPASS gas Az=200pm
(80% Ne + 10% CF, + 10% C,H,)
1 bar pressure. E Mesh (Pitch = 63pm, chen) ,
Jlunllhnli IR RATAMAARARA R SRARARARAAT ::'! _______ 7=128ym
bl |rTT]HlllTlHl“HlllHl!“l " YAz =36 pm
Az=110pm  |Az=128um
Electric field modelled with ANSYS.
Anode R 2-0pm
Drift gap = 200 pm \

Amplification gap = 128 pm
Mesh thickness = 36 pm

Anode Voltage =450V - E = 35kV/cm
Drift Voltage = 300-425V - E in [15, 21] kV/cm

Paraschou Konstantinos - HEP2018 ANSYS 11



CM**2

X SECTION * 10**-16

Simulation Cross Sections

NEON (2003)

CF4 (2001)

ELASTIC
ATTACHMENT
VIB4

VIB1

VIB3
V3MOMT.
VIB3 (HAR)
SUM VIB (HAR)
EXC (DIS)
IONISATION

1 10

ENERGY EV.

10 S — — HE—v—Srinsn
] o |
_ =
185 ©
154 -
153 L
a1k 152 T
2P(2-10) * E
2P1 =z
SUM 28 o
SUM 3D435 5 it
L SUM 3P wof
ION.
x
001 o ; o Mor
ENERGY EV.
Garfield++ makes use of the cross sections "
of all interactions between electrons and H
atoms. “
From first principles, it microscopically .
tracks electrons in the electric field and the >
gaseous mixture. g
>

ETHANE (1999)

ELASTIC
VIBRATION
VIBRATION
VIBRATION
VIBRATION
VIBRATION
VIBRATION
EXCITATION
EXCITATION
EXCITATION
IONISATION

A i aa sl
.01 A

Paraschou Konstantinos - HEP2018

ENERGY EV.

100

12




We have observed that the anode does not contribute to the time resolution
To reduce computational time, we separate the simulation in three stages:

Y T z=328ym
1) Simulation until the zA Cathode
mesh. Pre-amplification — |
region. Az=182pm
Az=200pm
2) Simulation in the |
lification resion ~ Mesh (Pitch = 63pm, Woven) Y
i gton. AT T A AT L AT T = = =4 _ -
e LM C LV L faz =36 i~ }
3) Electronics consideration. \
' Az=110pm  [Az=128um
Anode
Y _ ] | z=0pm
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Stage 1 — Pre-amplification region
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Stage 2 — Amplification Region

0.3
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Anode

Begin an electron from the mesh
and count the number of electrons
produced and the charge induced.

Naturally, the charge is proportional to
the number of electrons.

Parameterize with a Polya distribution.
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Stage 3 — Electronics

Lab test with pulser

The electronics greatly shape the
pulse. Unfortunately, we don't know
the transfer function.

nnnnnnnnnnnnnnn

Broadband Diamond Amplifier

input =4 = output (x100)

2GHz /40 dB
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Stage 3 — Electronics (2)

We search for the shape of the pulse that will be created from a
single electron in the region of the anode.

Developed a technique with which we can estimate the
waveform of this signal using the experimental data.

We proved that this estimation is made in a statistically
consistent and unbiased way by comparing;:

a) the convolution of the mean distribution of time of arrivals
on the mesh (provided by Garfield++) with a parametric

Anode representation of the response

’ with b) the average waveform that is observed in the
experimental data.

arbitrary amplitude

parametric representation of the
response of an avalanche caused by a
single electron entering the
amplification region. o

f(t ) o Po - Po
yPosP1s P2, P3, Pas Ps. Pe) = (1+87(tfp1)p2)193 (1+e,(t,p4)p5)iﬂﬁ
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Stage 3 — Electronics (3)

Basic steps in the proof:
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Stage 3 — Electronics (4)

SOy o [~
zeme = [ f =) @), dr

(convolution)
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Waveform Generation

N electrons pass through the mesh at times 1, 12, ..., TN

Every electron will contribute with a pulse f(t) shifted by the corresponding time,
where the size is randomly sampled from the Polya parameterization of the

N

S(1) :Zq@"f(t—ﬂ')

amplification

1

Before continuing, it should be checked that the
average shape of the waveforms are the same.

20pC - 25pC, Drift Voltage: 425V

Generated pulses are treated
the same as the experimental
data.

2pC - 3pC, Drift Voltage: 350V

~

/
/

/

/

I\
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N

g |— Simulation € |— Simulation
g | — Experiment / \ g |— Experiment
S 0.8 / 0.8
S - s
S 0.6F S 0.6F
<C B / <C 3
0_4: /' \ 0.4:
0.2: J N 0.2:
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Time [ns]
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Through this procedure, the absolute gain of the electronics is lost. We scale the charge distribution
of the simulation to the experiment and find the scaling factor. Independently of the drift voltage,
the scaling factor should be the same without extra fine-tuning.

But...

Bl = sof= M

i lﬂﬁ 450-375 :‘lml%%ﬂ i :Mﬁlﬂ

. T ) ot + 450-400 o Y 450-425

Experiment oAt _ ST L
Sinliulation L = i lPﬂ”# =28 i ﬂﬂﬁ G=219

1503— t b= : t S H

o fl;% | : Hhm‘d f— Iﬂmﬁ

M"“"h 50; . w“&h‘*‘?'m%.,_. " *H%MW
|M%- b | L ; s g g T D:."H..Hl.”...\...ﬂﬁ:‘a—-ﬂ . D ey

| |
2 3 & 6 7 [+] 2 4 E 16 5 10 15 20 25 30 3as 40 45
h arge [uCl h g [pC] charge [pC)]

In Garfield++ the interactions between ions and the gas are not rmcroscoplcally included. Ne
has excitation states in energy levels that are higher than the ionization threshold of C2H6 and
can ionize it directlv. The collection of such interactions are called Penning transfers.

..'\?f:* _‘L— ("_ZHU _.* .'\r'f: + ("_! H'j N t:_ "1'4+Penningr=0%

<) | é é
QS 1.3/ Penning r=30% |- T S T—
Penning r = 50% : : g

L
It can be included through a Penning transfer rate 2 1:2) v Penning r - 70%
which describes the probability for an excitation | | :
state to ionize another molecule.

For approximately 1" ~ 50 %, the Scale factor . .............................. ............................................. .............................. ...................... ................
dOES not Change With the dl"ift VOltage. 0'55 o .............................. .............................. ......................
045525~ "340 360 380 400 420

Drift Voltage (V)
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Analysis of Simulation

By including “naive” electronic noise...

— 34 —_ — —

g I 1 € 0.7f :

© N 1 = C N

g 3.3 =} C i ]

= F 4 5 0.6F + ‘ g

© - 135 - u

£ 3.2 18 F * g
= C ] !

© [ 1 r 0.5( f u

« C 7 ﬂE> u | m

o 3.1- - £ 0.4F m

B L 1 =77 \F a

B . - % u

3 0.3 - m

B ] - \E+ u

C B . i 0.2F \ -

29: | ‘__;_ T - = n

L ot TR o S e R 0 . 1 ]

2.8_1 | L1 i C

10° 10 2 4

Electron-peak charge (pC) 10 10 EIeI:tron-peak chargjg (pC)

The agreement looks promising and it can become even better with some extra fine
tuning.

However, the reproduction of the experimental observations was the not the
purpose.

Reminder:

1.) Large signals arrive faster than smaller ones.
2.) The shape of SAT versus the electron peak charge does not change with the Drift Voltage.

3.) Time resolution versus the electron peak charge does not change with the Drift Voltage.
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experimental Average Waveforms simulated Average Waveforms

—— 0.050V - 0.055V — -
1 .\ ............... 0.025 O2pC O3pC
— 0.16V - 0.20V ; : i — 06pC - 07pC
— 0.30V - 0.42V —_
0.8 : : ‘ >1.5pC
. . . : 002_ .........................................................................................................................................
0.6/— N
: — 0,050’\/-vo55\/ 0.015 ,_: ...........................................................................................................................................
0.4 __ —— 030V -0.42V B
: 0_01_5 .................................................................................
: / 0_005__5 .......................................................... R
0 . Eie b P S R O s 175 1'5 EX 1'9 9. 2\0 \m)%| 215 :
B L i | L 1 [ L L 1 1: 1 1 1 i L 1 1 I L 1 1 I 1 1 | i 1 1 1 : E é
17.4 176 17.8 18 18.2 18.4 18.6 18.8 0 | [
Time [ns] 12 125 13 13.5 14

Time [ns]

The only reason that a slewing/time-walk effect would be observed is if the
leading edge of the waveform was changing shape with its size.

Instead, both experiment and simulation the average leading edge of the signal
looks “displaced”.

This is an indication that there exists a physical process in the detector that
produces this effect.
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Macroscopic — Microscopic

After many tests,
we found that the Signal Arrival Time that is measured with . 1+ 73+ ... T TN
constant fraction discrimination, corresponds to the mean time S N

that the avalanche's electrons transmit through the mesh.

For each simulated event, both are known.

. . . . .
4 Slewing Correlation Resolution Correlation

E x* / ndf 13.11/16 B 2% ndt 12.05 /16

£ 5 g| Constant 1.573 + 0.08874 50.12| constant 0.0008256 = 0.005349

E Slope 1.12+ 0.07785 % Slope 0.9773 £ 0.08017

- — @011

2.88— = o
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v

Microscopic time
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Microscopic Study

Pre-1onization track

—— i —————— N —————————

We choose another variable which
goes closer to the microscopic
picture of the signal formation. D

The length of the avalanche D.

(from the point of the first ionization
until the mesh).

- Pre-amplification avalanche
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Arrival Time [ns]

Microscopic Study

L e o B L L B B
c » .—_._—.—_._“ _
1.2 =
- .
IS = lope : :
- i A
- N ! v 153.94 um /ns
0-8Avalanche -
0.grPrimary electron :n:: E
-Total (sum) _, * 1 dope — 1 L
0'4:_ —— %M pe= v 134.34 pum /ns
0.2+ -
ol L LT The electron before the ionization moves slower

0 20 40 60 80 100 120 140 160 180

Length of Pre-amplification avalanche fur than the avalanche (after the ionization).

Pre-1onization track

___________________________ By definition, the primary electron before the
first ionization, can't have ionized.

In contrast, after the first ionization it is free
to continue ionizing.
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Phenomenological Explanation

NEON (2003)
T e A
5
:"E ELAS. MT
B gl ELAS.
... : 185
Before ionizing, the electron cannot 454
participate in the inelastic cross 4 2
section of ionization and cannot lose ™ 'f ; 2P(2-10)
energy this way. & 1o  has
g SUM 3D+3S
o M SUM 3P
g ION.
. . . x [
This leads to a very slightly increased P N R RN

.01 A 1 10

mean energy (and instant velocity) ENERGY EV

distribution for the electrons. However,
when a faster electron scatters
backwards, the electric field needs
more time to recover a forward
direction of motion.

This is also how the addition of quenching
molecules in the gas mixture makes the drift
velocity larger.

2.) The shape of SAT versus the electron peak charge does not change with the Drift Voltage.

3.) Time resolution versus the electron peak charge does not change with the Drift Voltage.
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Fig: SAT vs length of pre-amplification Fig: Resolution vs length of pre-amplification

avalanche avalanche

Obviously, diffusion and the length of the avalanche depends on the electric field. For example, the time
spread (right) depends on the applied voltage on the cathode.

Avalanches with the same length are not producing the same
number of electrons if the electric field is different.

However, the length of the avalanche is not observable.
To compare with experimental data, the simulation must be re-parameterized in terms of

the number of electrons (passin%through the mesh).
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By reparameterizing in terms of the number of electrons
which is proportional to the size of the waveform.

By examining the different drift voltage settings, the simulation indeed
predicts that the timing characteristics as a function of the number of
electrons are independent.

To aid in our understanding and to go deeper into the physics of PICOSEC,
we shall build a simple one-dimensional model.
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To describe avalanche gain spectra, W. Legler postulated that there exists a characteristic distance
which a newly freed electron needs to travel before it can ionize again.

Inspired by this model, we consider a characteristic time which electrons jump forward after
ionizing collisions.

Each time an electron ionizes, it jumps forward in time time with an amount equal to p,.

Each time an electron is “created”, it jumps forward in time time with an amount equal to p.,.

il
ae’

PDF to observe R(L:a)=——

2 where [ € [.r, ,.1::]
avalanche of length L:

,E' I: i E_'I':I'I|
and a 15 the first Townsed coefficient.

PDF to observe avalanche plas6)= I (6+ 1}E+I n : E‘ﬁ'*'%
with n electrons: s g T(8+1)\ g

Mean n grows
exponentially with L: i

l:ll'.'.' .II

{L;f::ﬂ_ﬁ)zi-e

i L i
Probability for an avalanche to m2-e ﬂ)' R(L:a)

have length L and n electron:

P
G(L|n)dL = - [ dL

IP(“;E g™t .E'}- R(L:a)
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K-Ax n(x-Ax)

X n(x)

n(xX)T(x)—n{x— Ax)T (x—Ax)= Zr Z f v —Ax) (1)

k=l
i) ajL=Ax) ajr=Ar] ajx

2 lr* x)= Z 1, (x— Ax)+ § [rl[.r}—ri[x—ﬂt}]n_Zmlr{[r] 2

where [ is the father: fe {] 2.3, [T—ﬂ.t’:l}

¢-H§Im|f{[x}= = }[_ ﬂt}ﬁt} Lgul Tﬂ”ﬂf} izml[a[x_m}"'ﬂfr] 3
Substituting (2) and (3) into (1)
n(x)T (x) = n{x— Ax)T (x - Ax) = LZ i m}flg M+ﬁm§ [fi[.r—ﬂt}+ﬂfl.:|—ﬂl§ 1, (x— Av)
="i:z?|ml+”[i"m}ﬂ:zjl[r*[x— Av)+ At | (4)
T (3) == AT (3= 2) = lf'r m}="“f'm+ Z [ac.]
e T e (5
()T (x) = ()T (x— Ax) = Z mﬁﬁ Z A, ]

averaging (53) for all time developments under the condifion that the multiplicities are n(x) and nix — Ax)

afx =) af1=dr)

n(e (T (x)) = n(x) (T (x - Ax)) = Z{M}+ Y (ar) (6)

k=l T ﬂ-’f:' L=l
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A) Let us assume that Va 1s the drift velocity of the 1onizing particle and that each new produced electron gains ,per average,
a time p2 relative to its father

({7 (2) »|:a-?:{rt.r—w:"’:'(mmH(_j"m”: (a5) (6

(T ()-nl)(r(-29)= X (an)e =2 S ()] T () eSS ) =25,
() ) 5= )= s — A+ )y = <))

( ()~ (T (e~ =(an) s p, =,

for Av =0

AT () =E—painn(x) or (T(L))-Z=-p,n(L)+C (7

B) Let us assume that Vp is the drift velocity of the 1omizing particle and that each new produced electron gains ,per average,
a time p2 whilst the 1onizing electron (just after the 1onization) gains pl, relative to a non ionizing e of the avalanche

!![_1‘}{]'-[_1'}}—!!(_1.:{ x— .11 “Elm{m G ar) *El-'”' AT )
An o e An @
H(I}(T[I})_H[I}(T[I_‘lr}}z{1_11(_1-—5.:;':] ; (A1 )+ A ; [J.f P]]-I_n[.r—ir} 2 [{.ﬁrw:}—p_:]
E; {m* Jlai E .11} E (x — Ax) lz; P2
1 (T ) (T .11:} J'! .11}{&.: }+.}.n .!u'} Anp, — Anp, _J'!|: ‘.I{Ju‘ :}—.-lnlip]+p_:}l
(1 ()~ (7~ Av)= (a1,)- i_,tpﬁp_:}%—ﬁ(p,w
Jor Ax— 0
:!{T(.i‘]l} #—I:p]+p Jdnn(x) (8) or {T[L})—%=—pﬁ,}, Inn(L)+C (9)

" "



, a L a
T'(L.nlL)) — — = —plan(L) +c¢
i

o o |
2 — [

n(lﬁAssumm%ConsthhDDrlft {ns)

pecteatio

o ;
() o
B EX

Orift Time — Ex
=
o
n

I
T
0
o

—Q.07

—0.08

Garfield++ Simulation

Fit Fit result:
p=48.5+- 0.6 ps
c=17.3+-19ps

o 1T T 1T T T 1T 1T T 1 1 T 1 T 1T T 1 T T 1T UL
I I I I I _‘:_Ia'_____

200

|
400 GO B00 1000 1200
Freamplification Avalonche Multiplicity

Paraschou Konstantinos - HEP2018

This model can
perfectly describe the
dependence of the
avalanche's arrival
time on the number of
electrons.
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By assuming the Polya (Gamma) =L 1 p.ay  |+[—p,In2+C+p,In(0+1)—p,y(0+1)]
distribution and integrating over Va
all possible number of electrons...
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Integrating over all possible avalanche lengths...

Comparizan with Prediction
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simulation and model are -
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Proof 1: New electrons are created at x + Ax

X, N

X+AX, n + An

Proof 2: New electrons are created at x

11

11
/\/ //\

N A

x+Ax, n + Ar

) Mo I .i.r.' ;
I _ ) ’!I' Ti '.l_l,-
T.rr+.-i'\..rf = ZJ 1 + ZI : ’!r T['.H + '&E] = ZJ:I - + ZJ 1 ZJ 1
4 FANY h n + .&H
it + 1) + 2+ ) . 2 A
it i=1\" L 2( o nAc?(z) + (22)" nAc?(x)
T.r.'+.-i.r.' n+ An 1-'r|l(.'!,' n .&{] o r [f] Oy Ef] n [ l[ _EE)] [
n n* - -
A n+ An Vie+ Ax) - Vix) = nAT\E) + o
s \ (n+ &H)
_ 2uimlbi T n® + (An)* .
Lot an n Ve 4+ Ax) — Vi) = i _: &-”.]E&UJ ()
V[Toian] = Zg (titm +Z Z (£ + 7)) = {(t: + 7))t + 7)) Ar) - V(a) - (n + An)* — 2nAn Ao? ()
i=1 3= 1.!?; L :
Old times are uncorrelated w1th new times: f,i':” ")
Vet Az)— Vi) = Ac=(r) 2An Ao ()
ViThean] = TEF42) , covix) A (v E
L n do? () 2dn
) ) dV(x) = L — do?(x)
x4+ Ax “ ' {
V(e + Ax)— V(z) = a-(x + Ax) N a-(x) 4o () n (n + dn)?
n n :

dV(zx) =
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MODEL FREDICTION
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Exponential Growth

2D /L 1 o
’Uﬁ; Jo ”(I:'

V(L|n(x)) =

If we want to express the variance in terms of
the number of electrons, we need the mean
number of electrons as a function of the
distance from the avalanche creation, given
that in the end N electrons were produced.

The initial multiplication is decisive for the
final size of the avalanche. Once it has
reached a size of 100-1000 electrons, it will
continue exponentially.
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(L — Ax|Np) = Ny —q(L — Ax|Np)-a- Ax

Exponential Growth
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2D (NL) — Ny
(11 Ié _'nI'rTL _'n"rr-[]

V(NL|L) =

By integrating over all possible
lengths of avalanches...

Ta
Vin)= / Vin|L)G(L|n)dL
J T
e , LY \ R
+ / (T(L,n)))” G(L|n)dL
R
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Conclusions

We report an excellent time resolution below 80 ps for single
photoelectrons using both the COMPASS and the CF4-based mixtures.
We observe some interesting timing characteristics and developed a
simulation tool based on Garfield++ to also take into account the
electronics in a data driven way.

We pinpointed to the mechanism that produces the observed time walk,
i.e. that larger signals arrive faster than smaller ones.

We developed a phenomenological model to help us understand the rest of
the observed effects and we are ready to see how the parameters of the
model behave by changing the Drift Voltage.

It should be emphasized that we do not intend to replace Garfield++. We
simply want to understand and pinpoint the physical processes that
produce the timing characteristics. Garfield++ is still needed for the
estimation of the model's parameters.

I thank you for your attention!

Paraschou Konstantinos - HEP2018
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Mean Time of First Arrival [ns]

Single Electron Tracking
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Arbitary amplitude
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Drift Voltage = 350 V
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Inverse Gaussian as Time of Arrival Distribution at Constant Drift and Diffusion.

2pTTTT =
Consider a moving Gaussian(x) expressing 1.82— ” B
difussion under drift VVoltage 1.6 —
with - 1.4F =
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((x— Iu]z;':- = g% =2Dy - = =
08 -
08 E
1 _ (z—p(1))? 0.4 =
G(z;t) = e 270 0.2 e
2mo? (f) C S
0
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G (:)d Integrate the Gaussian from a fixed level “a” until Infinity.
This CDF is also CDF of the Time of Arrival at “a”.
a—p(t)
P(t) = C(t) —1 d ( v@n:t:l) —u? g Take derivative w.r.t. time to transform the
(t dt ~ ndt ¢ ) CDFto PDF.
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